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PREFACE 

In the present (third) edition of this book new chapters have been 
added dealing with single-phase transformers, three-phase trans¬ 
formers, single-phase and polyphase alternators, three-phase in¬ 
duction motors, transmission circuits, symmetrical components. 

The original text has been revised and the collection of examples 
(with answers) has been extended. These examples, which are 
additional to the worked examples in the text, now comprise 250 
numerical exercises, and have been carefully selected and graded. 
They have been taken mainly from the examination papers of 
the University of London [B.Sc. (Eng.)], Institution of Electrical 
Engineers, and City and Guilds of London Institute, but exercises 
suitable for National Certificate courses have been included. 

The thanks of the author are due to his colleagues and numerous 
friends at home and abroad who have made suggestions, criticisms, 
and given help during the preparation of the present edition. 
Special thanks are due to Messrs. H. C. Mann, B.Sc. (Eng.), J. G. 
Fleming, M.Sc. (Eng.), H. Buckingham, M.Sc. (Eng.), EL A. Hayden, 
D.Sc., C. G. Paradine, M.A., Harry Silk (U.S.A.). 

The thanks of the author are also due to the Senate of the Uni¬ 
versity of London, the Council of the Institution of Electrical 
Engineers, and the Examinations Board of the City and Guilds of 
London Institute for the use of examples from examination papers. 


London, 1939 . 


A. T. DOVER 



PREFACE 

TO THE EJRST EDITION 

The original intention of the author, when undertaking this work, 
was to write a single volume general textbook dealing with the 
theory and practice of alternating current electrical engineering. 
As the work progressed, however, it was realized that the scope of 
the subject was too great for adequate treatment in a single 
volume. Accordingly, the present volume is devoted to general 
principles, circuits, potyphase systems, non-sinusoidal wave-forms, 
the magnetization of iron, instruments, measurements, and an ele¬ 
mentary treatment of the initial conditions in the simpler electric 
circuits. 

The author is of opinion that a thorough grounding in the prin¬ 
ciples of alternating currents is essential before proceeding to the 
study of alternating current machines and apparatus. This portion 
of the subject has, therefore, been treated on a broader basis than 
is the case in some textbooks. 

Among the special features of the present volume are an 
extended application of the circle (locus) diagram to series, parallel 
series-parallel circuits ; the reduction of the general circuit to its 
equivalent series-parallel form and the development of a locus 
diagram therefor ; the calculation of currents in unbalanced poly¬ 
phase circuits and the determination of the neutral point potential 
in the case of unbalanced star-connected three-phase circuits ; the 
theory of the principal types of measuring instruments employed in 
alternating current engineering ; and a large number of worked 
examples in the text. 

The deduction of the circle, or current locus, diagram for a general 
circuit involves the application of geometrical inversion, which 
principle has not hitherto received much consideration in textbooks 
for the English-speaking students, although it has received con¬ 
siderable development in Arnold and La Cour’s WechselstromtechniJc , 
a portion of which has been translated into English by Professor 
Stanley Parker Smith . 1 The author has given considerable 
attention to the application of this (inversion) principle to circle 
diagrams for the simple, or fundamental, circuit, as well as its 

^■Theory and Calculation of Electric Currents (1913). (Longmans, Green <fc 
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application to the general circuit. As an extension of the methods 
here developed the student is referred to the Advanced Course of 
Lectures in Engineering given, in 1923, by Professor Miles Walker 
under the auspices of the University of London. Some interesting 
applications of the principle of inversion to the predetermination of 
the performance of special types of induction motors were included 
in the lectures. 1 

In connection with the worked examples in the text, analytical, 
graphical and complex algebraic methods of solution have been 
employed. In some cases alternative methods of solution are 
given in order to show the student the steps involved in the applica¬ 
tion of the alternative methods. 

The thanks of the author are due to his colleagues and numerous 
friends who have made suggestions, criticisms, and given help 
during the preparation of the work. Special thanks are due to 
Messrs. H. C. Mann, B.Sc. (Eng.), A.M.I.E.E., E. W. Harvey, 
B.A., B.Sc., and B. Hague, M.Sc. (Eng.), D.I.C., A.M.I.E.E. 

The author is also indebted to a number of firms who have 
generously supplied him with drawings, photographs and data 
relating to measuring instruments. Among those to whom the 
special tha nks of the author are due are the following : Messrs. 
Haider Bros. <fc Thompson, H. Tinsley & Co., The Cambridge 
Instrument Co., The Weston Electrical Instrument Co., The 
Western Electric Co., The British Thomson-Houston Co., The 
Metropolitan-Vickers Electrical Co., Messrs. Crompton & Co., 
Messrs. Ke lvin, Bottomley & Baird, and Messrs. Eerranti. 

The tha nks of the author are also due to the Senate of the Univer¬ 
sity of London for permission to use questions from the Final 
Engineering (B.Sc.) examination papers, and to the City and 
Guilds of London Institute for permission to use questions from the 
Electrical Engineering examination papers. 

A. T. DOVER 

1 Tla© lectures were printed, in the Electrician, v. :xc. (1923), pp. 216, 247, 
302, 391, 418, 451, 478. They were subsequently extended and published in 

book form- Methods of Controlling the Speed, and Power Factor of Indxiction 

Motors. 
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Note. The abbreviations and symbols employed in this volume are 
generally in accordance with the recommendations of" the International 
Electro-technical Commission. 


Ampere . 

amp., A. 

Centimetre 

cm. 

Electro-motive force . 

Xj.M-.IT. 

Centigrade 

c. 

Cubic centimetre 

cm. 3 

Cycles per second 

c.p.s. 

Eoot, feet 

ft. 

Inch 

in. 

Henry 

H. 

Farad 

E. 

Kilo-cycles per second 

kc.p.s. 

Kilo-volt-amp eres 


Kilowatt 

kW. 

Kilogramme 

kg. 

Gramme . 

gm. 

Cram me-centimetre . 

gm-cm. 

Magneto-motive force 

M.MJET. 

Micro-farad 


Micro-henry 

jUl=L. 

Micro-micro-farad 

fiuF. 

Microhm . 

/LlCl. 

Milli-ampere 

mA. 

Milli-henry 

mBL 

Millimetre 

mm . 

Milli-volt-amp eres 

mV A. 

Milli-volts 

mV. 

Pound 

lb. 

Potential difference . 

P.E. 

Ohm 

n. 

Reactive volt-amperes 

VAi' 

Revolutions per second 

revs, per sec. 

Resolutions per minute 

r.p.m. 

Root-mean-square 

R.M.S. 

Second 

sec. 

Square centimetre 

cm. 2 

Square millimetre 

mm. 2 

Square inch 

in. 2 or sq. in. 

Volts 

V. 

Volt-amperes 

VA. 

Watts 

W. 

Yard 

yd. 






CHIEF SYMBOLS 


A. — Coefficient of sine term in Fourier series- Constant. 
a — Area of cross section. 

B = Flux: density. 

= Coefficient of cosine term in Fourier series. Constant. 

— Susceptance. 

G — Capacitance. 

G = . Complex constant. 

E> = Value of determinant. 

= Distance between centres 
d = Diameter. 

E — E.M.F. (root-mean-square value). 

EJ m = E.M.F. (maximum value of quantity varying with, respect to 
time). 

<2 = E.M.F. (instantaneous value). 

F = Force. 

= Ampere turns. 

= Frequency. 

G = Conductance. 

I = Current (root-mean-square value). 

Ini = Current (maximum value of quantity varying with, respect to 
time). 

i — Current (instantaneous value). 

J, j — Symbolic operators for vectors. 

F = Ratio of transformation. 

F b = Winding distribution factor. 

F bn = Winding distribution factor for nth harmonic. 

K, k= Constants. 

F f — Form factor. 

E — Inductance. 

E, l = Length. 

M — Mutual inductance. 

JSf = 2STumber of turns. 

71 = Angular speed in revolutions per second. 



M o o, 9 8 C$1 ^ Vrj 8 H ^ 


CHIEF SYMBOLS 


xv 


7% — Number of phases in polyphase systems. 

jP == Power. 

jj == Power (instantaneous value). 

= Permeance. 

Q = Electrostatic charge. 
q = Number of slots per pole per phase. 

R == Resistance. 
r == Radius. 

S — Reluctance. 
s — Slip. 

T — Period. 

5 = Torque. 

t == Time (instantaneous value). 

V = Voltage, potential difference. 

v — Voltage, potential difference (instantaneous value). 

— Linear velocity. 

= Energy. 

~ Reactance. 

== Abscissa of point with respect to co-ordinate axes. 

= Admittance. 

— Ordinate of point with respect to co-ordinate axes. 

= Impedance. 

GREEK SYMBOLS 
== Coefficient of linear expansion. 

= Current density. 

/3, y, 0, -v|r == Angles. 

= Small quantity. Thickness, 

= Small quantity. Delta connection of three-phase circuit 
— Sign denoting summation of series. 

— Base of natural logarithms — 2*7318. . . 

= Hysteretic coefficient. 

= Efficiency. 

= Elux. 
cp ===== Phase difference. 

0 = Temperature. 
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k = Dielectric constant. 

fi — Permeability. 

g = Eddy-current loss coefficient. 

= Young’s modulus of elasticity. 

X = 120° turning operator for vectors. 

7 r = Patio of circumference to diameter of circle ( = 3*14 . . .). 
p = Specific resistance, 
ss Density. 

t = Time constant (= LjF). 
co — Angular velocity. 
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zjt: = ISTot equal to. 

= — Approximately equal to. 

> = Greater than. 

<z — Less than. 

L. = Angle. 

! = Factorial (e.g. 5!=5x4x3x2x 1). 

oo = Infinity. 


JSTotes. Maximum values of quantities varying with, respect to time are 
denoted, by the subscript m attached to the symbol of the quantity. 

Vector diagrams. .All vector diagrams have been drawn for counter 
clockwise rotation. 


E.1VI.F. vectors are represented by an ordinary arrow-head. 
Flux vectors are represented by a double arrow-head. 
Ampere-turn vectors are represented by a solid arrow-head; 
Current vectors are represented by a closed arrow-head. 



Vector quantities are denoted by dotted italic upper-case symbols, thus 
Y, Z their rectangular components are denoted, by heavy-faced italic 
lower-case symbols and numerals, vertical components being compounded 
with the symbolic operator j> thus JS = HO -f- j 191. 


Phase rotation. In the analytical treatment, and vector diagrams, of 
polyphase systems the clockwise direction of phase rotation, or phase sequence, 
is adopted, except where statements are made to the contrary. 

_ Jkase and line quantities in polyphase systems. Symbols denoting “ phase ” 
E.iVI.Fs. and currents usually have Roman numeral subscripts, thus e T , e IT ; 
those denoting “ line s> E.M.Fs., and currents have Arabic numeral subscripts, 
thus v a _ a , v 2 - 3 , i Xf i % . 



THEORY AND PRACTICE OF 
ALTERNATING CURRENTS 

CHAPTER I 

GENERAL CONSIDERATIONS AND DEFINITIONS 

Definitions. An alternating current, or E.M.F., is one which changes 
periodically in magnitude and direction. 

The graphical representation of an alternating current is shown in 
Tig. 1, in which abscissae denote time and ordinates current . During 
the time interval A.J3 the current increases from zero to its positive 
maximum value ; it decreases to zero during the interval EC, 
attains its maximum negative value at the instant JO >, and returns 
to zero at E. The negative half-wave is usually an exact reproduc¬ 
tion of the positive half-wave with the sign reversed, and the 
succeeding waves are identical with the initial wave. 

The complete set of changes through which the current, or 
E.M.F., passes is called a cycle , and the time interval during which 
these changes occur is called a period. For example, the full-line 
curve in Fig. 1 represents a cycle, and the time interval A.E 
represents a period. 

The number of cycles per second is called the frequency. Hence 
if T denote the time, in seconds, of a period, the frequency (/) is 
equal to 1 jOO. 

The graphical representation of Fig. 1 refers to steady conditions 
in an alternating-current circuit. In special cases Fig. 1 is also 
representative of the initial conditions occurring when a circuit is 
connected to a source of alternating E.M.F., but more generally the 
initial conditions give rise to transient phenomena and the waves 
are unsymmetrieal. * 

Application of Alternating Currents in Practice. When electric 
power is required in large quantities it is always produced in the 
alternating-current form, as the alternating-current generator can 
be built in much larger sizes than the direct-current generator 
and gives satisfactory operation at the high speeds at which large 
steam turbines have a high efficiency. Moreover, when electrical 

=* A few special cases of transient phenomena are considered, in Chap. 20CIIX. 
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energy is generated in the alternating-current form the transmission, 
distribution, and utilization pressures are not li mi ted to that of the 
generator, as by means of stationary transformers the energy may 
be transformed,- at high efficiency, to pressures either higher or 
lower than that of the generator. .Thus the pressures adopted for 
transmission and distribution may be chosen entirely from economic 
considerations without reference to the generator pressure, which 
is governed by a number of technical considerations connected 
with design. 

Production of Alternating E.M.Fs. Alternating E.M.Es. may be 
produced either dynamically, by the relative motion of an electric 
circuit and a magnetic circuit, or statically, by the variation of 



flux in a stationary magnetic circuit which is interlinked with a 
stationary electric circuit. In both cases the magnitude of the 
E.M.E. at any instant is proportional to the rate of change of the 
linkage of dux: with the electric circuit, i.e. e oc NJdt, where e is 
the instantaneous value of the E.M.E., N the number of turns in 
the electric circuit, and d<S?Jdt the rate of change of the flux. Am 
E.M.E. of 1 volt is produced when the rate of change of linkages per 
second is equal to 10 s . Thus 

e = 10- 8 N d<&/dt 

In alternating-current engineering we are concerned with E.M.Es. 
produced both dynamically and statically. For instance, in the 
majority of circuits carrying alternating currents and in electro¬ 
magnetic apparatus and transformers, E.M.Es. are produced 
statically ; but in all alternating-current machines operating on 
load both dynamically- and statically-produced E.M.Es. occur 
simultaneously. In these cases the dynamically-produced E.M.E. 
is usually called the E.M.E. of rotation or the generated E.M.E., 
and the statically-produced E.M.E. is called the E.M.F of pulsation 
or the induced E.M.E . 
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Production of E.M.F. in a Simple Alternating-current Generator. 

Let a single conductor be rotated at constant angular velocity in 
a uniform magnetic field, tlie axis of revolution being perpendicular 
to the magnetic litres as indicated in Fig. 2. Also let 

E = flux density (in lines per cm 2 .) of the magnetic field, 
l = length (in cm.) of the conductor in the field, 
co = angular velocity (in radians per second) of the conductor, 
r = radius (in cm.) of the path in which the conductor moves, 
v — rco — linear velocity (in cm. per second) of the conductor. 



E/e va tion 



PfoUl 

Fig. 2. Pertaining to the Production of F.M.F. est a. Sinifee 

Alte rnator 


Further, let time, in seconds, be measured from a plane of reference 
(YOY\ Fig. 2) which contains the axis of revolution and is 
perpendicular to the magnetic lines. 

Then at any instant t, when the conductor occupies the position C. 
Fig. 2, the component of the linear velocity perpendicular to the 
flux is 

rco sin /__ YOG — rco sin cot. 

If the conductor were to continue its motion in this direction the 
flux cut in one second would be 

JB l r co sin cot . 
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Hence at this particular instant, t, the E.M.F. generated in the 
conductor is 

<s — R l r co sin cot X 10~ 8 volts 

— J O co sin cot X 10' 8 volts . . . (1) 

where <X> (= 2Blr) is the flux cut by the conductor during one half 
of a revolution. 

Thus the E.M.F. varies as a sine function of the time-angle cot , 
and if E.M.F. and time be plotted in rectangular co-ordinates we 

obtain the curve shown in Fig. 
3, which is called a sine curve. 
An E.M.F. which varies in this 
manner is called a sinusoidal 
E.M.F. (sometimes the term 
simple harmonic E.M.F. is 
used) and the generator in 
which it is produced is called 
a sine-wave generator. 

The maximum, or peak, 
value of the E.M.F. occurs 
when the direction of motion 
of the conductor is perpendicular to the flux—u.e., when cot = \rr y 
iyTr , # 77 *, etc.—and its value ( E m ) is 

E m = J O co X 10- 8 . 

Hence, equation (1) may be written 

e = E m sin cot . ' . . (2) 

If instead of a single conductor we have a coil consisting of a 
single turn, and the plane of the coil passes through the axis of 
rotation, the E.M.F generated in the coil at any instant will equal 
twice that generated in one conductor, or coil-side, so that in 
this case* 

e = co sin cot x 10~ s . . . (la) 



Fia. 3. REPE,ESE2STTATI02Sr or 

Si3snjsoiDA.L E.M.F. 


* This equation may be obtained directly as follows- 

bet < 3 > == fins; passing through, the coil when the latter is perpendicular to 
the magnetic lines (i.e. when the plane containing the coil coincides with the 
plane of reference). Then the flux (qp) passing through the coil at the 
instant t is 

<p = < 3 > cos cot , 

and the instantaneous E.M.F. generated in the coil is 

e = — 10“ 8 x dxp Jdt — — 10~ 8 x — ( 

= <E> co sin cot x 10r s 
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The sine wave of E.M.F. is therefore produced naturally in the 
simplest type of alternator. The type of construction represented 
in Fig. 2 would, however, not be commercially practicable on 
account of the poor utilization of the magnetic and electric materials. 
Commercial alternators are constructed with iron magnetic circuits 
and slotted armatures for the purpose of reducing the magnetic 
reluctance and the ampere-turns required for excitation. The 
slotted construction results in deviations fro m the sine wave, even 
when the flux is distributed sinusoidally in the air gap, and accord¬ 
ingly features have to be introduced into the construction to correct 
or neutralize the defects due to the slotted construction. 

Forms of E.M.F. Equation. In each of the above cases the E.M.F. 
passes through a complete set of changes during each revolution of 
the conductor, or coil. Hence, the frequency (/) is equal to the 
number of revolutions per second (ra), and the period (T) is equal 
to 1 jn. 

How the angular velocity (co) — 2rrn = 2vrf, so that / = coj2 tt. 
Equation (2) may therefore be expressed in the following forms- 

e = M m sin cot . . . (2) 

= JE m sin 2rrft .... (2a) 

= E m sin (27r/T)t ' . . . (26) 

In these equations we observe that— 

(1) the maccimum,value (also called the peak value or amplitude) of 
the M.JM.F. is given by the coefficient of the sine of the time-angle ; 

(2) the frequency is given by : (coefficient of time ~ 2-rr). 

For example, if the equation to an alternating E.M.F. is 

e — 100 sin 314 t 

the maximum value of the E.M.F. is 100, and the frequency is 
(314/2 tt) — 50. 

Similarly if the equation takes the form 

e — I rn '\/{R 2 ‘ -f- 9co 2 iS 2 ) sin 3 cot, 

the maximum E.M.F. is given by F m — (i? 2 -f- 9oj-M 2 ) and the 

frequency by 3co/2tt. 

Phase. Consider now the effect of adding additional turns to 
the above coil. These turns may be arranged either radially in the 
same plane, as in Fig. 4, or side by side on the surface of a cylin¬ 
drical core, as in Fig. 6. In the former case the time-angle (cot) is 
the same for each turn, but the instantaneous E.M.Fs. generated in 
the several turns differ in magnitude, since these turns do not cut 
the flux at the same speed. If the turns are connected in series 
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the total E.M.E. of the coil at any instant is equal to the sum of 
the instantaneous E.M.Es. in the several turns and is given by 

e = e x -j- e 2 -j- e 3 . 

= (<&jCo sin cot -f- <X> 2 co sin cot -f- <E> 3 co sin cot -f- . . . ) X 10 s 
= (Exm + E% m + E 3m sin cot - . (3) 

where 0 ls <E> 2 , ^ 3 ^ * * * denote the maximum duxes enclosed by the 
several turns, and E Xm , E Zm , E Zm , - - - denote the corresponding 
maximum EAI.Fs. A graphical representation of the E.Mi.Fs. for 
the case of a three-turn coil is shown in Fig. 5, from which it will 



Pertaining to the Pitox>xJC r ri02sr or E.M.E. nsr a. Simple Alternator 

WITH CO-PL AN AH COILS 

be observed that the instantaneous value of the resultant E.M.F., as 
well as that of each of the individual E.M.Es., is proportional to 
sin cot. Thus all the E.M.Fs. become zero at the same instant and 
reach their maxima together, i.e. the E.M.Es. are in phase 'with one 
another. Therefore, alternating quantities of the same frequency 
have the same phase, or are in phase, when their zero values—or 
their maximum or other corresponding values—occur at the same 
instant. 

With the conditions shown in Eig. 6 each turn cuts the same 
maximum flux (<E>) during a revolution, but the time-angle is 
different for each turn. If the turns are connected in series the 
total E.M.E. generated in the coil is given by 

e, = e x -f- <s 2 —{- e 3 -f- . . . . 

== sin sin (mi — a)-f-<J>a> sin[a>£ ~(a-f-/3)] -j-... 10 s 

= d>a> X 10' 8 ^sin cot + sin (cot — a)-f- sin[coZ — (a + /?)] -}- - - - • \ 

— Em ^ sin cot + sirx(cot — a) -J- sin (ojt — (a + /5) $ . (4) 
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where cot is the time-angle referred to the first turn, and «, p, 
are the angles by which the planes containing the several turns are 
displaced from one another (see Fig. 6). 

A graphical representation of these conditions is given in Fig. 7, 
which refers to the case of a coil having three turns. In this case 
the maxima of the several E.M.Fs. occur at different instants, i.e. 
the E.M.Fs. are ozit of phase with one another. 

In simple harmonic motion the term 66 phase 55 is used to denote 
the point or stage in the period, considered in relation to a standard 
position or to the instant of starting, to which the oscillation has 



Peetaining to tub Production of E.M.F. in a Sdiple Aiteekatob 
with Distributed Coils 

advanced. For example, in Fig. 2 the phase of the conductor at 
time t is given by the angle cot. Hence this angle is sometimes 
called the “ phase angle.” In electrical engineering, however, we 
are concerned more with the relative phases of alternating quantities, 
with respect to a quantity of reference, rather than their absolute 
phases, and hence the term “ phase difference ” is more appropriate. 
Moreover the term cc phase 55 has other meanings than that given 
above. 

Phase Difference. The phase difference between two alternating 
quantities is measured by the time-angle between their zero values. 
When the quantities have the same frequency* this angle is constant 
for corresponding values (e.g. zero, maximum, etc.) of the quantities. 
For the case represented in Fig. 7 the phase difference between the 
E.M.Fs. in turns I and II is a, and is equal to the angle by which 
these turns are displaced from each other. Similarly, the phase 

* Tli© meaning of ce phase difference ” wlien applied, to quantities of 
different frequencies is considered in Chap. XXV. 
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difference between the E.M.Fs. in turns II and III is /3, while that 
between the E.M.Fs. in turns ± and III is (a -J- (3). These expres¬ 
sions, however, need qualification, as they give no indication of 
which of the E.M.Fs. first reaches its maximum value. To supply 
this deficiency the terms 44 lead 55 and 44 lag 55 are employed. 

Lead denotes that the maximum value of an alternating quantity 
occurs earlier than the corresponding maximum value of a second 
quantity. 

Lag denotes that the maximum value occurs later than the 
corresponding maximum value of a second quantity. 

Phase difference accordingly is usually expressed as either the 
64 angle of lead 55 or the 44 angle of lag. 55 For example, in Fig. 7 
the E.M.F. wave I is leading with respect to II, the 44 angle of lead 55 
being a ; conversely. III is lagging with respect to II, the 44 angle of 
lag 55 being /3. 

If in Fig. 6 the time-angle is referred to turn II instead of to turn I, 
as above, and this angle is now denoted by cot', then on substituting 
(cot' -j- a) for cot in equation (4) we obtain 

e — E m £ sin (cot' -j- a) -f- sin cot'-j- sin (cot' — ^ (5) 

The E.M.F. in turn I is now given by 

e\ — E m sin (cot' —}— ot) ; 
that in turn II is given by 

e' 2 = E m sin cot' ; 

while that in turn III is given by 

e' 3 = E^ sin (cot' —ft). 

jSTow the E.M.F. in turn I is leading, and that in turn III is 
lagging,.with respect to the E.M.F. in turn II. Hence a plus (+) 
sign employed in connection 'with, phase difference denotes 44 lead 55 and 
a minus (—) sign de?iotes 44 lag . 5> 

Thus in general we can determine from the equation of an 
alternating quantity: (1) its maximum value, (2) its frequency,' 
(3) its phase difference with respect to another quantity of the 
same frequency. 

Examples. Determine the maximum value and frequency of the following 
alternating E.M.Es. and currents. Determine also -the phase differences 
between the respective E.M.Es. and currents- 

ie = 3250 sin 1572 <L e ~ E' m sin 5cot 

W = 35 sin (157« - 15°) { } \i = 5coGE' m sin (Scot + £tt) 

(c\ S e = a>Lr m sin (cot+ %rc) \ e = E" m sin (cot -f- a) 

(i = T m sin cot 1 J \i = E"^ /^/(R* + 2L*) sim (cot — tan.” 1 X /JR ) 
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Denoting, in each case, the maximum value of the E.M.E. by E , the 
maximum value of the current by I m , the frequency by /, and. '"the’phase 
difference by cp, we have 


(a) B m = 8250 ; 

I 

- 35 ; 

= 157/27T = 25 ; 

cp = 

— 15 c 

(&) E m = E' m ; 

I. 

• 5 COCE'^, ; 

f = 5CO/2TC ; 

cp = 

-f + 90° 

(c) E m = CO LI m ; 

; I 


/ — col 2tu ; 

cp = 

_ = _ 90° 

(d) = E" m ; 

I 


/ = co.f2.7Z ; 

cp = 

~(CL -f- tan~ 1 A'/i?) 


Observe that both frequency and phase difference are determined from the 
time-angle, the former being given by (1/2 tt X coefficient of time), and the 
latter by the constant term, if any, of the time-angle. Also observe that in 
expressing phase difference, the E.M.E. is taken as the quantity of reference. 
Thus in (c) the E.M.E. leads the current by 90°, therefore the current lags 
behind the E.M.E. by this amount : in ( d ) the E.M.E. is zero when cot = - a, 
and the current is zero when cot = -f- tan" 1 AT/ Ft, so that the phase difference 

between E.M.E. and current is (a -J- tan -1 Xj i?), lagging. 


Properties of Sine Curves. The study of alternating-current 
phenomena requires a knowledge of the properties of sine curves. 
A fundamental property of such curves is that any ordinate is 
proportional to the sine of the corresponding abscissa. Other 
properties are (1) that the mean ordinate of a half-wave is equal to 
2/tt times the maximum ordinate ; (2) that the square root of the 

mean of the squared ordinates of a half-wave or a complete wave is 
equal to l/-\/2 times the maximum ordinate. We shall now show 
how these quantitative relations are obtained. 

Mean Ordinate, or Arithmetic Mean Value, of a Sine Curve. Eet the curve 
he represented by the equation 

e — X m sin cot — E m sin (2rc t ( T) 

where E m denotes the maximum ordinate and T the period. Then the 
mean ordinate is given hy 

jj. Area included between the curve and abscissa axis for one half-period 

= Half -period 

2 T \~ /2it\ 

. ” E A~ COS \T r ) J 

-E7 

= —~ [— cos TZ -j- COS 0] 

7C 

— ( 2/Tt)E m = 0-637 E m 

An approximation to the value of the mean ordinate can be 
obtained arithmetically by determining the mean value of the sines 
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of angles between 0° and 180°. Thus taking angles at intervals of 
15° we have 


Angle 

15° 

°o 

CO 

45° 

60° 

75* 

90° 

105° 

120° 

135° 

150° 

165° 

180° 

Sine 

| 0*259 

0-5 

0*707 

0*866 

! 0-966 

! 

1-0 

0-966 

0-S66 

0*707 

0*5 

0*259 

0 


Total == 7*56 ; Mean = 7*56/12 = 0*633 


Tbe arithmetic mean value of an alternating current is of little 
importance in practice, as the heating effect due to a current is 
proportional, not to the square of the mean value of the current, 
but to the mean of the squared instantaneous values of the current 
as explained later. However, a knowledge of the mean value of 
an alternating E.M.E. is frequently required in calculations 
connected with alteraating-Qurrent machines. 

Root-mean-square (R.M.S.)* Value of a Sine Curve. The root-mean.-square 
value is obtained, by determining tbe square root of the mean value of the 
squared ordinates for a cycle or half-cycle. Let the curve be represented by 
the equation 

i — I m sin cot — I m sin(27T / T)t 
The square of any ordinate (£) is then 

and if I s denote the mean value of the squares of the ordinates during a 
period, we have 

J ‘ = 4 - fl 1 ™ sin2 K^w) t - dt 

= ff-A 1 - eos 2(2 t zJT)t) dt 



Whence I = = I m /\/2 = 0*707 I m 

An approximation to the E.M.S. value can be obtained arith¬ 
metically by deter m i n ing the mean value of the squares of the 
sines of angles between 0° and 180° and taking the square root of 
this quantity. Thus taking angles at intervals of 15° we have 


Angle 

15° 

0 

O 

CO 

45° 

60° 

75° 

90° 

105° 

120° 

135° 

150° 

165° 

1S0° 

Sine | 

0-259 

i 0*5 

0-707 ; 

0-866 

0-966 

1-0 

0-966 

0-866 

0*707 

0-5 

0*259 

0 

(Sine) 2 j 

0*067 

| 0-25 

o-5 ; 

0-75 

0*933 

1*0 

0-933 

0-75 

0*5 

0-25 

0-067 

0 


Sum of (sine)- — 6-0, Mean of (sine) 2 = 6-0/12 — 0*5, V{Mean of (sine)' 4 }- = 0*707 


In this book the square root of the mean value of the squared ordinates 
of a periodic curve is called the “ root-mean-square ” (R.M.S.) value. Thb 
terms ** effective *’ and “ virtual ” are also used in practice, the former 
being widely used in America. 
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Graphical Representation of R.M.S. Value of a Sine Curve. In 

Pig. 8 (a) is shown a sine curve and at (6) in the same Fig. is shown 
a curve the ordinates of which are proportional to the squares of 
the corresponding ordinates of the sine curve (a). The horizontal 
line AB is drawn such that its height is equal to the mean ordinate 
of curve (6), i.e. the area of rectangle OABX = area between curve 
and the abscissa axis. Hence OA is the mean value of the squared 
ordinates of the sine curve {a) and -\/OA is the R.M.S. value of (a). 

It can be shown, that curve (6) is a sine curve having AB as axis 
and a frequency twice that of ( a ). Thus if any ordinate of (a) is 
given by y = Y sin 6, then the corresponding ordinate of (b) is 
z == y* == Y 2 sin 2 6. Now sin 2 6 may be expressed as (£ - l- cos 2 6), 



Fig. S. Graphical Determinatio isr of R.M.S. Value of a Sine 

Curve 

which, since cos 6 — — sin (6 - brr), reduces to [-J- -f- 4 sin (2(9 - i 
Hence 2 = % F 2 + £ F 2 sin (26 - £ 77 -). How £ F 2 sin"(20 - £tt) is a 
sine curve having a maximum ordinate £ F 2 , a frequency twice that 
of curve (a), its zero at 26 = 90°, or 6 = 45°, and its axis at a dis¬ 
tance £ F 2 above the abscissa axis. Obviously the mean ordinate 
of this curve, taken over a cycle, is zero. Therefore the mean value 
of curve ( b ) is £F 2 , whence the R.M.S. value of (a) is (l/\/2) Y 
= (1 / -y/2) x maximum ordinate of (a). 

Examples. Give*the R.M.S. value and. frequency of the following— 

(a) \/ (JR 2 -f- JST 2 ) sin (cot -j- £tt) ; 

(b) (A -+• JB) sin (3 cot — a) ; 

( c) A sin cot -j- JB cos cot - 

(d) 141-4 sin 377£. 

The maximum value of the quantities (cc), (6), (d) may be written down 

directly, but that of quantity (c) must be deduced as follows- 

Multiply and divide each term by y/(A 2 -f- JB 2 ) thus 

V'f- 42 +BZ '> V(^NB^ SiTLCOt+ VC4* + B*) B'-l 003 0)1 

Now if JBfA — tan cp, A f s/(A 2 -f- 13 2 ) — cos cp, and JB j (A 2 -f- JB 2 ) — sin cp. 
Hence expression (c) may be written 

v 7 (A 2 -j- JB 2 ) {sin cot cos cp -f- cos cot sin cp} = \/(A z -f- JB 2 } sin (mi -f- cp) 
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Therefore the R.M.S. values and. frequencies are 


Quantity. 

It.M.S. Value. 

Frequency. 

V(Br ■+■ V“) sin (cot 4 ire) 

VifZi'- 4- JT 3 )= 0-707 V(B*+X 2 ) 

co ! St: 

(JL 4- B) sin (Scot - a.) 

(A + B)1VS= 0-707 (A 4- B) 

Sco/Stc 

A sin cot -r B cos cot 

Vh(A 2 4- JB 3 )= 0-707 V(A 2 +B 2 ) 

coJStc 

141-4 sin 377 1 

141-4/^2 — 100 

377/27T = 60 


Practical Importance of R.M.S. Value of Alternating Quantities. 

The lieat produced in a conductor carrying a current is proportional 
to tlie square of the current. Hence, if i denotes the instantaneous 
value of the current in amperes. It, the resistance of the conductor 
in ohms, the energy (d W) expended in heat during the time dt is 

dW — i^JEt . dt joules 

and the mean rate at which energy is expended (i.e. the mean heating 
effect) during the time T is 


r T dw 1 /- 2 ’ _ , 

= J -ijT — If, J % R ■ dt 


If the current follows a sine law 


i — I ra sin (27 r/T)t 

the mean heating effect during a period (T) is 

i r T 

H = — / i£/ m 2 sin 2 (2rr/I 1 )t . dt 

'do 

= -y- J sin 8 j t . dt 

= \RI,rC = R(I m /V2) z = dil- 


where I I m f -y/2-) is the R.M.S- value of the current. 

Thus the mean heating effect due to a sinusoidal alternating 
current of maximum value I m is the same as that due to a continuous 
current equal to 0*707 I m . 

The R.M.S. value of an alternating current is therefore of con¬ 
siderable importance in practice. Moreover, as will be shown later 
in Chapter XVI, the indications of ammeters and voltmeters give 
R.M.S. values of current and E.M.F. respectively. In commercial 
electrical engineering when values of current and E.M.F. are 
specified, these values always refer to the R.M.S. values. 

Form-factor of a Sine Curve. The form-factor of a periodic curve 
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is the ratio (R.M.S. value/arithmetic mean value). Hence for a 
sine curve the form-factor (E f ) is 

1 . 2 

~ V2 ' tt ~ 2V2 “ 1-11 

A knowledge of the form-factor of a curve therefore enables the 
R.M.S. value to be obtained from the arithmetic mean value, or 
vice versa. 

Example. A conductor rotates at a uniform speed of n r.p.s. in a two-pole 
magnetic field. The flux per pole is © lines and the flux distribution is 
sinusoidal. Obtain an expression for the R.M.S. value of the E.M.F. generated 
in the conductor. 

Now the mean E.M.E. generated in the conductor is equal to (flux cut 
per second X 10“ 8 ), and since the conductor cuts the flux (©) twice in one 
revolution, the mean E.M.E. ( E! av ) is 

E av — 2 <3? rt X 10~ s volts. 

Bub since the velocity is constant the E.M.E. is, at any instant, proportional 
to the flux density of the field in which the conductor is moving. Therefore 
the E.M.E. follows a sine law and its R.M.S. value (E) is 

JSJ 1*11 — 2-22 © n x 10" 8 volts 

= 2-22©/ x 10~ 8 volts, 

since the frequency, /, is equal to n. 

Amplitude- or Peak-factor of a Sine Curve. The amplitude-factor 
of a periodic curve is the ratio (maximum value/R.M.S. value). 
Hence for a sine cnrve the amplitude-factor (A7 a ) is 

K a = 1 (1/V2) = = 1-414 

The amplitude-factor is used only in connection with E.M.E. 
waves and is of importance in insulation testing and high-voltage 
apparatus, as the maximum stress to which the insulation is sub¬ 
jected is proportional to the maximum or peak value of the E.M.E. 
A knowledge of the peak value of the E.M.E. is also necessary when 
measuring iron losses, as the iron loss depends upon the maximum 
value of the flux. 

If E is the E.M.S. value of the applied E.M.E. as given by the 
reading of a voltmeter and K a is the amplitude-factor, the maximum 
E.M.E. is 


E m = K a E 



CHAPTER II 

FORMS OF REPRESENTATION 

The study of alternating-current phenomena is considerably 
simplified by assuming the quantities to vary sinusoidally with 
respect to time ; in fact, the elementary principles of alternating- 
current circuits can only be developed in an intelligible manner by 
making this assumption, which, in many cases, is justifiable. 
Moreover, the sine curve is, in practice, considered as the standard 
wave-form, and deviations therefrom are classed as distorted 
waves 

In view of the importance of the sine wave in alternating-current 
engineering we shall devote the present chapter to a consideration 
of the various methods of representating sinusoidal quantities. 
These methods may be classified as follows— 

I. Graphical methods. (1) Rectangular co-ordinates. 

(2) Polar co-ordinates. 

(3) Vector diagrams. 

II. Analytical methods. (4) Trigonometric functions. 

(5) Complex algebra. 

Representation by Rectangulae Co-ordinates 

In this method time is measured horizontally, as abscissae, and 
instantaneous values of the alternating quantity are measured 
vertically, as ordinates. Examples are given in Chapter I, Eigs. 1, 
3, 5, 7, 8. 

The method can be also employed for representing non-sinusoidal 
quantities. 


Representation by Polar Co-ordinates 

In this method the alternating quantity is represented by a 
rotating line—called a x'adius-vector—of variable length. Time is 
measured by the angle between this line and a reference axis. The 
length of the line at any position represents the instantaneous value 
of the quantity at the time corresponding to this position. The 
fixed point about which the line rotates is called the poZe. The 
positive direction of rotation is counter-clockwise, and one revolution 
corresponds to one cycle of the alternating quantity 

When this method of representation is applied to sinusoidal 
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quantities the locus of the free end of the radius-vector forms two 
circles (one corresponding to each half-cycle) which touch each 
other, the line joining the centres and point of contact passing 
through the pole. The diameter of each circle is equal to the 
maximum value of the alternating quantity. If time is measured 
from the horizontal, or (X), axis and the zero value of the quantity 
occurs at zero time, the centres of the circles lie in the vertical, 
or (V), axis as shown in Fig. 9 ( a ), which is a polar representation of 
the sine curve of Fig. 3, reproduced in Fig. 9 ( b ). 



Proof. Let the equation to the alternating quantity be 

m 

Then the length of the rotating radius-vector at any instant ( t ) is equal to e, 
and the angle between it and the axis of reference is equal to cot. Let x, y , 
be the co-ordinates of the free end of the vector referred to rectangular axes 
XOX, Y OY, passing through the pole O (see Fig. 9). Then 
x = e cos cot, y = e sin cot, 

x 2 y 2 — e 2 cos 2 cot + e 2 sin 2 cot — e 2 = e( E m sin cot) — E m y. 

Hence x 2 y 2 — y — 0. 

This is the equation to a circle, referred to rectangular coordinates, of 
radius having its centre in the vertical (y) axis at a distance from 

the origin (i.e. the circle is tangential to the horizontal (X) axis). Therefore 
the locus of the free end of the rotating vector is a circle. 

If the zero value of the quantity does not occur at zero time the 
line of centres is displaced from the vertical by an angle corre¬ 
sponding to the time at which the zero value of the quantity occurs. 
Read is represented by a displacement in the clockwise direction 
(see Fig. 10 (a)) ; lag is represented by a displacement in the 
counter-clockwise direction (see Fig. 10 ( b ) ). 

Applications of Polar Co-ordinates to the Representation of Non- 
sinusoidal Quantities. Non-sinusoidal quantities may also be 
represented by polar co-ordinates, but in this case the locus of the 
rotating radius-vector will form two irregular figures, which will be 





16 


ALTERNATING CURRENTS 


symmetrical if the two half-waves of the alternating quantity are 
symmetrical. Fig. 11 shows the non-sinnsoidal curve of Fig. 1 
plotted in polar co-ordinates. 

In the case of symmetrical waves the equivalent sine wave— 
i.e. the sine wave which has the same ht.M.S. value and frequency 



as the non-sinusoidal wave—is obtained by drawing a circle having 
an area equal to that of one of the irregular figures. The diameter 



Fig. 11. RepeeSE isrTAicioisr of ISTou-siisrusoioAL Curve by Polar 
Co-ordinates. The Chain-dotted Curve is the Equivalent Sine Curve 

of this circle gives the maximum value of the equivalent sine wave 
and hence the ft.M.S. value of the distorted wave is given by 

(1/ V2) X diameter of circle, or 
^/2> x radius of circle. 

Proof. Let the value of the periodic quantity at time t toe denoted by e 
and its phase by cot (see ‘Fig. 9). Then the increase in polar area for an 
increment of time dt (i.e. an increment dcot in phase) is 
|-e.e dcot = be- dcot . 
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Hence the area of the polar diagram corresponding to half a period of the 
distorted "wave is 

~Yf 

e 2 dt 


fk dcot = f % e*d t = 


Let r denote the radius of circle which, has an area equal to that of the 
polar diagram. Then 


T 

~iT 


r 


s 2 dt 


and 


V 2 = A&f e 2 dt^j = It.M.S. value of distorted wave. 


Representation by Vector .Diagrams 

A vector diagram is a graphical representation of one or more 
vector quantities, a vector quantity being a physical quantity 
which has direction as well as magnitude. Examples of vector 
quantities are force, velocity, magnetic flux, E.M.F., current, 
ampere -turn. 

Such quantities are only completely specified when particulars 
of their magnitudes, direction, and sense are given. 

Vector quantities are represented graphically by straight lines 
called vectors. The length of the line represents the magnitude of 
the quantity ; the inclination of the line with respect to some axis 
of reference denotes the direction of the quantity, and an arrow-head , 
usually placed at one end of the line, indicates the sense in which 
the quantity acts 

In electrical engineering we may require to represent a number of 
vector quantities in the same vector diagram ; it is necessary, 
therefore, to adhere to a system of nomenclature in order that the 
several vectors may be readily distinguished from one another. 
The vector nomenclature in this treatise is as follows*— 


El.M.F. vectors are represented by an ordinary arrow-bead— " > 

Flux: vectors are represented by a double arrow-bead-—- —- 

Ampere-turn vectors are represented by a solid arrow-head— -- 

Current vectors are reprsented by a closed arrow-bead— --E> 


With alternating quantities varying harmonically, two methods 
of vector representation may be adopted, viz. (1) the polar vector 
diagram, (2) the crank vector diagram. 

Polar Vector Diagram. In this diagram a fixed vector, repre¬ 
senting the maximum value of the quantity, occupies a definite 

* This nomenclature is the same as that employed in vector diagrams in 
the author’s Electric Traction and Electric Motors and Control, Systems - 
(Pitman.) 

3 —(T.5345) 
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position, relative to an axis of reference, one end of the vector being 
located at the origin. Iixstantaneous values of the quantity are 
represented by the projections of the vector oh a rotating line 
(called the Ci time line '') which rotates, in a plane containing the 
vector, with uniform angular velocity. The counter-clockwise 
direction of rotation is positive, and time is measured from the hori¬ 
zontal axis in the first quadrant. Hence if the zero value of the 
quantity occurs at zero time the fixed vector lies in the vertical 
axis, but other vase this vector will be displaced from the vertical 
axis by an angle equal to the value of the time-angle at which zero 
time occurs ; lead being represented by an angle measured in the 
clockwise direction, and lag by an angle in the counter-clockwise 



Fia, 12. Polar Vector Dlagram (6) jor tee Sinusoidal E.M.F. 

X2srx> CxJTtRE^STT Represe3stted by (a) 

direction. A positive phase-angle must be measured in the clock¬ 
wise direction because if one quantity is leading relative to another 
quantity, the revolving time line must meet the vector of the 
former before that of the latter. Tig. 12 shows the polar vector 
diagram for a current, 7, lagging cp with respect to an E.M.F. E. 

Crank Vector Diagram. In this diagram a vector, equal to the 
maximum value of the quantity, rotates with uniform ang ul ar 
velocity, co, about a fixed point which is the origin of rectangular 
axes. Time is measured from the horizontal axis in the first quad¬ 
rant, the counter-clockwise direction of rotation being positive. 
Instantaneous values of the quantity are represented by the pro¬ 
jections of the vector on the vertical axis. Rhase is given by the 
angle, measured in the counter-clockwise direction, whi ch the 
rotating vector makes with the time axis. Hence the phase 
difference between two quantities is represented by the angle 
between their vectors, an angle measured in the counter-clockwise 
C4-) direction denoting lead, and one measured in the opposite 
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direction denoting lag. Fig. 13 shows a crank vector diagram 
representing the same conditions as the polar diagram of Fig. 12. 

Polar and Crank Vector Diagrams Compared. In both polar and 
crank vector diagrams time is measured by the angle, from the 
horizontal axis, in the counter-clockwise ( + ) direction, but phase 
difference is measured in the clockwise direction in the polar diagram 
and in the counter-clockwise direction in the crank diagram. 
Thus a vector representing a lagging quantity is shown in one 
diagram on one side of the vector of reference and in the other 
diagram on the opposite side of the latter. Hence when the 
complex algebraic, or symbolic, method of representation is em¬ 
ployed ambiguity in signs is likely to occur if the polar and crank 



Fig. 13. Ceahstic Vector Diagram (6) foe, the SimrsoiEAL F.M.F. 

A.isri> Current Eepresented by (a) 

vector diagrams are used indiscriminately. To remove this am¬ 
biguity the crank vector diagram, in which alternating quantities 
are represented by rotating vectors, has been adopted by the 
International Electro-technical Commission as the standard form 
of representation for electrical vector quantities. All vector 
diagrams and complex algebraic expressions in this book conform 
to this standard, it being understood that such diagrams and 
expressions are used solely in connection with quantities varying 
sinusoidally. 

Addition and Subtraction of Vector Quantities. In problems 
connected with alternating-current circuits wo may be concerned 
with a number of E.M.Fs. or currents of the same frequency but 
of different phases, and may wish to obtain the resultant EAI.F. 
or current. The quantities, if sinusoidal, may be represented by 
a number of rotating vectors having a common axis of rotation and 
displaced from one another by invariable angles which are equal to 
the phase differences between the respective quantities. The 
instantaneous value of the resultant E.JM.F., or current, is given by 
the algebraic sum of the projections of the vectors on the vertical 
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axis. Tiie maximum value of the resultant is obtained by com¬ 
pounding th.e several vectors accor din g to the parallelogram and 
polygon laws. 

The parallelogram law of vectors states— 

If two co-planar vectors, not lying in tiie same straight line, 
meet at a point and a parallelogram be constructed having these 
vectors as adjacent sides, then their resultant is given in magni¬ 
tude and direction by the diagonal which passes through the 
point of intersection of the vectors. 

The polygon law of vectors states— 

If a number of co-planar vectors, not lying in the same straight 
line, meet at a point and an open polygon be constructed having 
one side formed by one of the vectors and the remaining sides equal 
and parallel to the remaining vectors, taken in order, then their 
resultant is given in magnitude and reversed direction by the 
closing side of the polygon. 

To prove these laws it is necessary to show that the sum of the 
vertical projections of the vectors at a given instant is equal to the 
vertical projection of their resultant at that instant. Thus in the 
case of the parallelogram of vectors let OA, OR , Tig. 14 (a), represent 
two rotating vectors having a phase difference <p, and let OG —the 
diagonal of the parallelogram OACR —represent their resultant. 
The vertical projections of OA, OR, OC are given by Oa, Ob, Oc, 
respectively. 

From Tig. 14 we have 

Oc = Oa -f- ac. 

But ac is the vertical projection of AC, and as AC is equal and 
parallel to OR, therefore ac — Ob. Hence 

Oc — Oa ac = Oa -{- Ob 

and the proposition is proved. 

The polygon law of vectors may be proved in a similar manner. 
If the vector difference of the quantities is required, the vector 
representing one of the quantities is reversed, and this reversed 
vector is compounded with the other vector according to the 
parallelogram law. Tor example, if in Tig. 14 (6), OA and OR are 
two vectors and their difference (A — R) is required, the vector OR 
is reversed, i.e. another vector OR ' is drawn equal to, but in the 
reverse direction to OR, and OA and OR' are compounded according 
to the parallelogram law, thus giving the resultant OL>. Then OJD 
represents the difference of the vector quantities A, R. Similarly 
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if the difference B — A is required the vector OA is reversed and 
the resultant OE is obtained. 

Vector Representation of Root-mean-square Values of Alternating 
Quantities. In alternating-current circuits we are chiefly concerned 
with R.M.S. values of current and E.M.P., and their phase differ¬ 
ences. Provided that the law of variation of the quantities is 



M (b) 

Fig. 14. Parallel ogh, am or Vectors Applied to the AnniTioisr (a) 
A.3STD SXTBTHA.CTI02ST (£>) OF TWO VECTORS OjL, OB 


known, a knowledge of their instantaneous values throughout a 
period is unnecessary and is of little interest in. practice. ISTow 
with sinusoidal quantities the R.M.S. value bears a fixed relation to 
the maximum, value. Hence R.M.S. values may be determined 
directly from the vector 
diagram by a suitable 
change of scale. Therefore, 
when the resultant of a 
number of currents, or 
E.M.Ps., is to be determined 
we may represent the quan¬ 
tities by fisced, vectors, the 
lengths of which represent 
the R.M.S. values of the quantities and the angular displacements 
of the vectors with respect to one vector, or quantity of reference, 
represent their phase differences with respect to this quantity. Lead 
is represented by an angle in the counter-clockwise direction, and 
lag is represented by an angle in the clockwise direction. 

Thus the crank diagram of Pig. 14 {cl) may be replaced by the 
stationary vector diagram of Pig- 15, which is virtually a diagram 



Fig. 15. Vector, 1Dia.gr-a.im for 
Constant Quantities 
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for constant quantities, as would be employed in connection with 
applied mechanics. 

Example. .Represent tlxe following quantities by vectors— 

5 sin (2 —ft - 1) ; 3 cos (2 —ft + 1) ; 2 sin (2rcft + 2*5) ; 4 sin (2 t zft - 1). 

Add tliese vectors together and express the result in the form— 

A. sin (2t -ft + <p) - [C. and G.] 

Observe that all the quantities have the same frequency, /. Hence the 
vectors representing them raaj^ be added together. Before doing so, however, 
it will be convenient to express all the quantities as sine functions. Thus 
the second quantity 3 cos (2-rzft) + 1), 

may be written 3 sin (2rc ft +14- -I-tt) = 3 sin ( 2rcft + 1 + 1*57) 

— 3 sin ( 2rcft + 2*57) 

The maximum value of each quantity and its phase difference with respect 
to the quantity of reference, viz. X sin 2rzft, is given in the following table— 


Quantity. 


Maximum 

value. 


Phase difference with 
respect to X sin 2 reft. 

Radians. Degrees. 


(а) 5 sin (2 tc/£ — 1) 

(б) 3 cos ( 2-rzft + 1) 

(c) 2 sin (2 -ft + 2*5) 

(d) 4 sin {2-r.ft- 1) 


- 1 - 57*3 

+ 2*57 + 147*2 

+ 2-5 + 143*2 

- 1 - 57*3 


The vector diagram is shown in Fig. 16, in which ON represents 
the vector of reference, and OA, OB, OC, OT> represent the four 
quantities a, b, c, d respectively. The resultant, or sum, of these 
vectors is obtained by compounding them according to the polygon 
law and is represented by OG , which is 4-81 units long and lags 82°, 
or (82/57*3) = 1-43 radians, with respect to the vector* of reference. 
Hence the sum of the quantities is 

4-81 sin (277-jft- 1*43). 


Representation by Trigonometrical Functions 

We have already shown that in the case of quantities varying 
harmonically the instantaneous values are proportional to the sine, 
or in some cases to the cosine, of the time-angle. Hence in the 
analytical treatment of these quantities they are expressed as a 
trigonometrical function (sine or cosine) of the time-angle, e.g. 
e = E m sin cot ; i — I m sin (cot — q?) ; i = I m cos ojt. 

Tins method is particularly suitable for dealing with instantaneous 
values, as it enables the relationship between current and E.M\F. 
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for the simpler circuits to be deduced analytically and the quantita¬ 
tive relations between these quantities to be calculated accurately 
as shown in the following chapters. By means of Fourier's series 
the method can be extended to the calculations of circuits when the 
wave-form of the supply E.M.F. is non-sinusoidal (see Chapter XIV). 

As both maximum and R.M.S. values can, in the case of sinusoidal 
quantities, readily be obtained from the instantaneous value, the 
trigonometrical method is largely employed in the calculations of 
electric circuits and is developed further in the following chapters. 

B 



Fig. 16. Gba.phioa.l Solution ajstd Vector Diagra.m for Example 

(p. 22) 


Repeesentation by Complex Algebra 
Symbolic Notation- This form of representation is an algebraic 
method of representing vector quantities and enables the operations 
which are carried out graphically in a vector diagram to be per¬ 
formed analytically. It is, moreover, of considerable value in the 
solution of alternating-current problems, as the results obtained are 
of the same order of accuracy as those obtained by trigonometrical 
methods although the calculations are usually si m pler and less 
tedious. 

The basis of the method is the representation of vector quantities 
by their components in the direction of arbitrarily chosen axes of 
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reference. For example, the vector OE 4 , Fig. 17, maybe completely 
specified by stat in g that its horizontal component is & ± and its 
vertical component is fe 2 . Instead of stating these conditions 
verbally we may express them symbolically, thus 

where j in dicates that the component b L is perpendicular to the 
component a r 

This method of representation 
is similar to that adopted in ana¬ 
lytical geometry for representing 
co-planar points in terms of their 
rectangular co-ordinates but it 
admits of more extensive applica¬ 
tion owing to the two components, 
or co-ordinates, being connected 
by an algebraic sign, the use of 
which requires the introduction 
^ „ of the distinguishing symbol j to 

Aloxg Axes of Reference prevent these components being 

treated as ordinary algebraic 
quantities. 

Axes of Reference. The horizontal axis, XOX', Fig. 17 , is called 
the real or in-phase axis. Components in this axis are called in-phase 
components : they are positive when measured to the right of O, 
and negative when measured in the reverse dir ection. 

The vertical axis, TOY', Fig. 17, is called the imaginary, or 
quadrature, axis. Components in this axis are called quadrature 
components : they are positive when measured upwards and negative 
when measured downwards. These components are distinguished 
from those in the horizontal axis by being compounded with the 
symbol j. 

For example, in Fig. 17, the vector OL\ is represented symbolically 
by the expression E x — a ± -j- jb ± , 

the vector OE % by E 2 = -a 2 + jb 2 , 

the vector OE 3 by E 3 =* —a 3 —jb 3 , 

and the vector OE± by E± = a 4 — jb 4 . 

Similarly, vectors having directions along the axes of reference 
are represented by 

IS 2 : Js — “ S 3 : 2" 4 = — 

We may therefore consider j as an operator, the application of 
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which to a vector, or a vector component, causes a rotation through 
90° in the positive (counter-clockwise) direction. The double 
application of the operator rotates a vector through 180° and 
reverses its sense, e.g. the double application of j to the vector 
/ = g gives the vector I' = jjg = —g. Hence operation by jj or 
j 2 is equivalent to multiplication by — 1 , so we may regard the 
effect of J 2 as being equivalent numerically to — 1 and write 

i 2 ( ) = - 1 ( ) 

Whence j ( ) = -y/ — 1 ( ) 

i.e. j has numerically the effect of the imaginary root of — 1 .* 

In ordinary algebra quantities having the factor -\/ — 1 are called 
imaginary. This term may also be applied to vector components 
in the vertical axis, since when considering a uni-directional quantity 
such as a length, measured along a given axis, any measurement 
taken along a perpendicular axis has no physical meaning and 
must therefore be regarded as imaginary. Tut when dealing with 
electrical quantities the term <c quadrature component ” is preferable. 

Complex Quantities. A quantity which is represented by two 
components along perpendicular axes is called a complex quantity. 
In this book complex quantities, i.e. vector quantities and complex 
numbers, are denoted by dotted italic capitals, thus E ; vector 
components are denoted by bold italic lower-case characters, thus 
a, b ; simple magnitudes or scalar quantities are denoted by upper 
and lower-case italic characters, thus E, I, a, b. 

Tor example, the vector OE x , Tig. 17, is represented by the 
complex quantity 

E x = T- jb x ; 

its absolute value, or magnitude, is given by 

e x = V(^i 2 + V); 

and its phase, or inclination, ( 97 ), to the horizontal axis is given by 

<-p = tan' 1 ^/^. 

q> is also called the argument of the complex quantity. 

Again, if a vector in the horizontal axis is represented by 

/1 = Si + jo = 

its absolute value (I T ) is 

h = VCffi 2 + 0 2 ) = ffr 

and its argument is zero. 

* Mathematicians denote -y/ — 1 by 1 , font in electrical engineering it is 
necessary to use j for tliis quantity, as otherwise confusion might arise between 
the symbol 1 and that (i) used to denote current. 
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Similarly for otlier vectors in the axes of reference, 

/ 2 = 0 -T- jgo = i^2 ; ^2 == a/C^ 2 H- 6^2 2 ) — ^2 ; Cp = ItT 

Tz = -<§r 3 -+-io = -gr 3 ; = a/(-^ 2 + o 2 )= ; 9? = ^ 

/ 4 = 0 -jg 4 = -J^ 4 ; ^4 = V / (0 2 + (-^ 4 ) 2 )= <P = ^(or - -^tt) 

Polar and Exponential Forms of Expressing Complex Quantities. 

Tlie method of representing a complex number, or quantity, by its 
rectangular components is called the rectangular form of representa¬ 
tion . These components may also be expressed in the polar form. 
Thus, in Fig. 17, 

a x = cos cp , 6 X = E x sin 99 ; 

whence E ± = cos 9 ? -j- 3 -@1 sin <P 

— E x (cos cp -f- 3 sin <p) 


This is one of the polar forms of expressing complex quantities 
and is usually called the trigonometrical form. 

The exponential form, E ± — E ± eN, where cp is in circular measure, 
may be derived by expi'essing sin cp and cos cp in their trigonometrical 
series and substituting these in the above expression for E ± . Thus, 
if 9 ? is in circular measure. 


sin cp = cp - (<p 3 J3 1) + (<p 5 /5 !) - (<p 7 /7 !) + ... 
cos cp = 1 - (9> 2 /2 !) + (9? 4 /4 !) - (<p 6 /6 !) + ... 

Hence 



since numerically j ? 2 = — 1 , = -f- 1 , j G = — 1 , etc. 


Now 


1 4 


P<P 2 

2 ! 


J 3 <p 3 , iV 4 . i 5 <? 5 , 

3! 1 4! 5 1 ‘ ‘ 


is the expansion for A r P. Hence the former expression for E x may 
be written 

E x = E ±£ N 

where s ( = 2-71828 . .) is the base of natural logarithms 
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Instead of employing the exponential factor a j( P to express the 
polar form of a vector a proposal has been made* to employ the 
factor where J is an operator the application of which*'to a 

vector rotates the latter through a right angle with respect to the 
horizontal axis. The index of J denotes the fraction, or -multiple, 
of a right angle through which the vector is rotated, a plus (-f) 
sign denoting rotation in the counter-clockwise, or positive, direction 
and a minus ( ) sign denoting rotation m the clockwise direction. 
For example, m > 0, signifies a rotation of lrr??i radians, 

or 90m°, in the counter-clockwise direction ; J ™, a rotation of mi 
radians, or 90m°, in the clockwise direction. Similarly J^, J*. Ji, 
signify rotations, in the counter-clockwise direction," of | x -l-rr 
= £tt, or 45°, f x t = |tt, or 60° ; J X Jtt = Irr, or 30°, 
respectively ; and J~ s , J-* 9 J-\ signify rotations, in the clock¬ 
wise direction, of 3 X irr = ^ 77 , or 270° ; J x r = -jW, or 
15° ; ^ 77 , or 90°, respectively. 

This form of representation enables complex quantities to be 
expressed in simpler mathematical expressions than the exponential 
form. It can be shown that the two forms are equivalent j and 
that J follows the ordinary laws of algebra in the same manner 
as j. 

In addition to the above polar forms for expressing a vector 
quantity a conventional form, E = E /is frequently adopted in 
23 ractice. This form is purely conventional and does not possess 
the mathematical significance of the other forms : it simply denotes 
that the vector quantity E has an absolute value equal to E. and 
is inclined at the angle qp to the axis of reference, the plus (-{-) sign 
denoting an angle in the counter-clockwise direction and the 
minus (—) sign denoting an angle in the clockwise direction. This 
notation possesses the advantage that numerical results may be 
expressed directly in the polar form without the introduction of 
algebraic symbols. For example, a vector E, of absolute value 
equal to 100, and inclined at an angle of 60° to the horizontal axis 
is represented by 

E = 100/60° 


* te Application of a polar form of complex quantities to the calculation of 
alternating-current phenomena,” by Prof. 1ST. S. Diamant. Transactions of 
the A.merican Institute of Electrical Engineers, V. 35, p. 957. 

t From De Moivre’s theorem we have the identities 

cos cp -f- j sin cp = cos ^7 cm -f- j sin -J-Tcm = (cos + j sin \~) ni = J m , 
i.e. the operator J m (gn > O) is identical with (cos 93 -f~ sin cp) where cp = 
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Summarizing, we have the following ways of expressing symbolically 
complex numbers and. vector quantities— 


( 1 ) the rectangular form 

( 2 ) the trigonometrical form 

(3) the exponential form 

(4) the polar form 

(5) the conventional form 


E = a zhjb 
E = E (cos <p j sin cp) 
E = Ee 
E = EJ 
E = Efcp 


Conjugate Complex Quantities. When two conjugate quantities 
have the same absolute values and arguments which are equal in 
magnitude but of opposite sign, they are called conjugate quantities 
Examples : a -f- jb, a — jb ; — a -}- jb, — a — jb ; jE S< P, E~ j< P 
EJW^), EJ-W* 7 * ; E/<p, E/-<p. 

Two conjugate complex quantities therefore correspond to two 
points, in the plane of the co-ordinates, which are images of each 
other with respect to the horizontal axis. 

Addition and Subtraction of Complex Quantities. These operations 
are effected by the same rules which govern their application to 
ordinary algebraic quantities, but the in-phase and quadrature com- 
ponentsjmust be treated separately. Eor example, the sum of two 
complex"quantities — E ± = cq -j- jb L and E z =a 2 A- jb 2 is given by 
the complex quantity 

^ E 2 = (cq (a 2 -f- jb 2 ) 

^ a i + a 2 + j (£q + b 2 ) 

The numerical value of this quantity is given by 


and its inclination ( 9 ?) to the axis of reference is given by 

cp = tan^C&i ~r~ b 2 )/(u a + a 2 ) 

A graphical representation of the process is shown in Fig. 18(a). 
Similarly with more than two quantities we have 

^ — ^1 -b + - * • = («i + jb x )-\-(a z -\-jb 2 ) 

~h ( a 3 4~ jb 3 ) + •*• 

= Oti €* 3 -{- C £ 3 -j- - • • 

~b j(b 1 4b b 2 + 63 . . .) 

E = \/[(a x + a 2 + a 3 + . . .) 2 -b(bi + & 2 + t> z + . . .)2] 
cp = tan * 1 ( 6 X 4 - K + 63 + . . .)/(«* + a 2 + a 3 -f- . . .) 

The result is obviously independent of the order of the Quantities. 
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If the polar form of representation is employed we have 
E = E ± J m - 

where m == ccj-^rr, and n = /3 /|s-7t ; cc, /3|being the inclinations, in 
radians, of the vectors EE 2 , respectively, to the axis of reference. 

The numerical value of this quantity, from the geometry of 
Fig. 18(a), is 

E = 'v/ ^E ± 2 -\- E 2 2 -\- 2E 1 E 2 cos (J-7 r?h — ^mri) £ [n > m] 
The inclination ( <p ) to the axis of reference is given by 

9 ? = tan 1 £ (E ± sin sin ^rrn)j{E ± cos -|yrm -f- cos -|r 



Fig. IS. Anr>iri02sr'J(a) atne Subtraction (6) of Vectors by Treataiekt 
of the nt Components Ajdontg the Axes of Rep br enpe 


When the sum of more than two complex quantities is required 
it is generally more convenient to employ the rectangular form. 

The difference of tzuo complex quantities — E ± = a ± -j- jb x , and 
E z == c£ a -f- jb 2 —is given by the complex quantity 

E = E± — E -2 — ( > — (« 2 ~f~ jb 2 ) 

= «1 “ «2 +^(^ 1 - 
The numerical value of this quantity is 


and its inclination to the axis of reference is given by 
cp = tan" 1 (6 X - 6 2 )/(a x - a 2 ). 

A graphical representation of the process is shown in Fig. 18(h). 
These operations are applicable to vector quantities as well as 
complex numbers. 
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Examples. (1) Find, the sum and difference of the vectors E x = 20 —f~ j4Q 
and H 2 = 15 4- jlO. 

The sum is given by the complex expression. 

E = E x d~ = 20 15 4~ j{40 + 10) 

= 35 d- j50 

Hence E = V(35 2 4- 50 2 ) = 61 
qp = tan -1 50/35 = 55° 

The vector difference is given by the complex expression 

W = ^-^= 20 -^ 4 - y\40 - 10) 

= 5 4- j30 

Hence E'= V(5 2 4~ 30 2 ) = 30-4 
c f / = tan" 1 30/5 = 80*6° 

(2) Find the sum of the vectors = 10—j5 ; / 2 = — 2 d~jl5 l fz — 20d~jl0 ; 
A = -4-f30. 

The vector sum is given by the complex expression 

I = I x 4- J 2 4- A 4- A = (10-2 4- 20 -4) 4- l(- 54-15 4-10-30 
= 34 - jlO 

Hence I = V(24 2 4- 10 3 ) = 26 

cp = tan- 1 -10/24 =-21*8° or 33S-2° 

(3) Find the sum of the vectors Z x = 10*7 0 ' 66 , 4A 7 e/ 0-26 
The vector sum is given by 

Z = VC10 2 4- 7 2 4- 2 X 10 X 7 cos {90(0-66-0-26)}°] 

~ -^/(lOO 4- 49 4- 140 cos 36°) 

= V262-2 = 16-2 

cp = tan- 1 [10sin(0-66 X 90)°-h 7sin(0-26x90)°j/[10cos(0-66x90); 

4- 7cos(0*26 x 90)°] 

= tan" 1 11-387/11-52 = 44° 40' 

(4) Add together the quantities 

5 sin (2rt ft — 1) ; 3 cos (2rc ft 4 “ 1) ; 2 sin ( 2-rzft 4 - 2*5) ; 4 sin (2 tv ft — 1) 
PsTote.—The graphical solution to this example is given on p. 23.] 

The m aximum value of each quantity and its phase difference with respect 

to an arbitrary quantity of reference- JC sin 2 tv ft -are given on p. 22, and 

from these data we can calculate the rectangular components of each quantity. 
Thus—- 


Quantity. 

| Rectangular components. 

Quantity 
expressed sym¬ 
bolically in 
rectangular 
form. 

: 

Trigono- j 

metrical form. 

! Conven¬ 
tional 
form. 

Horizontal. 

Vertical. 

5 sin(2~/£ — 1) 

5/—57-3° 

5 eos(—57-3)° 

= 2-7 

5 sin(—57*3)° 

= - 4-207 

2 7 — f 4-207 

3 cos(27r/i4-l) 

3/147-2°! 

3 cosl47-2° 

= — 2-522 

3 sinl47-2° 

= 1-625 

-2-522 d-jl 625 

2 sin (2-/^4" 2*5) 

2/143-2° 

2 eosl43-2° 

= - 1-6 

2 sin 143-2° 

= 1-198 

-l-6+jl-198 

4 sin(2rc/i — 1) j 

4/—57-3° 

4 cos(-57-3)° 

= 2-161 

1 4 sin(—57-3)° 

= - 3-366 

2-1G1-J3-366 
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Hence the sum is given by the vector quantity 

IZ == (2-7-2-522-1S +2161)+j{-4-207+l-625+1 198-3366) 

= 0-739 - j4-75 

/. Z = V(0*739 2 + 4*75 a ) = 4-81 

<p = tan-H- 4-75/0*739) = - Sl-2° 

The sum o£ the above quantities is therefore given by 4-81/ — 81-2°. 

The results obtained, on p. 22 by the graphical construction agree fairly 
well with these results. 

f§ Multiplication and Division of Complex Numbers. These operations 
are effected by ordinary algebraic rules. For example, the product 
of the numbers X = a x -f- jb 1 and Y = a 2 -J- jb 2 is given by the 
complex number Z, thus 

Z =- 17 = («! -hjb i) (<* 2 = «i«2 +i«A 

The absolute value (F) of the product is 

^ = Vl( a i«a - & i^ 2 ) 2 + (»i^2 -f- « 2 &i) 2 ] 
and its inclination to the axis of reference is 

<p = tan" 1 ^^ -f- a a 6 1 )/(^ 1 a 2 — iqiq) 

If the trigonometrical form of representation is employed, and 
the inclination of X and Y to the axis of reference are a, (3, 
respectively, then 

a 1 — X cos a ; b L = X sin a ; a 2 = Y cos (3 ; 6 2 = Y sin /3. 
Hence, 

Z = XY = ct x a 2 - b x b 2 + j(€t x b 2 + a 2 b x ) 

_ jy y cos a cos [3 — NY sin a sin (3 j (X Y cos a sin j3 

S XY cos (3 sin a) 

= X F £ cos (a -j- /?) -}- sin (a + P) ] 

This is expressed in the polar form by 

z = iij(« + j 3 )/^ 

In the exponential form the product is given by 
Z = Z7 = I7s^ a+ ^) 

Thus the product of two complex numbers is a complex number 
having a magnitude equal to the product of the absolute values of 
the numbers and an argument equal to the sum of the arguments 
of the numbers. 

It is apparent that the physical meaning of the result is shown 
better by the polar and exponential forms than by the rectangular 
form. 
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The result also holds if one of the numbers is a vector quantity, 
since in this case the product is another vector quantity. For 
example, if a sinusoidal alternating quantity, which is represented 
by a rotating vector, is multiplied by a complex number the result 
is another alternating quantity of the same frequency but of 
different magnitude and phase with respect to the original quantity. 

If, however, two alternating quantities of the same frequency are 
multiplied together the result (see p. 70) is an alternating quantity 
of double frequency. 

For example, the product E sin cot and I cos cot is 
E sin cot . I cos cot = \EI sin 2 cot 

The physical meaning of the product is considered in Chapter V. 

Division of Complex Numbers and Quantities. The quotient of 
two complex numbers is another complex number, and that of 
two vector quantities is a complex number ; but if a vector quantity 
is divided by a complex number the result is another vector 
quantity of different magnitude and phase to the original vector 
quantity. For example, the operation on the vector quantity 
E = a -t- jb by the complex number Z = r + jx is given by 
the vector quantity 

(q-p^oj {r-jx) 
r 2 -f- x 2 

clt -f- bx . / br - ax \ 

r 2 -p x 2 ^ \r 2 -p x 2 ) 

[Observe that the denominator r -P jx is rationalized by introducing 
the conjugate expression r — jx.'] 

The absolute value of this quantity is 

ar -f- bx\ 2 ( ( br — cix ) 

r 2 -J- x 2 ) ^" \r 2 + x 2 ) ) 

and its inclination to the axis of reference is given by 
<p = tan ~^{br — ax)!{ar -p bx) 

The physical meaning of the result is shown better when the polar 
and exponential forms are employed. Thus the operation on the 
vector quantity E — Ee 3C Pi by the complex number Z ~ Zs 3C P* is 
given by the vector quantity 



T ___ E — q + = ( g + .?*>) 

* ~ Z "" r -p jx (r + jx) (r -jx) 
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Similarly, for the polar form, we have 


In the special case when the argument of the vector quantity is 
zero, the result is given by 

EE E . 

r -:__ p~o<P'2 

■ ~ Z ~ Ze.lV-> Z 

or in the polar form by 

E 

X = — 

Z 

and in the rectangular form by 


E E E(r—jx) 

* ~ Z ~~ r 2 -{- ce 2 


Er / Ex \ 
~ r 2_|_^2 -0 ^ r 2 q _ x 2 J 


cp 2 — tan" 1 — cc(r 


Another special case of interest is where one complex quantity 
is the reciprocal of the other. Thus let the complex: quantity Y — 
Ye j P be the reciprocal of the complex quantity Z = Ze jct . Then 
by definition 

YZ = 1 = Ye ja X Zs j & — YZsha + 

Hence a + /? — 0 

or p = — a. 

i.e. the reciprocal of the vector Z has a length equal to Z and is 
inclined at an angle equal to —a to the axis of reference. 

If the rectangular form is employed the physical meaning of the 
result is not so apparent. Thus if the vector Z is represented by 
Z = r -j-yjt, then the reciprocal vector Y is represented by 

y _ 1 1 = r ~J x 

■ ~ Z r -Yjx (r + 3 X ) ( r ~3 x ) 

' r . x 

r 2 -f- ac 2 ^ r 2 ~f- a; 2 

4-(T.5245) 
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The length of the reciprocal vector is therefore equal to 


“ J (r 2 + *») 


= 1JZ 

and its inclination to the axis of reference is given by 
cp =s tan -1 — cc/r 

Examples. (1) Find the quotients of each of the following pairs of 
numbers— 

(a) 3 + j3 ; 5 - j2 ; (6) 5, 1 + /J ; (c) - 2 '+ j>2 ; - 3 -/4. 

Denoting the quotients by T a , Y b , Y c , and the arguments of these 
quantities by cp a , qp h , q> c , respectively, we have 

3+i3 (3 4- j3) (5 + j2) _ 3 X 5—3 X 3 ±1(3 X 2 4~ 3 x 5) 


Y = _ 

* ° 5 -J2 


5 2 -j- 2 2 

= 0-31 + jO-724 
Y a = V(<>31 2 4 - 0-724 2 ) = 0-788 
<p a = tan * 1 0-724/0-31 = 66 - 8 ° 
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0-788/66-8° 


5(1 -jl ) 


* & 7 A jl 1 2 +1 

Y b = VC^-o 2 4- 2*5 2 ) = 3-54 
93 6 = tan " 1 — 2* 5/2-5 = — 45° 


2-5 ~.?2-5 


3*54 /- 45° 


~ 3 -j-j2 


(-2 4 -j2) (-3 +j4) 


' c ~ -3 - j4 ~~ 3 2 4 - 4 2 

= — 0'08 —j0'56 
Y c = VCO-OS 2 4- 0-56 2 ) = 0-566 
<p e = tan'4- 0-56/-0-0S) = - 98*1° 

Y c = 0-566 /- 98-1 

( 2 ) Find the reciprocal of the number 5 4- jS. 

The reciprocal number is 

—-« 52 8 0-0562 —J0-09 

0-0106 
-58° 

/. Y = 0*0106 /- 5 8° 


2x3 -2 x 444(—2 x 4 + 3 X < 
25 


^ = 5* -fl? 2- 
Y = V(0-0562 2 4 - 0-09 2 ) 
= tan ' 1 - 0*09 /0-0562 



CHAPTER III 

RESISTANCE AND INDUCTANCE 

In direct-current circuits the relationship between E.M.F. and 
current is a simple one and is given by the equation JSJ = IE. 
How the resistance (-R) of the conductors of any particular circuit 
is constant provided that the temperature of the conductors is 
constant. Hence, except for the variation of resistance caused by 
change of temperature, the resistance of a circuit carrying a 
direct current is independent of the magnitude of the current.* 
Thus for a given circuit the ratio Ejl is constant. 

In alternating-current circuits generally this simple relation 
between E.M.E. and current is not applicable, as the variations of 
current and E.M.F. set up magnetic and electrostatic effects, 
respectively, which must be considered together with the resistance 
of the circuit when determining the quantitative relations between 
current and E.M.F. For example, with low-voltage circuits mag¬ 
netic effects may be very large, especially when the currents are 
very large, but electrostatic effects are usually negligible. On the 
other hand, with high-voltage circuits electrostatic effects may be 
of appreciable magnitude, and magnetic effects are also present. 
Hence, in obtaini n g the relation between E.M.F. and current, these 
effects must be given due consideration. 

In this chapter we shall consider the manner in which the 
magnetic effects due to the current in a circuit affect the relationship 
between the applied E.M.F. and the current, reserving for a later 
chapter the discussion of electrostatic effects. 

Inductance. An electric current in a conductor produces a 
magnetic field which encircles the conductor. When no other 
magnetic fields are present the paths of the magnetic lines are 
circles which are concentric with the conductor. The magnitude 
of the magnetic field is proportional to the magnitude of the current, 
and the direction of the field depends on the direction of the current. 
If the conductor forms part of a circuit carrying an alternating 
current the flux will be alternating, and the linkage of this flux 
with the circuit will induce therein an alternating E.M.F. The 
magnitude of this E.M.F. is, at any instant, proportional to the 
time rate of change of the flux at that instant. As the induced 

* It is assumed that the distribution, of the current over the cross section 
of the conductor remains constant at all currents. 
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E.M.E. is due solely to the magnetic effect of the current, it is called 
the E.3I F. of self -induction , or the inductive E.3I.F. 

Inductance (also called self-induction) is the property of a circuit 
in virtue of which a varying current causes a variation of the flux 
interlinked with the circuit and an E.M.F. to be induced therein. 

A circuit possessing inductance is called an inductive circuit and 
one devoid of inductance is called a non-inductive circuit. Since it 
is difficult to obtain a circuit absolutely devoid of inductance, the 
term 4i non-inductive circuit ” usually refers to one in which the 
inductive effect (or reactance) is negligible in comparison with the 
resistance. Examples of non-inductive circuits and apparatus: 
incandescent lamps, liquid and grid rheostats, concentric cables, 
standard low resistances constructed of concentric tubular conduc¬ 
tors. Examples of inductive circuits: solenoids, and all electro¬ 
magnetic apparatus and machinery, overhead transmission lines. 

Coefficient of Inductance. In an alternating-current circuit of 
constant magnetic reluctance the flux is directly proportional to, 
and is in phase with, the current. Thus 


<D 


OAiriN 


( 


OAttN\ 

~s~r 


where O is the flux corresponding to the current i (amperes), N the 
number of turns through which the current passes, and S the 
magnetic reluctance in centimetre units. Hence, in such a circuit 
the E.M.E. of self-induction (e L volts) is, at any instant, proportional 
to the rate of change of the current, thus 


N /'OAnN 2 \di di 

V & x 10 l )dt = ~ L di 


( 6 ) 


where L is a constant, called the coefficient of inductance —or, shortly, 
the inductance —of the circuit. The minus sign is introduced 
because the direction of the induced E.M.E. must be such as to 
oppose the flow of current. 

Numerically, 

OAttN 2 

L ~Sxl0 8 .. 

NO 

~~ i X 10 s * * * - ( 8 ) 

_ g x. 

~~ di/dt ■ ■ ■ •' • (9) 
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The coefficient of inductance is therefore a constant property of all 
circuits for which the magnetic reluctance is constant. 

The practical unit of inductance is the henry. This unit- is 10 9 
times the C.Gr.S. electromagnetic -unit, which is a centimetre ; 
inductance having the dimension [M^L^T* 2 jT/XM^L-T" 1 ] — L. 
where L, M } T denote length, mass, and time respectively. 

A circuit possesses an inductance of 1 henry when 

10 s linkages of flux and turns are produced by a current of 1 
ampere passing in the circuit ; or when 

an E.M.F. of 1 volt is induced by a current varying at the rate 
of 1 ampere per second. 

Equation (9) gives L in practical units (i.e. henries) when is 
expressed in volts and dijdt in amperes per second. 

Example. A wooden ring of circular cross section, 20 cm mean diameter 
and 5 cm. 2 cross section, is wound uniformly with. 1000 turns of fine wire. 
Calculate the inductance of the -winding. Also calculate the value of the 
induced E.M.F. when a current varying at the rate of 190 A. per second is 
sent through the winding. 

The reluctance of the magnetic path of the wound, ring is equal to 

mean magnetic length 20n: 

.. — = 4— 

cross section 

Hence, substituting in equation (7), we have 

0*4tc X 1000 2 „ . .... , 

4t _ x 1Q8 = 10-® EL, or 1 millihenry. 

The induced E.M.F. is obtained from equation (9). Thus 
6^ '■—— f 1 dt jdt 

= 10- 3 x 190 
= 0*1 V. 

Mutual Inductance. If a circuit (A) carrying an alternating 
current is in close proximity to another circuit {B), the dux due to 
"the current in the former will interlink with both circuits and induce 
in them E.M.Es., the direction of which will be the same for each 
circuit. Now the E.M.F. induced in circuit A acts in such a 
direction as to oppose the change of current in it. Hence, if circuit 
B is closed upon itself, the direction in which the current circulates 
is the same as that of the induced E.M.F., and is opposite to that 
of the current in A . The resultant ampere-turns due to the currents 
in these circuits are therefore smaller than those due to the current 
in A, and on the assumption of constant reluctance, the dux linked 
with the circuits under these conditions is smaller than that which 
is linked with A when B is open or removed, the current in A being 
the same in each case. Thus the effect of the induced current in B 
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is equivalent to a reduction, of the self-induction of A. This 
inductive action of one circuit upon another is called mutual 
inductance or mutual induction. 

Suppose the above circuits consist of Ay, Ay turns, respectively, 
wound in close proximity upon a common non-magnetic, non- 
inetallic core of reluctance S. Assume alternating current to be 
supplied to circuit A, and circuit B to be open. Then the flux (<J> X ) 
due to a current- y amperes in A is 

<1> 1 = 0 ‘4:771 2 A 7 2 jS 

'The number of linkages of this flux and the turns in B is 
<D 2 Ay = 0*4 t 

and the E.M.F. (e 2 ) induced in circuit B is 

Ay dA> ± 0*4t tN ± N 2 dij di x 

e * ~ ~ 10 s dt ~~ " 10 s x S dt ~~ M dt 
where 31 = 0*4t rAyAy/S* X 10 s , and is a constant. 

Similarly, if alternating current is supplied to circuit B and 
circuit A is ox3en, the flux (<3> 2 ) due to a current i 2 amperes in B is 

W > 2 = U'-feTTZo-i-V 2 /° 

The number of linkages of this flux and the burns of A is 
= 0-4*ri z N x NJS 

and the E.M.F. (e 2 ) induced in circuit A is 


Ay d<& 2 0'4rrA T 1 A T 2 di 2 di z 

Cl = “To 5 ~dt = io s x s 5T = ~ M dt 

where M = 0-4tt N^N^jS X 10 s 


The constant 31 is called the coefficient of mutual induction , or, 
shortly, the mutual inductance of the two circuits, and is a constant 
property of the circuits provided that the reluctance is constant. 
Xumerieallv, 

_ 

10 s X 8 

Ay<E> 2 Ay Ob 

“ y x 10 s — y x 10 s * 


% v 

I- 

A (11) 


e l _ e 2 

{di 2 dt) ( di x jdt) 


( 12 ) 
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Th.e practical unit of mutual inductance is the henry . Thus 
inductance, whether self or mutual, is expressed in henries. 

Two circuits possess a mutual inductance of 1 henry when 

10 s linkages of flux and turns are produced in one circuit due 

to a current of 1 ampere in the other circuit ; or when 

an E.M.E. of 1 volt is induced in one circuit by a current 

varying at the rate of 1 ampere per second in the other circuit. 

Equation (12) gives JM in henries when the induced E.M.Fs. 
(e ls e 2 ) are expressed in volts and the rate of change of current is 
expressed in amperes per second. 

Example. A straight cylindrical wooden core 4 cm. diameter is wound 
over uniformly with, one layer of fine wire, there being 8 turns per cm. for a 
length of 100 cm. Around, the middle of this helix is wound a search coil of 
50 turns. Calculate the mutual inductance of the coils and the E.M.E. induced 
in the search coil when a current of 1 A., at a frequency of 50 cycles per second, 
is sent through the helix. 

As the length of the helix is great in comparison with its diameter the flux 
density ( B ) at its centre, due to current t, is 

B — 0*4tc X amp. turns per cm. length 
== 0-4 tc X Si 

Hence the flux (O) at the middle of helix due to unit current is 
O = BA. 

= 0-4— X S X 7u X 2 2 

This flux is linked with the turns of the search coil, and therefore the mutual 
inductance of the coils is 

__ Ox 50 0-4 X 8 X 7r X 2 2 x 50 

M = - lres -fo*- 

— 0-063 X 10- 3 
= 0-063 milli-henries. 

The instantaneous value (e 2 ) of the E.M.F. induced in the search coil is 
e 2 — — ikT di^fdt 

where i x is the instantaneous value of the current in the primary coil. Xf this 
current is represented by the equation i = I m sin cut, we have 

e 3 = - dm siri *>*) 

= — AdI m co cos cot 
— coAd[I m sin (cot — 

The maximum value of the induced E.M.E. is co All^ 
and the R.M.S. value ( JS 2 ) is coAlI. 

Hence B z = 2— X 50 X 0-063 X 10“ 3 X 10 
= 0*2 V. 
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Relation Between Self-inductance and Mutual Inductance. If 

Lj. Z 2 denote the respective self-inductances of the above circuits, 
L 1 = OAttNR S X 1U S 
zC = O AttNA ! S X 10 s 

Hence, L ± lZ = (OArrN^NJS X 10 8 ) 2 = M 3 

or 3/ = VC^Zra) ... (13) 

Thus the* mutual inductance of two circuits is equal to the square 
root of the product of tlieir self-inductances. 

This equation is only strictly true when the whole of the flux due 
to a current in one circuit is linked with the whole of the turns of 
the other circuit, i.e. the turns in both circuits are coincident. In 
general, these two sets of turns are displaced from each other, and 
31 is less than x L X L 2 . The ratio Mj\/L x L 2 is called, in radio- 
telegraphy, the coefficient of coupling, and mutually-inductive 
circuits are said to be tightly or loosely coupled, according to whether 
the value of ratio J/ -\ X x Z 2 approaches unity or is considerably 
less than unity. 

Apparent Self-induetanee of Mutually-inductive Series Circuits. 

If the two mutually-inductive circuits A, T> considered above are 
connected in series, the joint, or apparent, inductance is given by 
L = X a -f- Z 2 dz 23/. 

Thus the self-induced E.M.F. in A due to the current (i) is equal 
to — Lffiiidt, and that in JB is equal to — LAUJdt. Again, the E.M.F. 
induced in A due to mutual induction from E is equal to =F JMdifdt , 
and that induced in 13 due to mutual induction from A is equal to 
31 difdt , the double sign denoting that two combinations of the 
circuits are possible, i-e. the connections may be such that the 
magneto-motive forces act either cumulatively or differentially. 

Hencej the sum of the induced E.M.Fs. due to the variation of 
current is 


di 


where L = L x ~ Z- 2 dz 2 31 

If the mutual inductance is variable between the limits 31 rnax , 
3I, m .? n * then the joint, or apparent, inductance of the circuits will 
be variable between the limits 2(31 max dz 3/ mz -„.)- 

This principle is apx>lied extensively in practice to variable 
standards of self and mutual inductance. 

Relation Between Current and E.M.F. for a Simple Circuit Possess¬ 
ing Resistance. Consider a non-inductive circuit, such as an incan¬ 
descent lamp, in which an alternating current is passing. Eet the 
resistance of the circuit be R ohms and let the current be represented 
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by the equation i = I m sin cot. It is required to determine the 
impressed E.M.F. necessary to maintain this current. 

Now in any electric circuit the resultant of all the E.M.Fs. 
(internal and external) acting in the circuit must be zero, i.e. the 
internal E.M.Fs. which come into existence with the current, and 
are due to the resistance or other properties of the circuit, must 
balance the external, or impressed, E.M.F. 


If the circuit possesses only resistance we must have (e — Sir) = 0 ; 
or e = Sir, where e is the im- . __. 


pressed, or applied, E.M.F., and 
Sir the internal E.M.Fs. produced 
by the passage of the current 
through the resistance of the 
circuit. It is important to observe 
that the internal E.M.Fs. {Sir) 
act in opposition to the current, 
and at any instant their phase 
difference with respect to the 
current is 180°. 

Hence for the circuit under 
consideration the internal E.M.F. 
due to resistance is, at any instant, 
given by 

= — Ri — — RI m sin cot. 



Fig. 19. Representation of 
Current and E.M.Fs. (External 

AIM'D IjSTTEKTSTAXi) FOR NON-IND tTCTIVE 

Circuit 


the minus sign indicating that e R acts in opjDOsition to the current. 

Therefore the equation to the im pressed E.M.F. is 
e — — = Ri = RI m sin cot 

Thus the impressed E.M.F. must be sinusoidal and of the same 
frequency as the current. It must also be in phase with the 
current. These conditions are shown graphically in Fig. 19, in 
which the sine curve I represents the current, the sine curve E the 
impressed E.M.F., and the sine curve E R the internal E.M.F. 

Conversely, if a circuit possessing pure resistance be connected 
to a source of sinusoidal E.M.F. the current in the circuit will be 
sinusoidal and will have the same frequency and phase as the 
impressed E.M.F. For example, if the inrpressed E.M.F. is given 
by the equation 

e = E m sin cot 

the equation to the current is 


% 


R 


sin cot 


(15) 
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The maximum value of the current is 

= E m ;R 

and the R.M.S. value is 

I = EjR 

Hence the relationship between current and E.M.F. is the same 
as for a continuous-current circuit, and the ratio Ejl, or E m /I m , 
gives the true resistance of the circuit, such as would be obtained 
by a test with continuous current. This statement, however, holds 
true only in cases where (a) the current is uniformly distributed 
over the cross-section of the conductors, (6) the conductors are 
removed from the influence of external alternating magnetic fields. 

Relation Between Current and E.M.F. for Circuits Possessing 
Inductance Only. Consider a purely inductive circuit of which 
the inductance is constant and equal to L. Although such a circuit 
cannot be realized absolutely in practice, it is approximated to by 
a non-magnetic torus with a low-resistance winding. If the torus 
is of laminated iron, or of iron wire, a closer approximation to a 
purely inductive circuit is obtained ; but in this case the inductance 
will vary with the saturation of the iron core. 

Let the current in the circuit be represented by the equation 
i = I m sin cot. Then the E.M.F. induced in the circuit by the 
alternations of the current is 

^ ^ ^ ~ 7 ‘ 

(/ m sin oot) 

— — L co I m cos cot 

— coLI m sin {cot — |-7r), 

which is of the same frequency as the current but lags behind it by 
an angle of brr radians, or 90°. 

Since the resistance of the circuit is zero the impressed E.M.F. ( e) 
must balance the E.M.F. of self-induction. Hence the equation to 
the impressed E.M.E. is 

e = — — — coLI m sin {cot — |-7r) 

= ojLI m sin {cot + \tt) . . (16) 

Thus the impressed E.M.F. must be sinusoidal and of the same 
frequency as the current. Moreover, it must lead the current by 
an angle of 90°. 

Conversely-, if a purely inductive circuit be connected to a source 
of sinusoidal E.M.F. the phase difference between E.M.F. and 
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current will be 90° (lagging). A graphical representation of these 
conditions is shown in Fig. 20, in which the sine curve I represents 
the current, the sine curve E the impressed E.M.F., and the sine 
curve E lt the E.M.F. of self-induction. 

From equation (16) the maximum value of the impressed E.M.F. 
is 

E m — ojLI m 
and the R.M.S. value is 

E = coLI = 2t rfLI 



Fig. 20. Eepeesentation of Current and E.M.Fs. (External and 
Internal) for Purely Inductive Circuit 

The ratio Ejl — ooL — ‘ZrrfL is called the reactance of the circuit, 
and is denoted by the symbol X. Reactance has the same dimen¬ 
sions as resistance (both having the dimension [L/T] in the 
electromagnetic system of units) and is accordingly expressed 
in ohms. 

Relation Between Current and E.M.F. for Circuits Possessing 
Resistance and Inductance. Consider a circuit of resistance R ohms 
and an inductance (which is assumed to he constant) of L henries. 
Let the current in the circuit he represented by the equation 
i = I w sin cot. 

The internal E.M.Fs. in the circuit are 

(1) the E.M.F. due to resistance (== e R — — Ri) which has a 
phase difference of 180° with respect to the current ; 

(2) the E.M.F. of self-induction (= = - D dijdt ) which hai 

a phase difference of 90°, lagging, with respect to the current. 

The impressed E.M.F. (e) must balance the internal E.M.Fs 
Therefore 

e == — (e^ + ) = Ri D dijdt 

= RI m sin cot A- coLI m cos cot (17) 
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But the sum of two sinusoidal quantities can be expressed as a 
single sinusoidal quantity. Thus, multiplying and dividing each 
term of equation (17) by \/(B 2 co 2 L 2 ), we have 

( B (joTj j 

e - I m v^+ sin + cos cot J 

Now if tan cp = coL/B 

cos 9 ; =* i?/V (^ 2 -h a> 2 .£ 2 ) 
sin 9 : = ojLj\/ (B 2 -f- oj 2 E 2 ) 

we obtain on substituting these values in the above equation, 
e = J TO y'(j ? 2 4 - gAL -) ^ cos 99 sin coi 4 ~ sin 93 cos co<f£ 

— a/47 ? 2 4- oAL 2 ) sin (co£ 4- 9 ?) 

This equation shows that the impressed B.M.F. is sinusoidal and 
leads the current by the angle cp, the tangent of which is equal to 

coL reactance 

B resistance 

Conversely, if the equation to the current had been given as 
i = J m sin (cot — <p ), where 9 ? = ta nr 1 coL/B, we should have obtained 
for the impressed E.M.E. the equation 

e = I rn \/(B 2 4 - co 2 L 2 ) sin cot 

Hence, if a sinusoidal E.M.F. represented by the equation 
e = E m sin cot be applied to the circuit, the current, when the steady 
or cyclic state 5 * is reached, will be given by 

*' = ^ - • - • ( 19 ) 

Thus in an inductive circuit, of constant resistance and inductance, 
supplied by a source of sinusoidal E.M.E., the current is sinusoidal 
and of the same frequency as the impressed E.M.E., but is lagging 
with respect to the latter. 

^ The maximum value of the current, from equation (19), is 
I m ===z E rn . y ( B 2 4~ co“Z/ 2 ), 

* The general equation to the current must take into account the value 
of the impressed ELM.IT. at the instant- of closing the circuit. In general, 
the first few cycles of the current wave are irregular, but the waves become 
sinusoidal after a short time (see Chapter XXJII). 
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and the JR.M.S. value is 

I = E l V(-K 2 + co 2 E 2 ) 

The ratio E jl = -\/(R 2 -f- co 2 L 2 ) is called the imjp&dciizce, or 
£< apparent resistance/ 5 of the circuit, and is usually denoted by the 
symbol Z. Impedance has the same dimensions as resistance, and 
is accordingly expressed in ohms. 

The equation connecting E.M.F., current, and impedance in an 
alternating-current circuit is therefore similar to that connecting 
E.M.F., current, and resistance in a continuous-current circuit. 
Hence, by regarding impedance as tc apparent resistance/ 5 Ohm's 
law is applicable to alternating-current circuits in which E.M.F. 
and current are sinusoidal. We shall see later that this law is 
applicable to all simple series and parallel circuits, even when 
electrostatic capacity in a concentrated form is present. It should 
be observed, however, that impedance is not necessarily a constant 
property of an alternating-current circuit, as this quantity includes 
resistance, inductance, and frequency. But with constant resist¬ 
ance, inductance, and frequency the impedance will be constant, 
and therefore the ratio Ejl will be constant. 

The relationship between the current, the two internal E.M.Fs., 
and the impressed E.M.F. is shown graphically in Fig. 21. The 
impressed E.M.F. is represented by the sine curve E. and the 
current is represented by the sine curve I, lagging q?° behind the 
latter. The internal E.M.Fs. due to resistance and indnctance are 
represented by the sine curves E R , E^ y respectively, the former 
having a phase difference of 180° (lagging), and the latter a phase 
difference of 90° (lagging), with respect to the current curve I. 

The sum of curves E R 
and Ex, gives a* sine curve 
which represents the l'esul- 
tant internal E.M.F. and 
balances the impressed 
E.M.F. Obviously the im¬ 
pressed E.M.F. curve E may 
be resolved into two com¬ 
ponents which balance the 
internal E.M.F. curves E n , 

E Xj . These components are 
represented by the sine 
curves — E-&, — E L , respec¬ 
tively, the former being in phase with the current and of maximum 
value JRI m , the latter leading the current by 90° and having a 



Fig. 21. Rephesextatio^ or CuRREnsrT 
ajsti> E.M.Fs. (Exteexal a-n to 

foe aost Inductiye Circuit 
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maximum value equal to coLI m . The curves — E it , — E^ therefore 
represent the components of the impressed E.M.F. which are 
expended against resistance and inductance respectively. 

Vector diagram for a Series Circuit Contain¬ 
ing Resistance and Inductance. The vector 
diagram for this circuit is shown in Fig. 22, in 
which the current vector OI is taken as the 
vector of reference. The internal E.M.Fs., 
E r , E l , are represented by the vectors OA, OR 
respectively, the lengths of which are propor¬ 
tional to RI and coLI respectively. The 
components of the impressed E.M.F. which 
balance the internal E.M.Fs. are represented 
by the vectors OC , OD. The impressed E.M.F. 
is therefore represented by OE, which is the 
resultant of OC and OD, and leads the 
current vector by the angle cp. 

The length of OE, which is proportional to the R.M.S. value of 
the impressed E.M.F., is given by 

E = V(OC 2 + OD 2 ) =V[(-K- 0 2 4 - (cdLI )*3 
= /V(-# 2 4- co 2 Z 2 ) 

and tan qp —OD IDE— coLIjRI — coLjR 

The vector triangle OCE is a triangle of E.M.Fs. for the circuit 
referred to the external source of supply. Thus OE represents the 
impressed E.M.F., OC the component which is expended against 
resistance, and CE the component which is expended against 
inductance. 

h T ow% OC : CE : OE = RI : coLI : I^/{R 2 + co 2 Z, 2 ) 

— R : coL : y/ {R 2 + c o 2 L 2 ) 

Hence the sides OC, CE, OE of triangle OCE are proportional to 
the resistance, reactance, and impedance respectively. On account 
of this feature the triangle OCE, when drawn to an ohm scale, is 
called the impedance triangle of the circuit. 

Impedance is therefore a complex quantity, i.e. it is only com¬ 
pletely specified when its magnitude and inclination, or alternatively 
its two perpendicular components with respect to the current, are 
given. But impedance is not a vector quantity as it is a non-directive 
quantity. 

In symbolic notation impedance is represented by the complex 
number 
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the absolute value of which is 

z = V (& 2 + ^ 2 ) 

and its phase or argument with respect to the current axis is 
cp = tan -1 N/R 

In the polar forms of representation, impedance is given by 
Z = ZsftP ; Z = ZJ *P ; z = 

Examples- (1) An inductive circuit lias a resistance of 12 O anc * an 
inductance of 0-2 EC. What current will be taken when a sinusoidal E.M.F. 



of 100 V., at oO frequency, is applied, and what will be the phase difference 
between E.3VI.F. and current ? 

The reactance of the circuit is 

X = 2—jL = 2tt X 50 x 0-2 = 62-8 £2 
and the impedance is 

^ = VC-^ 2 -h co*E*) — V(R- H- Zf 2 ) = v / ( 12 2 62-S 2 ) = 63-9 

Hence the current is 

Z = Z7/-Z = 100/63-9 = 1-56 A. 
and the phase difference between E.M.F. and current is 
co — tan -1 X. I It — tan~ x ( 62-8/12) == 79° 10' 

(2) A current passing through a choking coil having an inductance of 
3 EL and a resistance of 2 £1 varies according to the following law: At time O 
it is 0 ; it increases at the rate of 3 A. per second for 2 seconds ; it then 
remains constant for 1 second ; it then decreases at the rate of 2 A. per second 
for 3 seconds. Plot the current curve and also the voltage at the ter minals 
of the choking coil. (C. and Gr.) 

The solution is given in Fig. 23, in which the trapezoidal curve I represents 
the current and the stepped curve E represents the voltage at the terminals 
of the coil. The latter is obtained from its components, viz. (1) the E.M.F. 
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{•— /L'j, } which is expended again?r resistance ; (2) the E.1VI.F. (—JEj) which 
balances the E.M.F. of self -induction. The component — jE7 r is in phase with 
the current and is equal to R 1 = 2 I volts. The component — j57 L is equal 

to L di ;dt m (3 X amperes per second) volts ; it is positive-i.e. in the same 

direction as the current-when the current is increasing (di jdt positive) and 

negative when the current is decreasing (di jdt negative). 


Additional Theory Relating to Mutty a lly - In r> tj c ti ve 
Cikcuits 


Non-uniform Distribution of Current over Cross-section of Conductor (Skin 

Effect). The elementary theory of mutually-inductive circuits may he 
applied to show that the distribution of current over the cross-section of a 
non-magnetic conductor is not uniform.* 

Thus, consider two concentric tubular elements A, R, in the cross-section 
of a circular conductor, and let the cross-sections of these elements be equal. 
Further, let f A , i B denote the 'currents in the elements, _b A , ,b B , their self- 
inductances. 3d their mutual inductance, and R the resistance of each element 
for a given length of conductor. Then, if the potential difference across this 
length is denoted by e, we have 


whence i 


dij 3 / Z B — 3d \ di A / 31 — X A \ 
* B “ ~dt V R J + ~dt V R ) 


Now if A is the outer element, JS B > L A , and 31 — L A . 


Hence i A 


dfg f JL b - X A ^ 
dt \ R 


which shows that the current density in the outer element (A) is greater 
than that in the inner element (_B). 

Therefore, due to inductive effects, the current tends to concentrate 
towards the surface of the conductor. This phenomenon is called the skin 
e.jject. It results in the heating, or 1-R , loss in the conductor being greater 
txiaxi that when the cixrrerit is xixiiforrnly distributed, and, in. consequence, the 
effective resistance ” of a conductor when carrying alternating current is 
greater than the true resistance of the conductor. The skin effect becomes of 
considerable importance at high frequencies, and highly stranded conductors, 
laid up on a hemp core, must- be employed for transmitting high-frequency 
currents, the stranding being necessary for reducing the loss due to eddy 
currents. J 

Moreover, on account of the non-uniform distribution of the current, the 
selt-inductance of the conductor will be slightly lower than that calculated 
upon tlie assumption of uniform distribution of the current. 


to*--,T h f an<i may be developed along similar lines 

in V* ™ lANC'XnA 11 >- coaJ1 *\R Tlon F ltn tbe calculation of the flux distribution 

enmiTi^n? ti l e umriciiTioii oi current over the cross-section of a large 
conductor max , at high trecpiencies. he represented by a curve similar to that of Fig. 213. 



CHAPTER IV 

CAPACITANCE AND CONDENSERS 


Electrostatic Potential. The potential of a conductor is defined 
as the work done by, or against, electric forces in carrying unit 
positive charge from the conductor to the boundary of the electric 
field, which is considered to be at zero potential. 

For example, consider an isolated spherical conductor, of radius 
r cm., surrounded by air and charged with Q positive units. 
Assuming this charge to be distributed uniformly over the surface, 
the force on unit positive charge at distance cc from the centre of 
the sphere is (Q X 1) jx 2 dynes. Hence the work done in bringing 
this unit charge from the boundary of the electric field (i.e. infinity) 
to the surface of the sphere is 


V = 




Q 

— — ergs 


which, by definition, is the potential of the sphere. 

Energy Stored in an Electric Field. An electrically charged con¬ 
ductor is the seat of an electric (electrostatic) field, the lines of 
electric force being normal to the surface of the conductor. The work 
done in charging the conductor to a potential V is given by 


W = %QV ergs,* 

where Q and V denote the charge and potential, respectively, in 
electrostatic units. This energy is stored in the electric field and 
is released when the conductor is discharged. 

Capacitance. The ratio of the charge (<£>) on a conductor to its 
potential (T 7 ), when all other conductors in the electric field are at 
zero potential, is called its capacitance or electrostatic, capacity ( C ), i.e. 
Q/V = C. 'With this relationship between Q and V we may express 


* From the defiixifcion of potential it follows that the work; done in carrying 
a charge dq from the boundary of the electric field to a conductor charged to 
potential v is v dq. USTow the ratio of charge to potential is constant ; hence 
if dv is the increment of potential due to a charge dq, dq[dv — G f a constant ; 
i.e. dq — G dv. Therefore the total work done in charging the conductor to 
a potential V is 

W — f^vdq = G f~^ v dv — ±G V" = ZQ V ergs, 
do ^0 

where Q is the charge corresponding to a potential V- 
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the energy { If') stored in the electric field in terms of capacitance and 
potentia 1, tlius 

W = IQV = ICV- ergs.(20) 

whence C — 2 IT V 2 - - • - * * . (21) 

i.e. the capacitance of a conductor is equal to twice the energy stored 
in the electric field when its potential is unity. Capacitance may, 
therefore, be regarded as a property of a conductor, or a system of 
conductors, in virtue of which electrical energy can be stored in the 
surrounding electric field. 

Unit of Capacitance- In equation (21) the capacitance will be given 
in electrostatic units—i.e. centimetres—when TV is expressed in ergs 
and V in electrostatic units of potential. To obtain C in practical 
units—farads —W and V must be expressed in practical units— 
i.e. joules or w att-seconds, and volts respectively- Now all practical 
electrical units are derived from the corresponding absolute electro¬ 
magnetic units : hence, in deriving the practical unit of capacitance 
from equation (21), we require the ratio between the electrostatic 
and electromagnetic units of energy and potential, as well as the 
ratio between the practical and electromagnetic units of these 
quantities. As both electrostatic and electromagnetic systems of 
units are derived from the centimetre-gram me-second fundamental 
units, the unit of work is the same (viz. the djme-centimetre or erg) 
for both systems. Hut potential, or potential difference, is defined, 
in the electrostatic system, in terms of work and electric charge— 
i.e. potential = work charge—and in the electromagnetic system, 
in terms of the rate at which work is expended and current, i.e. 
potential difference = work/(time X current) 

According to these definitions the dimensions of potential in 
terms of length (L), mass (M), and time (T), and the electrostatic 
and electromagnetic constants k, p, respectively, are 

IVI-LAT 1 ^ - in the electrostatic system, 
and IVPi_ T~ 2 p- in the electromagnetic system 

Whence the ratio of the dimensions is 
fVULAT-bc* X 1 

^ L ’ \/{uk) 

which, since u and k are non-dimensional quantities, is the reciprocal 
of a velocity. The value of this velocity, deduced from measure¬ 
ments of the same quantity (e.g. current or E.MJEk) in electrostatic 
and electromagnetic units, is 3 x 10 10 cm. per second. 
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Hence, as the ratio between magnitud es of tile same kind but in 
different units, is in the inverse ratio of their dimensions, we have 

1 electrostatic unit of potential = 3 x IO 10 electromagnetic units of 

potential. 


iSTow 1 volt — 


and 1 joule 


10 s electromagnetic units of potential, 

10 s /(3 X IO 10 ) = 1/300 of electrostatic unit of 
potential. 


10 7 ergs. 


Therefore the quantities W, V , in equation (21) must be divided 
by 10 7 and (1/300) respectively, to obtain the capacitance in 
practical units. 


Hence, C (farads) = 


2 W/IQ 7 


2 W 

x 9 X 10 11 


Whence, 1 farad = 9 x 10 1J electrostatic units of capacitance. 

The farad, however, is too large a unit for commercial purposes, 
and therefore the commercial unit is chosen equal to one-millionth 
of a farad—i.e. a microfarad—the symbol for which is juF., jll here 
being the prefix denoting one millionth. 

Hence, ljuE. = 10 6 F. 

= 9 X 10 11 X 10' 6 = 9 x 10 5 electrostatic units. 


Capacitance of Isolated Spherical Conductor. Consider an insulated 
spherical conductor, of radius r cm., surrounded by air and isolated 
from other conductors. Assume the sphere to he originally un¬ 
charged, and let a charge Q be given to it. Then, provided that the 
charge distributes itself uniformly over the surface, the potential 
becomes V = Q/r. Whence charge/potential — Qj{Qjr) = r : i.e. the 
capacitance of an isolated sphere is, in electrostatic units, equal to 
its radius in cm. 

Hence to obtain a capacitance of 1 jliF., the radius of the sphere 
must be 9 x 10 5 cm. or 9000 metres. 

Condenser. The capacitance of a conductor depends on its size 
and geometrical form ; its position relative to other bodies in the 
electric field; and the specific inductive capacity (see p. 58) of 
the surrounding insulating medium. With conductors of the forms 
and dimensions commonly used in practice the capacitance of a 
single isolated conductor is extremely small. But the capacitance can 
be increased by bringing the boundary of the field nearer to the con¬ 
ductor, e.g. by placing a second (earthed) conductor near to the 
charged one. For example, if an insulated conducting sphere of 
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radius r cm. is surrounded by an earthed concentric conducting 
shell of radius r ± cm., the potential of the sphere due to a charge Q 
f r i Q / 1 1 \ 

becomes / — dx = Q ( -—— J, and its capacitance is 

C = Q V = rr x (r a - r) = r{ 1 + (r/d)] 

= (r -f- 6)r jd 
= r(r(d), approximately, 

where d = r L — r. Hence when <5 is small in comparison with r the 
capacitance will be very much greater than that of the isolated 
sphere. 

Under these conditions it is possible to obtain large charges on 
the conductors with only a moderate potential difference between 
them. Such a system of two conductors, insulated from each other 
and having large surfaces a small distance apart, is called a 
condenser. 

In all practical forms of condensers the conductors (called the 
plates of the condenser) consist of sheets of metal foil separated by 
a thin insulating medium called the dielectric. Alternate plates are 
electrically connected together, so that, by employing a large number 
of plates, it is possible to obtain the equivalent of a large surface 
area although the area of the individual plates may be relatively 
small. The plates are so close together that they always receive 
equal and opposite charges, and the latter are unaffected by the 
presence of neighbouring charged or uncharged conductors. In 
such cases the numerical value of the charge on either plate, when 
the potential difference between them is unity, is called the capacit¬ 
ance of the condenser. [Formerly the term capacity was used.] 

Practical Uses of Condensers. Condensers, in virtue of their 
property of storing electrical energy, have a number of practical 
uses : for example, the stored energy, when discharged under 
suitable conditions, may be utilized to set up electrical oscillations, 
the energy being radiated in the form of electric waves—as in 
radio-telegraphy and telephony—or again, the stored energy may 
be used to alter, or modify, the characteristics of electric circuits, 
as discussed in Chapter VI. Condensers are used extensively in 
telephony: they also form an essential part of electrical ignition 
systems for internal-combustion engines. A further use is for the 
protection of electric circuits against high-voltage, high-frequency, 
surges. 

Calculation of Capacitance of Condensers. General. In calculating 
the capacitance of a condenser, or a system of conductors, we first 
obtain an expression for the potential of the conductors, or plates. 
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of the condenser due to a given charge. The potential is usually 
calculated from the summation of the work done on a nnit charge 
when moved from one conductor to the other, and this requires a 
knowledge of the magnitude and direction of the electric field at all 
points in the space between the conductors. With the potential 
known, the capacitance follows directly from the ratio of potential 
to charge.. 

Capacitance of Parallel Plate Condenser. Let A denote the area 
(in square cm.) of each plate and <3 the distance (in cm.) between the 
plates. Then if S is small in comparison with A, the electric field 


A 


(.*) (b) 

Fig. 24. Pertaining to Theory of P^jEt^riX.En Plate Condensek 




between the plates dne to charges + Q, — Q t vail be unif orm and 
normal to their surfaces. Near the edges of the plates, however, 
the field is not uniform owing to the “ fringing ” of the lines of force 
(see Tig. 24a.). Neglecting fringing effects, the electric force at any 
point in the air space between the plates is equal to 4wcr dynes, 
where a (= QJA) is the surface density of the charges on the plates. 
Hence the work done in carrying unit charge from one plate to the 
other is equal to 4zrrad = ArrdQ jA ergs, which represents the potential 
difference between the plates. Therefore the capacitance is given by 

C — QjiArrdQJA') — A /4ur<5 electrostatic units . . (22) 

= A/{4o7rd X 9 X 10 5 ) — A/{3 X 113 X 10 5 ) microfarads . (22a) 

Notje. —If the dielectric is not air but a material having a 
dielectric constant equal to k, the capacitance will be k times that 
given by the above equations. 


Example. The plates of a parallel-plate condenser are each. SO cm. x 25 cm., 
and the di electric is a sheet of paraffined paper 0*015 cm. thick, for which 
the dielectric constant is 3. Assuming the plates to be in intimate contact 
with the dielectric, the capacitance of the condenser is 
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Multiple-plate Condenser. If two additional plates, and sheets 
of dielectric, are added, and alternate plates are connected together, 
as shown in Fig. 246, the effective area of each plate ” of the 
condenser will now be 3 X 30 X 25 = 2250 cm. 2 , as both, sides 
of the intermediate plates _£», C, Fig. 246, are effective, but only 
one side of the end plates _4, Jj, is effective. Hence the capacitance 
will now be three times that due to a single pair of plates. 
Similarly, if two more plates and dielectric ax*e added, the capacitance 
will be live times that due to a single pair of plates. In general, 
if n is the number of pairs of similar plates in a multiple -pi ate 
condenser, and C is the capacitance due to a single pair of pla.tes, 
the capacitance of the condenser — (2?h — 1) C. 

Hence to obtain a capacitance of 1«F. with plates 30 cm. X 25 cm. 
and a dielectric of paraffined paper 0-015 cm. thick, the number of 
pairs of plates is 

™=Kch513 1) = *(7C + 1> = 38 

Capacitance of Cylindrical Condensers, or Concentric Cylinders. 

Assume the cylinders to be of indefinite length and let r — radius, in 
cm., of surface of inner cylinder and r x = radius, in cm., of the 
internal surface of the coaxial surrounding cylinder (see Fig. 2 5a). 
Further, let the charge per cm. length of the inner cylinder be -J- Q, 
and let the outer cylinder be earthed. Then the electric force in the 
air space between the cylinders is normal to their surfaces and acts 
radially outwards from the inner cylinder. In the case of long cylin¬ 
ders and an air dielectric the force at any point, jP, in this space, 
distant a* from the common axis, is equal to 4-tt x density of electric 
field at that point: i.e. electric force — ^rrQl^rroc — 2,QJcc dynes. 
Therefore, work done in moving unit positive charge from outer 
to inner cylinder 

r r 1 2 Q r i r, 

= / —— dx — 2Q [log e x] =2 Q logy — ergs, 

*'•' r r 

which is equal to the potential difference between the cylinders. 

Whence the capacitance per cm. length of the cylinders is 

C = r-;- 7 ——-electrostatic units .... (23) 

- (Pl ;r) K } 


2 x 


2-3 x 9 x 10 5 log 10 


, . . microfarads 

(rjr) 


1 


41-4 x 10 s log 10 


: microfarads - 


(23 a) 
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If (r 1 — r) = S , equation (23) becomes 
1 

° 2 log £ (1 + S/r) 

Now log e (1 -j- S/r ) may be represented by the series 

(1 -f- S/r) = S/r-i(S/r) 2 + i(S/r) s - -H<5/r) 4 -f- 
and when S/r is small, the second and following terms may, for a 
first approximation? be neglected. 




Lead Sheath 

'Impregnated 
Paper 
Insulation 

Conductors 


Fig. 


fiO (6) 

25. (a) Pertaining to Theory or Concentric C'vlixdkic 
Condenser. ( b ) Cross Section of Concentric Carle 


Hence when <5 is small in comparison with r, the capacitance of 
the concentric cylinders will be given by 

_ 1 r 277 rr A 

2S/r 2iS 4 :ttS 477<5 

where A is the surface of the inner cylinder per cm. of its length. 
Thus in this special case the capacitance is approximately equal to 
that of a parallel-plate condenser of the same equivalent surface. 

Applications of Cylindric Condensers and Conductors. Condensers 
formed of concentric cylinders with air dielectric are occasionally 
employed as standards of capacitance in electrical measurements, 
but this form of condenser is not used commercially. 

Concentric conductors of the form shown in Kg. 256 have, how¬ 
ever, a large practical application as distributing mains in single¬ 
phase alternating-cmrrent systems, as, with this arrangement of 
conductors, no inductive effects are produced by the alternations 
of the current; moreover, such cables cannot produce external 
magnetic fields. 

Concentric cables, however, may possess an appreciable capaci¬ 
tance, which may be calculated by means of equation (23a). Since in 
practice we usually require the capacitance per IOOO yd., or per mile. 
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equation (23a) is modified, so as to give the capacitance for these 
lengths instead of unit (cm.) length. Thus 


C 


1060 X 36 x 2-54 x /c 
41-4 x lO 5 iog 10 ( r i/ r ) 


0-022 x fc 


juE. per 1000 yd. 


(236) 


1760 x 36 X 2-54 x k 0-039 X /< 

= il-4 x lOMogm^/r) = log 10 (r x jr) ** • Per mi e 


(23 c) 


Example. Xhe inner conductor of a concentric cable, designed for a working 

pressure of 2200 volts, consists of 


yl Neutral Plane 

K_ ^ 


•<? 


37 strands of 0-064 in. wire, the 
overall diameter being 0-45 in. Xbe 
insulation consists of impregnated 
paper of a radial thickness of 0-12 in. 
Xbe outer conductor consists of a 
singe layer of 29 wires, laid over tbe 
insulation. 

[ JSfote. -In practice, tbe outer con¬ 

ductor of a concentric cable is earthed 
at the generating station.] 

Xhe capacitance of the cable is ob¬ 
tained by substituting dn equations 
(236), <23 c). Xhe ratio (r x /r) = (0-225 -J- 0-12) /0-225 == 1-533 and log lc 1-533 

== 0- 1S55. Hence, assuming the dielectric constant of the impregnated 

paper to be 3-2, we have 



Fig. 26. Pe rtainixg to Theory or 
Parallel Cylindric Goxdexser 


C = (0-022 x 3-2)/0- 1S55 = 0-3S juF. per 1000 yd. 

= (0-03 SS x 3-2)/0-lS55 = 0-67 ^uF. per mile. • 

Capacitance of Parallel Cylinders. Consider two long, straight, 
and parallel condnetors surrounded by air and removed from other 
conductors. Let r cm. be the radius of each conductor, I) cm. the 
distance between the axes of the conductors, ~h Q, — Q the charges 
per cm. length. Then, assuming r to be small in comparison with X>, 
the charges may be considered to be concentrated at the axes of the 
cylinders. Hence the force acting on unit charge at a point JP, 
distant oc cm. from the axis of one cylinder, Fig. 26, is 

*, Q , 4^tQ 2Q , 2Q „ 

F = + &(x>-») = V ~ d >' nes - 

This force is a minimum in the neutral plane TT, which bisects 
perpendicularly, the plane containing the axes of the conductors. 

Therefore the work done in moving unit charge from the neutral 
plane to the surface of one conductor is equal to 

y-q_z> /2.0 20 \ r 

■ J r dx + d-x dx ) = |_ lo g£ * - lo g s (-D - *)q 

D — r 

= 2 Q lo g € — ergs 
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and the total work done when unit charge is moved from, one 
conductor to the other is 

r iJD /2Q 2 Q \ - D~ r / D \ 

2 J \~^ dcc + D -x dX ) = 4Q lo S* ' r — = 4Q log c {T ~ 1 ) ergS ’ 

which is equal to the potential difference between the conductors. 
Hence the capacitance per cm. length of the conductors is 


C = 


4 log* \ {Djr)- 1] 

1 


82*8 X lO 5 log 10 £ (Djr) —- 1 £ 
and the capacitance per mile is 


electrostatic nnits 

microfarads 


- (24) 

* (24a ) 


C 


0-0195 

lo glo |(£>/r)-l| 


microfarads 


(246) 


If the distance apart of the conductors is not large in comparison 
with their radii, the charges cannot be assumed to be concentrated 
at the axes of the conductors. The charges may, however, be 
considered to be concentrated along axes jK x , iI/ 2 , Fig. 26, which are 
contained by the plane containing the axes of the conductors and are 
a distance -\/(Z) 2 — 4r 2 ) apart. In this case the capacitance per cm. 
length is given by 


C = 


82*8 X 10 5 lo glo 


D -f- 's/ (jD 2 — 4r 2 ) ) 
2 r ) 


microfarads 


(24c) 


Examples. (a) Two conductors, each. 0-5 in. in diameter, are stretched 
horizontally in space with their axes parallel and. 2 ft. apart. 

The capacitance per 1000 yd. of the system is given with sufficient accuracy 
by 


C 


0*011 

iog 10 (^A-> 


dcrofarads 


0-011 0*011 
log 10 (24/0-25) — 1*9823 


0*0056 juF. 


(b) Two conductors, each 1 in. in diameter, are supported horizontally in 
space with their axes parallel and 4 in. apart. 

The capacitance per 1000 yd. of the system is now given by 


microfarads 


0-011 

' 1° SxoliD -b V(£> a -ra)>/2r] 

0*011 0-011 
: log 10 [{4 -+- V(4 2 - 1 2 )>/1] log 10 7*37 


= 0-01238 juF. 
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Dielectric Constant (Specific Inductive Capacity). The effect of an 
insulating medium other than air between the plates of a condenser 
invariable" leads to an increase in the capacitance of the condenser. 
The ratio" of the capacitance of a given condenser, with a given sub¬ 
stance as dielectric, to the capacitance of the same condenser with 
air as dielectric, is called the specific inductive capacity , or the dielectric 
constant , of the substance, and is denoted by /c. With ordinary 
gases /c differs little from unity, but with solids and liquids k exceeds 
unity. Approximate values of k for a number of dielectrics are 


Air £0 1 C. 760 m.ru. Hg. 

1*000 

Glass, heavy flint 

9*9 

light flint 

6*6 

hard crown 

6*9 

G utt a-pereha 

2*S 

51 i ca 

s*o 

Oil, linseed 

3*35 

.. petroleum 

2-13 

,, rape seed 

2-S5 

,, turpentine 

2*23 


Paper, manilla (dry) 1*95 

,, oil impregnated 3*4 to 

3*6 

,, paraffin waxed 3*0 

Paraffin wax 2*36 

Itubber, pare para 2*6 

,, vulcanized 2*72 

„ hard (ebonite) 3*15 

Sulphur 4*2 

"Vacuum 0-99941 


JSTotes. —The above values are based principally upon, test results obtained 
by employing alternating electric forces, : * - «-q \ icm.-v being approximately 

loco cycles per second and the temperature about 15—20° C. With certain 
substances, e.g. rubber, gutta-percha, the values of k given above may differ 
appreciatev from those obtained with steady electric force, but with other 
substances" k varies only slightly with frequency. In general k is smaller for 
alternating than for steady electric forces. 

Hygroscopic substances show large variations of K according to the quantity 
of moisture present. With these substances the variation of k due to 
frequency and temperature increases with increase of moisture. 

With solid dielectrics the variation of k with temperature is usually small. 
In general, an increase of temperature results in a decrease in k, e.g. the 
dielectric constant of paraffin wax decreases 0-036 per cent per 1 ° C. over 
a range of 11—32° C-, but those of ebonite and sulphur increase about 0-1 per 
cent per 1 ° C. rise of temperature over a range of 10—20° C. 


When a conductor is surrounded by a- dielectric other than air, 
the electric force at a given point in the dielectric, due to a given 
charge, is l/#c of that at the same point when the conductor is 
surrounded by air, the charge and other conditions remaining 
unaltered. Hence the potential in the former case will be 1/k of 
that in the latter case. 

Commercial Forms of Condensers. When condensers of fixed 
capacitance are required for commercial purposes the parallel-plate 
form is generally adopted. The manufacture of these condensers 
for telephone, radio, and power purposes is carried out by employing 
continuous sheets of aluminium foil for the ‘‘plates 55 and winding 
these in a roll together with two or more sheets of thin interleaving 
paper. The winding is done on specially designed reeling machines. 
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and during the process narrow strips of foil are inserted at internals 
across the “plates,” these strips being ultimately connected to the 
terminals of the condenser. 

When the requisite length of foil has been wound, the roll is 
removed from the machine ; it is then dried in vacuo to remove 
moisture and occluded air, impregnated either with paraffin wax or 
a viscous mineral oil, and finally sealed hermetically in a metal case. 

Condensers of this type are called paper condensers and are used 
in large numbers for telephone, radio, and power circuits, for 
telephone and low r -voltage radio circuits the wax-impregnated form 
is employed, but for power circuits the oil-impregnated form is 
employed and the oil-impregnated rolls are immersed in a light 
“filling 55 oil vvhich acts both as a sealing as w r ell as a cooling medium. 
In the latter case the rolls are wound to have a capacitance between 
about 2-5/dET. (for a working voltage of 220 V.) and 0-5 gF. (for a 
working voltage of 900 V.), and the requisite number of rolls are 
connected in parallel to obtain the required capacitance. Thus a 
IOOO-/. 4 F. condenser fox' a power circuit may consist of from about 
500 to 2000 individual condensers according to the working voltage. 

Condensers for extra-high-voltage circuits may have a dielectric of 
mica, glass or oil-impregnated paper. jExtra-high-voltage condensers 
with oil-impregnated paper dielectric are a recent development, and 
such condensers are less costly than mica-dielectric condensers of 
similar rating. Tor radio frequeixcies, however, condensers with mica 
dielectric are preferred on account of their low dielectric losses. 

Electrolytic condensers are not used 011 A.C. circuits because the 
oxide film which forms the dielectric possesses insulating properties 
only when the electrode on which the film is formed is connected 
to the positive pole of the circuit. 

Standard condensers for laboratory purposes haVe either mica or 
air dielectric, air being employed when a condenser without dielectric 
losses and dielectric absorption is required. 

Variable-capacitance condensers, with continuous adjustment of 
capacitance between definite limits, are of the multiple-plate type, 
with either air or oil dielectric. One “ plate 35 consists of a fixed 
stack of thin aluminium, or brass, vanes spaced uniformly a small 
distance apart and electrically connected together ; the other 
ce plate 33 consists of a similar set of vanes mounted on a spindle 
and so arranged that they can be rotated in the spaces between the 
fixed vanes so as to present to the latter a variable surface . 

Charging Current of a Condenser. Assume the dielectric to be 
a perfect non-conductor and let the condenser receive a charge q 
during the time t. Then the mean rate of charge during this 
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interval is q';t, and is called the charging current. To obtain the 
instantaneous value of this current t must be taken infinitely 
small, i.e. dt. Then if the corresponding charge which accumulates 
on the plates of the condenser is dq , the instantaneous charging 
current (i) is equal to dq dt. Hence if G is the capacitance of the 
condenser and e the potential difference between the plates* when 
the charge is q, 

dq = Cde , 

whence i — Cde idf. 

Thus the charging current is directly proportional to the rate of 
change of the potential difference at the plates of the condenser. 

If the applied potential difference varies sinusoidally, and is 
given by e = E /a sin cot . then the current will be given by 

de d 

i - c jt = °dt {E ™ sin cot) 

= ojCE rn cos cot 

= coCE m sin (cot -f- | err) . . . (25) 

Thus the current varies sinusoidally with the same frequency as 
the applied E.M.F., but leads the latter by 90°. 

The maximum value of the current is 

djn ^ '—*— m 

and the R.ZVI.S. value is 

1 = coCE = 2rrfCE 

Thus the charging current is directly proportional to the frequency 
and the impressed E3I.F. For example, the charging current of 
a l u F. condenser connected to a 100 V., 50-cycle, circuit is 

I = 2tt X 50 x 1 X 10" 6 x 100 = 0-0314 A. 

For the same condenser connected to a 100 V., 25-cycle circuit 
the charging current is 

I = 2tt X 25 x 1 X 10 6 x 100 = 0-0157 A. 

and when it is connected to a 600 V., 50-cycle, circuit the charging 
current is 

I = 2t7 X 50 X 1 X 10 - 6 X 600 = 0-1884 A. 

The ratio E j I — 1 jcoC is called the reactance of the condenser, 
and is expressed in ohms. As the term reactance is employed in 
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coimection with, inductive circuits, it is necessary to distinguish 
between reactance due to inductance and that due to capacitance. 
The former is usually called “ inductive reactance,” and the latter 
44 capacitive reactance.” 

The reactance of a condenser of given capacitance is therefore 
inversely proportional to the frequency. Hence a condenser of 
relatively small capacitance may have an extremely low reactance at 
exceptionally high frequencies, such as those of lightning discharges. 
This property of condensers is utilized in practice for protecting 
apparatus from high-voltage, high-frequency, surges ; a condenser 
being connected across the circuit, or between the circuit and earth. 



Fro. 27. Gbaphxc PtEPaESE3srTA.Tio3sr or CxraitEisT, Chaege ajstjd 
Impressed E.M.F. for a Condenser 

so that the high-frequency surge may discharge through the con¬ 
denser. The dielectric of the condenser, however, must be capable 
of withstanding high voltage. 

A graphical representation of the conditions expressed in equation 
(25) is shown in Fig. 27, in which the sine curve E represents the 
impressed E.M.F., and the sine curve 1 , 90° in advance of E, 
represents the charging current. The variation of the charge with 
respect to time is shown by the sine curve Q, which is the integral 

of the current curve, since Q = J' i.dt . = J' I m cos cot dt — sin 

cot = CE m sin cot. 

A condenser connected to an alternating supply is therefore 
charged and discharged periodically : it receives a charge during 
the first positive quarter-period of the E.M.F., discharges during 
the next quarter-period, and is again charged and discharged 
successively during the following half-period. During charge 
the current decreases from its positive maximum value to zero, and 
during discharge the current rises from zero to its maximum value. 
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The energy stored in the condenser during charging is‘given back 
to the circuit during discharge, so that there is a continual trans¬ 
ference, or surge, of energy to and from the condenser. In practice, 
due to losses in the dielectric, the energy given back to the circuit 
during discharge is always slightly less than that stored in the 
condenser during charge. This, however, is not the case when 
the dielectric is dry air. _ „ . 

Relation Between Current and’ E.IYLF. for Circuits Containing 
Capacitance and Resistance in Series. Let the current in the circuit 
be represented, by i — I m An. cot. Also let e 1? e z , denote, at any 
instant, t, the internal E.M.Fs. due to (1) the current passing 
through the resistance, and (2) the charging of the condenser. 
Then if R is the resistance of the circuit and C is the capacitance 
of the condenser 

e x = __ fti — _ RI. m shi cot 

e 2 = - (1/C) fi.dt = - (. f isin cot.dt = +(I m /coC) cos cot 

The total internal E.M.F. acting in the circuit at this instant is 
therefore equal to ( e x -f- e 2 ), and must balance the impressed E.M.F. 
(e). Hence 

e = - (e 1 -t- e 2 ) = RI jn sin cot - ( I m /coC ) cos cot 

- ^ +Q !ojC ^ { v-{B»+1l/«,0^ t gina,< - 

1 jcaC ,) 

v^ a +(i icoC)^ cos ^5 

= I m ^/\R* -f- (l/coO) 2 £ sin {cot cp') = E rn sin (cot - cp) 

1 fcoC 1 

where tan cp = ~fp~ = coCB 

Thus the impressed E.M.t 1 . is sinusoidal and lags behind the 
current by the angle cp . 

Conversely, if a sinusoidal E.M.F., represented hy the equation 
e = E m sin cot, be applied to the circuit, the current, when the 
steady, or cyclic, state is reached will be given by 



( 26 ) 




CAPACITANCE AND CONDENSERS 

The maximum value of the current is 

E m 

Im 7 v|-s 2 + (i /coC)*i 

and the R.M.S. value of the current is 

E 

1 = v\R z + (i/a>C) s $ 

Hence the impedance of the circuit is given by 

^ + a/coC)*i 

The 'vector diagram, for this circuit is shown in Fig. 2S, in which 
OE represents the impressed E.M.F. and 
OI the current. The vector OE may be 
resolved into two components : one, OA , 
in phase with the current vector, and the 
other, OE, perpendicular to the current 
vector. OA therefore represents the com¬ 
ponent of the impressed E.M.F. which is 
expended against the resistance of the circuit, 
and OE the potential difference at the 
terminals of the condenser. Now OA = RI ; 

OB = AE = I/coC ; OE = J r v / [^ 2 + (1 /mC) 2 ]. 

Hence OA : AE : OE — R : \/coC (1/coC) 2 ]. Therefore 

triangle OEA is the impedance triangle for the circuit. 

Relation Between Current and E.M.F. for a Series Circuit Con¬ 
taining Resistance, Inductance, and Capacitance. Let the current 
in the circuit be represented by the equation i — I rn sin cot. Then 
if the resistance, inductance, and capacitance are denoted by 
R, L, C respectively, the equation to the impressed E.M.F. is given by 

e — RI m sin cot -f- coLI 7n cos cot — (I m jcoC) cos cot 
—■ I, m \^R sin cot 4- ( ooL — 1 jcoC) cos oot £ 
which, when simplified by the method given on p. 44, becomes 

e = I ni ^/[R 2 A-\coL — (l/co<7)^ 2 ] sin (ait 4- cp) = E m sin.(cot-j-qc) 
where tan cp — \coL — (1/coC) ~\/R. 

Conversely, if a sinusoidal E.M.F.—represented by the equation 

e — E m sin cot -be applied to the chcuit, the current, when the 

steady, or cyclic, state is reached, will be given by 

*' = vj^ 2 + eo5"- a/cocjri sin (£ °4 9,) ' 


'4 


4, 


3* -* £■ 

Fig. 28 . Vector Dia- 
GRAM FOE. CmcrriT 
Co ntta i ntiixg Resis¬ 
tance ante Capaci¬ 
tance iist Series 


(27) 
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The maximum value of the current is 

,__ 

“ _ x \R-- [coL — (l/ce»C)] 2 J 

and the R-.INI.S. value of the current is 

E 

1 = '\R- — [coZ- (! cV)T-if 



(a) (6) (c) 


Fig. 29 . Vector Diagrams for a Series Circuit Containing 
Resistance, Inductance, ani> Capacitance ; 

(a) a>L> 1 JojG, (6) coL = 1 fco( 7, (c) coZ, < 1 jojC 

Hence the impedance of the circuit is given by 
Z = + lo>L~ (l/o>0)] a J 

and the effective reactance by 
X = ojL - (1 ’coC ) 

= inductive reactance — capacitive reactance. 

The phase difference. <p, between current and EJVI.F. may be 
lagging, zero, or leading, according to whether ojL> = d JcoG. 
For example, when coL > 1 jcoC the current is lagging with respect 
to the impressed E3I.F., but when coL < 1 jooC the current leads 
the impressed E.M.F. 

The vector diagrams for these cases are shown in Fig. 29, diagram 
(a) referring to the case when coL> 1 jcoC and cp is positive ; (6) refer¬ 
ring to the case when coL = 1 jcoC and qp is zero ; (c) referring to the 
case when coLdjojC and cp is negative. In these diagrams the 
current vector, OI , is taken as the vector of reference, and the 
impressed E.M.F. is represented by OE. The component OA, which 
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is in phase with the current vector, represents the E.M.E. ex¬ 
pended against the resistance of the circuit. The component OJ3, 
which leads the current vector by 90°, represents the E.M.E. which 
balances the E.M.E. of self-induction. The resultant, OC, of OA 
and OB represents the potential difference across the resistance and 
inductance ; the angle AOC being the phase difference between 
this potential difference and the current. The potential difference 
between the terminals of the condenser is represented by OD , 
which lags 90° with respect to the current vector. Obviously, the 
vector shm of OC and OD must equal the impressed E.M.E. OE. 
The component, OF, which is perpendicular to the current vector is 
equal to the vector difference of OB and OD. 3STow OA : OF{ — AE) : 
OE — RI : I(coL - 1/coC) : IV{B 2 ifioL - 1 K) 2 j == Rz 
(coL — 1 jcoC) : 'V / £^ 2_ +" (coL — 1/coC) 2 ^ . Therefore triangle OFE is 
the impedance triangle for the circuit. Observe that when coL> 1/coC 
the effective reactance of the circuit is positive and the current is 
lagging, but when coL ccol /O the effective reactance is negative and 
the current is leading. 

In the special case when coL — 1 fcoC, the current is in phase 
with the impressed E.M.E. and is equal to EfR. The circuit is 
therefore equivalent, so far as its impedance is concerned, to a 
non-inductive circuit of resistance R, and is said to be in a condition 
of resonance. Under these conditions the voltages across the 
condenser and inductance may each be much greater than the 
impressed E.M.F. (see examples in Chap. VI). 


6—(T.5345) 



CHAPTER V 

POWER IN ALTERNATING-CURRENT CIRCUITS 

Instantaneous Power in an Alternating-current Circuit. In an 

alternating-current circuit the power (p) at any instant is equal 
to the product of the instantaneous values of current and E.M.F. 
Thus -jp = ei. 

Since current and E.1I.F. vary with respect to time, the power 
will also vary from instant to instant, and may be positive, negative, 
or zero according to the signs and magnitudes of current and E.M.F. 
If, at a given instant, the current and E.M.F. have the same sign, 
the power is positive—indicating that power is being supplied to 

the circuit-but if these quantities have opposite signs the power 

is negative—indicating that power is being returned from the 
circuit to the generator—while if either, or both, of the quantities 
are zero, the power is zero. 

Graphical Representation. In the general case of sinusoidal 
current and E.M.F. differing in phase, the power has four zero 
values for each cycle of the current, or E.M.F., and the direction 
of the power reverses four times in each cycle, as shown graphically 
in Fig. 30, in which the curves I, represent the impressed E.M.F. 
and current respectively, and curve j? represents the power. The 
shaded areas in this diagram represent energy ; areas above the 
abscissa axis denote that energy is being supplied to the circuit, 
and those below the axis denote that energy is being returned from, 
the circuit. For each cycle the difference between the areas above 
and below the abscissa axis represents the energy expended in the 
circuit, either in doing useful work or supplying losses. 

Two special cases of the general case (Fig. 30) are of importance, 
viz. (1) when the phase difference between current and E.M.F. 
is zero, (2) when it is 90°. These cases are represented graphically 

in Figs. 31 and 32. In the case represented in Fig. 31-where the 

current and E.M.F. are in phase—the power pulsates between zero 
and a definite maximum value, but does not change sign throughout 
the cycle. Hence in this ease power is transmitted always in one 
direction, viz. from generator to circuit. 

In the cases represented in Fig. 32—in which E.M.F. and. current 
have a phase difference of 90°, this being lagging in one case. 

Fig. 32a, and leading in the other. Fig. 326-the power curve (JP ) 

alternates at twice the frequency of the current or E.M.F. Hence 

66 



POWER IN ALTERNATING-CURRENT CIRCUITS 67 


for each half-cycle of current, or E.M.F., there are two alternations 
of power. Therefore during this interval a certain amount -of 
energy is supplied to the circuit and an equal amount is returned to 



Fig. 30. E.M.F., Current and Power 
ik - Circuit Containing Resistance 
and Inductance 


Fig. 31. E.M.F., Current and 
Power in Non-inductive 
Circuit 


the generator. Thus, although energy is continually surging 
between generator and circuit, no energy is actually expended in 
the latter. 

During the time that the current and E.M.F. have the same sign 
energy is stored in the circuit—in either the electrostatic or the 




Fig. 32. E.M.F., Current and Power in Purely Reactive Circuits 


electromagnetic form, according to whether the circuit is purely 
capacitive or inductive—and this energy is returned to the generator 
during the time that the current and E.M.E. have opposite signs. 

Components of Power Curve. The power curve (P, Eig. 33) for 
the general case of a circnit containing resistance, inductance and 
capacitance may he resolved into components representing the 
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power in the several parts of the circuit- To separate ou.t these 
components it is necessary to determine the carves for the potential 
differences across the several parts of the circuit. Now the potential 
difference across the resistance is in phase with the carrent ; that 
across the inductance leads the carrent by 90°, and that across 
the condenser lags 90° with respect- to the carrent. The carves for 
these quantities, together with those for the impressed E.M.F. and 



Fig. 33. E.M.F., Cureext antd Power, in - Circuit Coxtaiintn-g 
Resistance, Inductance, and Capacitance 
(Capacitive reactance > inductive reactance) 

current, are shown in Fig. 33 ; carves E, /, denoting the impressed 
E.M.F. and carrent, respectively, and curves E R , E R> E c> denoting 
the components of the impressed E.M.F. which are expended against 
resistance, inductance, and capacitance respectively. The instan¬ 
taneous power in the several parts of the circuit is given by the 
product of the current and the appropriate E.M.F. curve. The 
power component curves so obtained are marked P K , P M , P E . P R 
therefore represents the power expended in supplying the losses 
in the resistance ; P M , P E , represent the power supplied to the 
inductive and capacitive portions, respectively, of the circuit. The 
difference between the carves represents the component of 

the power which surges between the generator and the circuit. 

Analytical Expressions for Instantaneous Power and Power Com¬ 
ponents. ILe t the equation to the impressed E M.E. be e — P^sin cot, 
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and that to the current be i = I m sin ( cot — cp). Then the instan¬ 
taneous power is given by 

p = ei — E m I m sin cot . sin {cot — cp) . . . (28) 

This is the equation, to the power curve P, Tig. 30. The equation 
to the power curve ( P , Tig. 33) for the case when the current is 
leading the impressed E3.M.T. is p ~ E m I ni sin cot sin {cot -f- <p). 

In a general series circuit containing resistance, inductance and 
capacitance the equations to the components of the impressed 
E.M.T. for the several portions of the circuit are 

e B — Ri — Rim sin {cot — cp) 

e L = L di/dt = coLI m cos {cot — cp) 

e c = {1/C) Ji.dt — — {Im/coC) cos {cot — cp) 

The components of the power for the several parts of the circuit 
are therefore, 

p R = ie K — Rim 2 sin 2 (coZ — cp) = 1 £ I — cos 2 {cot — <p) J 

m Z \1 A- sin [2 {cot — cp) - J 77 ] 

= ie L = m 2 sin {cot — cp) cos {cot — cp) 

1 sin 2 {cot — cp) 

= ie G = — -|-(I m 2 /co<7) sin {cot — cp) cos {cot — cp) 

= — -|-(/ m 2 /a><7) sin 2 {cot — cp). 

The first expression represents a pulsating quantity : the second 
and third expressions represent alternating quantities of a frequency 
twice that of the current. The resultant of the two alternating 
quantities jo E , is, except in the special case when 

another alternating quantity, viz.— 

P* = P*i + Pv 

— — (1 1'coC) ] sin 2{ojt — cp). 

Hence in the general case the instantaneous power consists of 
a pulsating component equal to 

p R = RI m 2 sin*{cot - (p) = iRI m 2 \ 1 -f- sin[2(co£ - cp) - (29) 

and a double-frequency alternating component equal to 

Px = ^Im Z \coL~ {l/coC)l sin.2{cot-cp) - - • (30) 

The pulsating component is in phase with the current, i.e. its 
zero and maximum values occur at the same instants as the corre¬ 
sponding values of the current. The double-frequency alternating 
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component is symmetrical with respect to the current wave, i.e. 
the three zero values corresponding to one cycle of the former 
coincide with the two zero and maximum values for one half-cycle 
of the current. 

Equation to Power Curve. This equation may be obtained from 
equations (29) and (30), since p — p R -f~ p x , but it is best obtained 
by expanding equation (28). Thus 

p = E m I m sin cut . sin ( cot — <p ) 

= E^I^ X 4jcos[co£ — (cot — <p ) ] — cos [ cot -f- (cot — qp)^ 

— \E m I in jcos cp — cos (2 cot — cp)\ 

= IE m I m cos <p -f- bE rn I m sin [2 cot - (Irr + cp) ] . (31) 



Fig. 34. G-baphicai. Repeesentatioin op Equation to Power Curve 

or Fig. 30 

The first term represents a constant quantity of value |^ m / m cos cp; 
the second term represents a sinusoidal quantity of maximum value 
iE m I m , and of twice the frequency of the current or E.M.T., 
lagging (|- 7t - 4 - <f) ^uth respect to a reference quantity A sin I cot. 

Hence the power curve (jP. Tig- 30) may be represented by a 
double-frequency sine curve—of maximum value -J E m I m and 
displaced (-irz cp) with respect to the time-angle zero—super¬ 
imposed upon a horizontal axis at a distance ^E m I m cos cp above 
the abscissa axis, as shown in Tig- 34. When cp — 0, the axis of 
the double-frequency curve is at a distance above the abscissa 

axis, and since the maximum value of this curve is it does 

not, therefore, cross the abscissa axis. Hence we have the con¬ 
ditions shown in Tig. 31. When cp = Ipt, cos cp = 0, and the axis 
of the double-frequency curve coincides with the abscissa' axis. 
We then have the conditions shown in Tig. 32. 

Mean, or True, Power. The mean, or true, power in an alternating 
current circuit is defined as the algebraic mean of the instantaneous 
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values of the power taken over a period. In the general case, when 
the instantaneous power is given by 

p = iE.^,1^ cos cp -j- t sin [ 2cot — (|tt + 9 ?)], 

the mean power is 

P = bE m I m cos 99 , . (32) 

since the mean value of the double-frequency term, taken over a 
period, is zero. 

Substituting R.M.S. values for current and E.M.F., we have 
P =» 


= El cos cp . . (32 a) 

Therefore, the mean power in an alternating-current circuit is given 
by the product of the impressed E.3I.P. and the component of the 
current which is in phase with the impressed E.3I.P. 

Apparent Power or Volt-amperes. The product E I may be called 
the apparent power , but in practice the term volt-amperes (abbre¬ 
viated VA.) is employed. Similarly El/1000 is called kilo-volt- 
amperes (abbreviated kVA.). This quantitj^ is important in the 
rating of all A.C. machines and transformers as the temperature rise 
depends upon kVA. rather than kW. Again the rating of cables 
and switchgear for a given circuit voltage depends upon the current, 
and therefore in these cases also kVA., rather than kW . 3 must be 
considered. 

Power Factor. The term cos cp, in the expression for power, is 
called the 44 power factor 59 of the circuit, as it is the factor by 
which the apparent power must be multiplied to obtain the true 
power. 

In the case of a non-inductive circuit, cp = 0, cos <p = 1 , and the 
power factor is unity. The true power is then given by the product 
of the impressed E.M.E. and current. 

In the case of circuits containing pure inductance or capacitance, 
<p ~ 90°, cos cp — 0, and the power factor is zero. 

Reactive Volt-amperes. The product of the impressed E.jVI.E. 
and the component of the current which is perpendicular to it, 
i.e. the product El sin cp, is called the reactive volt-amperes (abbre¬ 
viated VAr.). Similarly (A7Z/1000) sin. cp is called reactive kilo-volt- 
amperes (abbreviated kVAr.). It represents the component of the 
volt-amperes which surges between the generator and the circuit. 
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and vice versa, without doing work. In commercial circuits the 
reactive volt-amperes supplies the magnetic and electrostatic fields, 
and the true power (El cos cp) supplies the losses and performs useful, 
or mechanical, work. 

Measurement of Power. The true power in any circuit may be 
measured either indirectly by measuring each of the quantities 
E, /, cos ff, separately by means of suitable instruments as discussed 
in Chapter XVI, or directly by means of a wattmeter (see p. 374). 
The latter method is usually adopted in practice on account of its 
superior accuracy, but special precautions are necessary in order 
to obtain accurate readings at low power factors (see p. 378). 

Power Component and Wattless Component of Current. In a 
circuit supplied at constant voltage tbe true power is proportional 
to I cos cp, and the reactive volt-amperes is proportional to I sin <p. 
Xow I cos 99 is the component of the current in phase with the im¬ 
pressed E.M.F., and I sin cp is the component at right angles to the 
impressed E.M.F. The component I cos cp is therefore called the 
“power component” or the 44 in-phase component 9 ’ of the current, 
and I sin 99 is called the 44 wattless component" (sometimes the 
terms 4 4 idle current , 9 9 44 quadrature component , 99 and 44 reactive 
component 99 are employed). 

This method of resolving the current into power and wattless 
components is useful in the solution of problems and its applications 
are discussed in Chapter VI. The method is particularly useful in 
connection with parallel circuits. For example, if a number of 
circuits are connected in parallel and if II w , denote respectively 
the sums of the power and wattless components of the currents 
in the several branch circuits, the total, or 44 line , 99 current supplied 
to the circuits is given by I = ■%/ ( -f- J w 2 ), and the phase 
difference between the impressed E.M.F. and line current is given 
by cp — tan - 1 (I w jl v ). 

Example. Three circuits A, JB , C , connected in parallel are supplied with 
power from 220 V. mains. Circuit A consists of a bank of incandescent lamps 
taking - a current of 15 A. at. unity power factor ; B consists of an inductive 
resistance taking a current of 20 A. at a power factor of 0*S5 lagging ; G consists 
of an apparatus taking a current of 10 A. at a power factor of 0-95 leading. 
Determine the current and power supplied by the mains ; also the power 
factor. 

Let the currents in the several circuits be denoted by X A , I B , I c , respec¬ 
tively, and the phase differences by gy. gy, <p c . Let the current in the 
mains be denoted by I, and its phase difference with respect to the impressed 
E.M.F. by <p. 

Then I A = 15 cos = 1*0 sin = 0 

= 20 cos 9 ? b = 0-S5 sin <p s = - VC 1 - 0-85 2 ) = - 0*28 

J c = 10 cos <p c = 0-95 sin <p G = VC 1 “ 0-95 2 ) = 0*1 
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Resolving each, current into its power and. wattless components, we have 

[Power or in-phase Wattless or quadrature 

components. components. 

J A cos q> K — 15 X 1*0 = 15 1 r A sin <jo A =15x0 =0 

Jf B cos < 7 ? b = 20 X 0-85 = 17 J B sin = 20 X (— 0*28) = — 5-6 

Jq cos <p G — 10 X 0*95 = 9*5 I c sin<p c = 10 x 0*1 = 1-0 

/. 1 cos cp = (15 + 17 + 9-5) = 41-5 I sin <p = (— 5-6 -j- 1 - 0 ) = -4-6 
Hence I = VC( 1 cos <p) z ( I sin y) 2 ] = VC 41 ' 52 4- 4 * 6 2 ) = 41-S 

cos 9 ? = ( JT cos <p) /1 — 41-5/41*8 = 0*993 (lagging) 
jp = 220 X 41*8 X 0-993 = 9130 watts 



CHAPTER VI 

SE RIE S AN2> PARALLEL CIRCUITS 

I.—Series Circuits 

Series Circuits o£ Constant Impedance. The impedance of a simple 
series circuit containing resistance and reactance is given by 

= V (^ 2 4- A? 2 ), 

and the phase difference between impressed E.M.F. and current is 
q> — tan * 1 (X/R). 

In these equations X is the effective reactance of the circnit : it is 
equal to the algebraic difference between the inductive reactance 
(coh) and the capacitive reactance ( IfcoG ), i.e. X = coL — (ljcoC). 

In the case of a complex series circuit, such as is represented in 
Fig. 35, the joint impedance is given by 

Z = -\/£ (R^ 4~ R% 4~ R 3 4“ --- ) 2 4- (X x 4~ X 2 -j-X 3 - - ) 2 1 (33) 

where R 19 R. 2 , R 3 . . . , are the resistances of the several parts of the 
circuit, and X l9 X 2 , X 3 . . . . , are the effective reactances. The 
phase difference between impressed E.M.F. and current is given by 

cp = tan -1 ( A x -f- X 2 4-' X 3 4~ 
or by 9 ? = cos~ 1 (R 1 -f- R 2 4r R 3 4- - ~)!%. 

These expressions follow directly from the vector diagram for 
the circuit. Thus, in Fig. 36 the current vector OI is taken as the 
vector of reference, and the potential differences across the several 
parts of the circuit are represented by the vectors OZL, OR, OG. 
The geometric sum ( OJD ) of these vectors represents the terminal 
voltage (jE?) of the circuit. From the diagram 

jEJ ‘ 2 == (i^cos d- E7oCos <p 2 -f- E 3 coscp 3 ) 3 -J- (_E7 1 sin cp± 4- E 2 sin.(p 2 

4- ^ 7 s sin 993) 2 

= (IR ± 4- IR 2 4- IR 3 T 4- (IX x 4- IX 2 4 - IX 3 ) 2 , 

Whence, 

.2 = Ell 

= \/\ (R x 4 - R 2 4 - R 3) 2 4- (X x 4 - X 2 4 - V 3 ) 2 ^, 

and 

tan (p = (X x 4~ X s 4“ X 3 )J(JF£ ± 4- R^ 4~ -^ 3 )- 

74 
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Observe tliat the joint impedance is equal to the geometric sum 
of the separate impedances. In symbolic notation 

* Z = Z x -f- Z 2 -f- Z z . - * . . . (34) 

= 0®i +i^i) + (-®a +A) + (&3 +i^ 3 ) 

= (-^x + R“ 2 > “H -^3) + J (-^1 + -^2 + -X 3 ) 

Graphical Construction for Obtaining the Joint Impedance of a 
Series Circuit. The construction is similar to that of the E.M..F. 
vector diagram of Fig. 36. In fact, by a suitable change of scale. 



Pig. 35. Diagrammatic Kepbbsen- Pig. 36. Vector Dugp.am fop. 

tati oust of Complex Series Circuit CntcxiiT Represented nsr Pig. 35 


the diagram becomes an impedance diagram, the vector OL> now 
representing the impedance of the circuit. Instead of setting off 
the magnitudes Z l9 Z 2 , Z 3 of the impedances and their phase angles 
tpi, qp 2 , <p 3 , it is usually more convenient to set off their rectangular 
co-ordinates—resistance as abscissae, and effective reactance as 
ordinates. In this case the only calculations required are those for 
obtaining the reactances of the several parts of the circuit. 

Special Cases. When the reactance of the entire circuit is zero, 
the impedance becomes 

Z — R ± “I- R 2 + R3 + * - - = Ry 
where R is the joint resistance, of the circuit. 

For circuits containing only reactance we have 

^ + X 3 . . . = X, 

where X. is the joint reactance of the circuit. 

Hence if a number of condensers of capacitances O l5 C 2 , C z , . . . 
are connected in series, the joint reactance will be given by 

X = X ± -f- + X 3 + - . - 
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Whence the joint capacitance is 

I — J_ _i_ -j- _L 

C C\ ‘ C 3 1 C 3 


Thus the series connection of condensers gives a joint capacitance 
smaller than, the lowest individual capacitance of the group. For 
example, if two condensers of 10 uF. and 20 juF. are connected in 
series the joint capacitance is 1 /(tVt + irV) = 0*66 [IF 



fi, Jt, 4, R, x Ls r 3 x L3 x C3 

I5n 0-1 H ,30uf. ZS^.OOZh. |0». 0-5k.50<.e 

ItW 4® h 



Figs. 37. 38. Curcuit .xjn r> Vector Diagram for Worked Example 


In the case of a circuit containing a number of condensers con¬ 
nected in series, the terminal potential difference of the circuit is 
divided across the condensers in the inverse ratio of their capaci¬ 
tances and the potential difference across the smallest condenser may 
be very much higher than that across the largest condenser. For 
example, if condensers of 5 juF. and 50 juF. are connected in series 
across 200 V. mains, the potential difference across the 5 /IF. 
condenser will be {200 x 50/(5 -j- 50) } = 181*8 V., and that across 
the 50 juF. condenser will be {200 X 5/(5 -j- 50) } — 18*2 V. 

Example. Determine, for the circuit shown in Fig. 37, (1) th© joint 
impedance, (2) the current, (3) the phase difference between current and 
terminal E.M.F.. (4) the potential differences across each part of the circuit. 
The circuit is supplied at a pressure of 110 V. and a frequency of 50 cycles 
per second. 

The total resistance = 15 -f- 25 -j- 10 — 50 O. 

The inductive reactance = 2rr x 50(0*1 -j- 0*02 -{- 0*5) — 195 Q. 
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The capacitive reactance = — gQ *= 170 O. 

Hence the effective reactance = 195- 170 — 25 jQ. 

Whence the joint impedance = (50 2 -f- 25 2 ) — 55*9 O. 

Therefore the current = 110/55-9 = 1-97 A. 

The phase difference between impressed E.M.F. and cixrrent = cos' 1 5 s/55 9 

= 26-6° 

The potential differences across the several parts of the circuit are 
IR 1 = 1-97 X 15 = 29-5 V. 

IX x = 1-97 X 2— X 50 x 0-1 = 61*8 V. 

IZ X = V(29*5 2 + 6 L - S 2 ) = 6S-5V. 
l/coC x = 1*97 x 10 e /(2Tt: x 50 x 30) = 209 V. 
li? 2 = 1-97 x 25 = 49-2 V. 

JX 2 = 1-97 X 2tt X 50 X 0-02=12-35 V. 

IZs = -\/(4=9*2 2 -f-12-35 2 ) = 50-8 V. 

IR a = 1-97 X 10= 19-7 V. 

IX 3 = 1*97 x 2tz X 50 X 0-5 = 309 V. 
i\£ s = -y/ (1 9-7 a -f- 309 2 ) = 309-5 V. 

I = 1*97 x 10 6 /(2tt X 50 X 50) = 125-3V. 

A vector diagram drawn to scale is given in Fig. 38. 

Series Circuits of Variable Impedance. (1) Constant reactance, 
variable resistance . Two cases are important, viz. (1) circuits in 
which, the resistance is variable and the inductance is constant ; 
(2) circuits in which the resistance is variable and the capacitance is 
constant. In both cases the phase difference between the E.M.Fs. 
across the two parts of each circuit is 90°. Hence for any particular 
value of resistance the vector diagram for the E.M.Fs. may be 
drawn as a right-angled triangle, of which the hypotenuse represents 
the supply, or terminal, E.M.F. 

With variable resistance and constant reactance the E.M.F. 
vector diagrams for the varying conditions may, for constant 
terminal E.M.F., be represented by a series of right-angled triangles 
having a common hypotenuse, as shown in Fig. 39. The locus of 
the apex of the vector triangle is therefore a semicircle described 
on the hypotenuse. The semicircle for the R—L circuit is on one 
side of the hypotenuse, and that for the R—C circuit is on the 
opposite side as shown in Fig. 39, in which the semicircle OAE 
refers to the R—L circuit and the semicircle ORE refers to the R—C 
circuit. 

The loci of the vectors of the currents in the circuits are also 
semicircles as shown in Fig. 39, but their centres lie on the opposite 
sides of, and in an axis perpendicular to, the vector (OE) representing 
the te rmin al E.M.F. 
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Proof. Let, for the li—T; circuit, the co-ordinates of the current vector 
with respect to the origin <9, Fig- 40, be 

R X 

y — I cos ff = E y- ; &= I sin cp — E 

Then, squaring and adding, we have 



Fig. 39. Vector Diagsaims fob Series Circuits of Va-rta t^le 
Impedance 

(Constant Reactance, Variable Resistance) 


Xow Rz + X 2 = EX Jo;. 

He c-e x- y~ = x(EJX). 

This equation may be expressed in the form 


/ E \ 2 

r + K’-js) " 


B- 


r 



Fig. 40. Vector Diagram for 
Circuit of Variable Resis¬ 
tance and Constant 
Inductance 


which is the equation to a circle ; the 
co-ordinates of the centre being x — 
E j2X, y — O, and the radius being E /2X. 

For the R—C circuit the radius of the 
semicircle is EJ2X, and the co-ordinates 
of its centre are x — ~ E/2X y y — 0, 
where X is the reactance of the condenser. 

If, however, X be variable and Ft 
constant, the current semicircles have 
their centres in the E.M.F. vector OE. 
Thus the sum of the squares of the co¬ 
ordinates of any current vector is now 
written as 

a: 2 4- y 2 = y(E/R), 


whence 

The co-ordinates of the centre are therefore 
is E/2R. 




(y 


E \ 2 E*_ 
2 RJ 4.R* 


x = 0, y = Ej2R, and the radius 


Properties of Series Circuits Containing Variable Resistance and 
Constant Reactance. The circle diagram of Tig. 39 shows that 
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these circuits, when supplied, at constant voltage and frequency, 
possess a number of important properties. Thus— (1) the current 
has a limiting value ; (2) the power supplied to the circuit has a 

limiting value ; (3) the power factor when maximum power is 

being supplied is 0-707. 

The maximum current in the circuit is obtained when the 
resistance is zero : its value for the R—L circuit is EfcoL = J M . 

The power supplied to the circuit is equal to E I cos cp, and if E 
is constant the power will he proportional to I cos cp. Now or din ates 
in the current semicircles (Tig. 39) are proportional to this quantity. 
Hence the maximum ordinate in either semicircle represents the 
maximum power which can be supplied to the circuit. This 
ordinate passes through the centre to the semicircle, and, therefore, 
the current vector makes an angle of 45° to the diameter of the 
semicircle, and also to the vector of the impressed E.JM.T. Thus 
the power factor corresponding to maximum power is cos 45°=0-707. 
The maximum power is, therefore, given by 

= 0*707 El = 0-707 EI^ sin 45° = %EI^ . . (35) 

For the R—L circuit 
= %E*/coL, 

and for the R—C circuit 
_P M = IcoCE** 

At maximum power (cp — 45°) the vector triangle of E.M.Ts. 
is an isosceles triangle, and therefore the voltages across the resis¬ 
tance and reactance are each equal to 0-707 X supply E.M.F. 
Hence the condition for rroaocirnAirn power is that the resistance of 

* These expressions may also be obtained by determining the masimuni 
value of El cos cp. Thus, substituting for I and cos cp in terms of resistance 
and reactance, differentiating, and equating to zero, we have 

dE d ( E 2 R ) d / E-R \ 

dR~~ dR\ V(^ 2 + oRE 2 ) + oRE-) \ ~ dR \R* -+- o> 2 i 2 / 

E 2 (R 2 -f- co 2 E 2 ) - E-R . 2 R 
~~ (R 2 -+- co 2 E 2 ) 2 

= 0 . 

E 2 (R 2 + aRL 2 ) = 2 E 2 R 2 
or R = coL — X. 

Substituting coE for R in the power expression we obtain 

E-coL E 2 

~~ + oRL 2 2 coL 


E 2 

2X 
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the circuit must equal the reactance of the circuit, i.e. R = coL , 
or R — 1 jojC. The expressions for maximum power may therefore 
be written == hE 2 /R. 

Practical Applications. The current and power-limiting properties 
of series circuits containing variable resistance and constant induc¬ 
tive reactance are of considerable practical value in connection 
with electric smelting furnaces of the arc type. Thus, by inserting 
reactance in series with the furnace, (1) the power input to the 
furnace cannot exceed a predetermined limit ; (2) the current 



Fig. 41. Chaeactekistic Curves foe Series Circuit Containing 
Variable Resistance acnd Constraint Inductance 


Representative of Arc-type Electric Smelting Furnace 

taken when 4C striking 5 ’ the arc cannot exceed a predetermined 
value : (3) the furnace is more economical in power consumption 

than one controlled by a series resistance. These advantages, 
however, are obtained at the expense of the powder factor. 

The characteristic curves for a series circuit containing variable 
resistance and constant reactance are shown in Fig. 41, and refer 
to a 400 kW. arc-type furnace supplied at 220 V., 50 frequency ; 
the reactance of the furnace circuit being 0*06 ohm. 

The current and power-limiting properties of series circuits 
containing variable resistance and constant capacitance have been 
applied to electric lighting in special cases (e.g. artisan dwellings and 
cottages) where the average demand is so small that the supply of 
energy would be unprofitable if house service meters were installed. 
In such cases meters were dispensed with and a fiat weekly charge 
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for energy was made by installing low-volt age series-connected 
lamps (each provided with a short-circuiting switch and rated for 
the same current) together with a condenser of such capacitance 
that if the normal demand were exceeded an appreciable reduc¬ 
tion of the current in the circuit (and therefore the illumination) 
occurred.* 

For an installation consisting of seven 40-W-, 2-A. lamps and a 
33 -juR condenser supplied from 200-V. 50-cycle mains the lamp 
currents for various switchings are— 

3sTo. of lamps in circuit 1 2 3 4 5 6 7 

Current (amp.) 2-058 2-026 1-978 1-92 1-S6 1-794 1-73 

Series Circuits of Variable Impedance. (2) Constant Resistance and 
Variable Reactance. Four cases of these circuits are possible, viz. 
(1) constant resistance, variable inductance ; (2) constant resis¬ 

tance, variable capacitance ; (3) constant resistance and inductance, 
variable capacitance ; (4) constant resistance and capacitance, vari¬ 
able inductance. The first two cases have little application in 
practice, but are of academic interest : the last two cases have 
a large application in radio-telegraphy and telephony. 

Vector Diagram for Circuits of Constant Resistance and Variable 
Inductance or Capacitance. The com¬ 
bined vector diagram for the R—L 
and R~C circuits, in which the resis¬ 
tance is constant, is shown in Fig. 42. 

In this diagram the vector OE, 
representing the impressed E.M.F., 
is taken as the vector of reference : 

OAE is the vector triangle of E.M.Fs. 
for the inductive circuit for a par¬ 
ticular value of inductance ; ORE 
is the corresponding triangle for the 
capacitive circuit. The loci of the 
apexes of these triangles are the 
semicircles OCAE, ODBE, respec¬ 
tively, their common centre being at 
the mid-point of OE. 

The maximum current in either circuit is obtained when the 
reactance is zero : its value is EJR, and it is in phase with the 
impressed E.M.F. The vector 0/ M , in phase with OE , represents 
this current, on the assumption of equal resistance and impressed 
E.M.F. in the two cases. 

* For f urtlier particulars, see ** Condensers in series with, metal filament 
lamps,” by A. W. Ashton. Journal I.IS.IS. (1912), xlix, 703. 

7 —(T. 5245 ) 


£T 



Series Circuits or Variable 
Impedance (Coxstaint Resis¬ 
tance, Variabl e Reactance ) 
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When the inductance is varied the current vector lags with 
respect to the OE and its locus is the semicircle OF I M . Similarly, 
when the capacitance is varied the current vector leads OE, and its 
locus is the semi-circle OGI The centres of these semicircles 
are in OE and their radii are equal to E/2R (see p. 78). 

In each circuit the power is proportional to the projection of the 
current vector on the impressed E.M.F. vector ; the power is 
therefore a maximum when the reactance is zero. 

Vector Diagram for the General Circuit Containing Resistance and 
Variable Reactance. Series circuits containing resistance, inductance 
and capacitance, in which either the inductance or the capacitance is 
variable, have a large application in radio-telegraphy and telephony, 
the variable inductance or capacitance being employed to adjust the 
circuit to resonance at a particular frequency, this adjustment 
being called 114 tuning. 95 

The vector diagrams for these circuits are shown in Figs. 43 and 44, 
the former referring to the ease in -which the capacitance is variable 
and the latter to the case when the inductance is variable. In 
both cases the vector of the impressed E.M.F- is taken as the vector 
of reference. 

The current in either circuit is given, for any particular values 
of R s E, C, by I = Ei\/^R 2 -f- [coE — 1 /coC] 2 ^, and its phase 
difference with respect to the impressed E.M.F. by' tan cp = 
(coL — 1 /coC)fR. When the effective reactance is zero, i.e. when 
coL = x /ojC, the current is in phase with the impressed E.M.F. and 
its value is equal to EjR, which is the maximum value of the 
current for the circuit. 

When the variable reactance is zero the current is given by 
Ej\/(R 2 -f- oj-L- ) for the circuit with fixed R and L ; and by 
E / -\/ [jR 2 -f- (l/a>C7) 2 3 for the circuit with fixed R and G. The. phase 
difference between tbe impressed E.M.F. and the current is 
cp — t&xxr^coLjR 3 lagging, in the former case, and cp — tan _1 (l jcoCR), 
leading, in the latter case. These currents are shown by the 
vectors OA in Figs. 43 and 44. 

Wien the variable reactance is infinite the current in either 
circuit is zero. 

The locus of the current vector when either the inductance in 
one circuit, or the capacitance in the other circuit, is varied is the 
arc OAI^JB, the centre of which lies in OE at a distance -|-/ M — E/2R 
from O. The portion -4/ M of this arc corresponds to the condition 
when the fixed inductive reactance exceeds the variable capacitive 
reactance, i.e. coL >1 JcoC ; and the semicircle I m RO corresponds 
to the condition when the latter exceeds the former, i.e. (1 jcoC) > coE. 
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If a circle be described upon OE as diameter, and any current 
vector, such as OR, be produced so as to cut this circle at D, then 
triangle ODE is the triangle of E.M.Fs. for the circuit : OD repre¬ 
senting the component of the impressed E.M.F. expended against 
resistance, and DE that expended against the effective reactance, 
i.e. DE represents the vector difference between the E.M.Fs. across 
the inductance and capacitance, these E.M.Fs. being represented by 
OF (leading the current vector by 90°) and OG (lagging 90° with 



Fig. 43. Vector Diagrams foe Series Circijit of Variable 
Imrex>A3stce (Constant Resistance ante I^stjdxjctain ce, Variable 
Capacitance ) 

respect to the current vector) respectively. The voltage across 
the fixed portion of each circuit is represented in both figures by 
OH , which is the vector sum of OD and OF. 

^IWhen the variable portion of the circuits is varied from zero 
reactance to infinite reactance the loci of the vectors OD , OF, OG, 
OH, are portions of circles, which are marked E R , E^, E c , E R _i_ L , 
respectively, in Figs. 43 and 44. The centres of these circles may 
be determined very simply by considering the conditions occurring 
at resonance. Thus the effective reactance is zero, the current is a 
maximum and is in phase with the impressed E.M.F., the E.M.F. 
across the inductance is balanced by that across the capacitance. 
These latter E.M.Fs. are represented by OH and OL , respectively. 
The voltage across the resistance is, at resonance, represented by 
OE —the vector of the impressed E.M.F.—and the vector sum of 
OE and OK. is represented by OJM. 
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For the circuit containing variable capacitance. Fig. 43, the centre 
of circle E^ lies at the mid-point of OK ; the centre of the circle 
E n + j. lies at the mid-point of OM, and the centre of circle E c 
is correspondingly situated on the opposite side of OE. Observe 
that the diameter of circle E R + L is equal to that of circle E c . 

For the circuit containing variable inductance. Fig. 44, the centre 
of circle E c lies at the mid-point of OE ; the centre of the circle E^ 



Fxg. 44. Vector Diagrams foe Series Circuit of Variable 

IlVlEEIJAJNCE (CoiNSTAJSTT RESISTANCE AND CAlRA.CITA.NTCE, VARIABLE 

Inductance ) 

ies at .the mid-point of OM, and the centre of circle E & + L lies 
at the mid-point of EM. 

Resonance Conditions. With both circuits the condition for 
obtaining resonance is that the inductive reactance must equal the 
capacitive reactance, i.e. coL = 1/coC. "Whence EC=\ /co 2 = 1 / (2rr/) 2 
or \/(EC ) — l/(27r/), where / is the frequency in cycles per second, 
and E, C, are the inductance and capacitance, respectively, in 
practical units (i.e. henries and farads). 

If instead of the frequency we are given the wave-length • (X) of 
the electrical oscillations to which the circuit must be tuned, then 
A metres = 3 X 10 8 ff, where 3 X 10 s is the velocity of propagation, 
in metres per second, of the oscillations. Hence 

= A/(2 tt x 3 x 10 8 ) = >1/(1885 x 10 6 ). 
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But if L is expressed in micro -henries and C in micro-farads, the 
relationsliip between L , C 9 X becomes 

sJ{LC) = A/1885 .(36) 

This, then, is the- condition which must be satisfied in a “ tuned 55 
radio circuit when the tuning is effected by the use of series capaci¬ 
tance or inductance. 

The curves of Big. 45 show, for a particular circuit (for which 
R = 25 ohms, L — 0-4 henry (constant), C (variable)), the variation 
of current, voltage, and power factor when the capacitance is varied 
and the impressed E.M.E. and frequency are maintained constant. 



Fig. 45. Chaea.oteeistic CxmvES foe Series Circitit of Variable 

IlVEPEDA-ISTCE (COISTSTiVTSTT ReSIST^JSTCE AISTD IlSn^XICTA-MCE, VARIABLE 
CiAJPACXTiAISrCE ) 

It will be observed that the peaks of the curves for the voltages 
across the condenser and inductive resistance are not coincident, 
the peak of the condenser voltage occurring when the capacitance 
has a value which is smaller than that which gives the peak of the 
voltage across the inductive resistance. This non-coincidence of 
the voltage peaks is caused by the resistance of the circuit. Bor a 
circuit of zero resistance the peaks of voltage are coincident and 
occur when the current in the circuit is infinit e. Data for 
these curves are given in Table I, and the method of calculating 
the quantities may be shown best by calculating one or two points. 
Thus at resonance we must have -coL 1 jcoC, or C = 1 jco~L. 
Now for a frequency of 50, co = 314. Hence the capacitance, in /dET., 
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required, to give resonance is C — 10 6 /(314 2 X 0*4) — 25*35 jliF. With 
an impressed E.M.F. of 100 V. the current is 7 M = 100/25 -4A. 
The voltage across the condenser is E c = I/^coC ==4/(314x25*35 
X iff®) == 502*4 V., and the voltage across the inductive resistance 
is E n + i = I m (R 2 -f- oTL*) = 4 x 128 = 512 V. 

^;ote.— R 2 4- aI 2 L~ = 25 2 4- (314 2 X 0*4 2 ) = 128 IT] 

For the points corresponding to a capacitance of 20 uF. we have— 
Effective reactance = (coL — 1 jojC) = 314 X 0*4— [10 6 /(314 X 20)] 
= - 33-5 Cl. 

Impedance (Z) = V [_R~ -r* {coL — l/coC7) 2 3 = *\/ (25 2 -f- 33*5 2 ) 

= 41-7 Cl. 

Current = 77/^ = 1Q0/41-7 = 2*4 A. 

Voltage across condenser = IJcoC — 2*4 X 10 6 /314 X 20 = 382 V. 

Voltage across inductive resistance = I (R 2 4~ co 2 L 2 ) = 2*4 X 128 

= 307 V. 

Power factor — RjZ = 25/41*7 = 0*6. 


TABLE I 

Calcinations for Fig. 45. Series circuit : -B = 25 O-, L = 0-4 23L (constant), 

C variable. Supply pressure = 100 V. (constant), frequency = 50 (constant). 


C I 

l JcoC 

CO Is-llcoC 

Z = vd-E 2 ~ 
(Q)i-1/0C) 8 } 

I = 
E]Z. 

Cos <p = 
RJZ . 

E c - 
1/coC. 

■^R 4- L — 
JV0R 2 -f <£>5i 8 ). 

0 

oc 

cc. 

oc 

0 

O 

100 

O 

5 

636 

- 511 

511 

0*196 

— 

124-5 

25 

10 

SIS 

-193 

194*6 

0-514 

0*1285 

163-5 

66 

15 

21 P. 

- S7 

90-4 

1-106 

0-2763 

234 

141 

20 

i 159 | 

-33*5 

41-7 

2-4 

0*6 

382 

307 


1 13S*4 

- 13 

2 S-2 

3-45 

0*886 

477 

454 

24 

132*5 ! 

— 7 

26 

3*85 

0*964 

513 

493 

24-5 

! 129*8 ; 

- 4*2 

25-35 

3*945 

0-986 

512 

505 

25 i 

1 127*2 ! 

- 1-6 

I 25-04 

3-99 

0-998 

508 

511 

25*35 ! 

J 125*6 : 

0 

25 

4 

1*0 

502*4 

512 

27 

i 117*8 i 

s-s 

26-5 

3-77 

0-943 

445 

483 

SO 

: 106-1 1 

19-5 

i 31-7 

3-15 

0-788 

334 

404 

35 

S 91 j 

34-6 

42-7 

2-34 

0-585 

213 

300 

40 

| 79*6 ; 

46 

52-4 

1-91 

0-477 

152 

244 

50 

! 63*6 

62 

67-6 

1-48 

0-37 

94 

189 

100 

; 31-8 ! 

94 

! 97-3 

1-026 

0-257 

32*6 

131 

QC 

i O 

125*6 

12S 

0*781 

0-195 

O 

100 
&* 


Series Circuits of Variable Impedance. (3) Constant Resistance, 
Inductance and Capacitance, Variable Frequency. This circuit is of 
practical importance on account of its possessing a ec resonance 
frequency 55 which is given by 



2t rV(7C) 
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in which L and. C are in practical units (i.e. henries and. farads, 
respectively) and f r is in cycles per second. 

At resonance frequency the current is a maximum and is given 
by J M = EjR . This current is in phase with the impressed EAI.F. 
The vector diagram for these conditions is given in Fig. 29 (b), p. 64. 

Under resonance conditions, and with suitable values of inductance 
and capacitance, the voltage across the condenser, and that across 



the inductive resistance, may be considerably greater than the supply 
voltage. Thus, the voltage across the condenser is given by 

E c = J M jcoC, 



Hence when L > CR 2 the voltage across the condenser will be 
greater than the supply voltage. The ratio of these voltages is 
given simply by *\/ (L/CR 2 ). 
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Similarly the voltage across the inductance and resistance is, at 
resonance frequency, given by 

Ej. 4- k = Ai V(^ 2 H- ^E 2 ) 

=sy (■** + s) = e *j ( x+ A) 

which is greater than the supply^ voltage for all values of L and C 
except zero. 

The manner in which these voltages vary with the frequency in 
the case of a particular circuit, for which R — 30 O., L = 0-4 EL, 
C = 25 «F., is shown in Fig. 46. Other curves in this figure show 
the manner ip which the current, power factor, inductive reactance, 
capacitive reactance, and effective reactance vary with the frequency 
when the supply pressure is maintained constant at 100 V. The 
calculations for these curves are given in Table II. 

TABLE XI 

Calculations for Big. 46. Series circuit : Ft = 30 O., JL — 0-4 H., 

C — 25 fFW. Supply pressure = 100 V. (constant}. Frequency 

variabie- 



CO = 
27 -/ 

COL 

10° fcoC 

colj- 
l icoC 

Z — 
V{li~ H- 
(coZr- 1/coC) 2 } 

/ = 
100/Z 

cos (p = 

mz 

E o “ 
I/coC 

4- k. 

v'( J R 2 +o> 2 i 2 ) 

0 

0 


0 c 

CC 

OC 

_ 


1O0 

0 

10 

62-8 

25-1 

637 

-612 

612 

0-1635 

f 0-049 

104-2 

6-4 

20 

125-6 

50-2 

319 

-269 

270-8 

0-369 

H0-11 

117-8 

21 

30 

1SS-4 

75-3 

212 

- 137 

140-4 

0-713 

M 0-214 

151 

57-S 

40 | 

1 251 ; 

i 105 i 

l 159-5 

— 54-5 

62 2 

1-608 

1 0-4S3 

256-5 

175-5 

45 

! 283 

1 113-2 j 

j 141-2 

- 28 

41 

2-44 

v 0-732 

345 

286 

50-35; 

i 316 ! 

! 126-5 | 

| 126-5 

0 

30 

3-33 

1-0 

422 

433 

55 

i 345 

! 13S 

! 116 

j 22 

37-2 

2-69 

4- 0-807 

312 

380 

60 

1 377 j 

! 151 

f 106 

! 45 

54 

1-S5 

JuqO-556 

196 

285 

70 ! 

440 1 

176 ! 

90-9 

85 

90-2 

1-11 

0*333 

100 

198*5 

100 j 

• 62S i 

1 

251 ‘ 

63-7 

1S7-5 

190 

0-526 

^0*158 

33-5 

133 


Resonance in Practice. The equivalent of the above circuit 
occurs in practice when an alternator is supplying unloaded cables, 
the inductance and resistance being represented by tbe armature 
winding of the alternator, and the condenser by the capacitance 
between the cores of the cables. But the sc constants 53 of commercial 
distributing systems are such that the resonance frequency is much 
higher than the normal frequency. Hence, with a pure sine wave 
of E.M.F. resonance cannot occur. If, however, the wave-form is 
non-sinusoidal resonance, due to one of the higher harmonics of 
the E.M.F., may occur either at normal speed, or at a speed lower 
than normal if the alternator is run up to speed with its field excited 
and its armature connected to unloaded cables. 
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Example. Axx 11,000-V., 50-eycle, alternator is co nectecl to concentric 
cables having a total capacitance of 3 /uJP. The inductance of the armature 
winding is 0-02 H-, and the resistance of the armature winding is 1*3 Cl. 

The resonance frequency of the system when the cables are unloaded is 

»■ = 2-nrv > (0'02fx3x lO-'‘) = 649 cyoles per seoond 

If the wave-form of the no-load E.M.F. contains a thirteenth harmonic 
(the frequency of which — 13 X 50 — 650), resonance due to this harmonic 
will occur at normal speed. If the amplitude of this harmonic is 1 per cent 

of the fundamental, i.e. X 11000 X 1*414 = 155 V., the current due to 

it at resonance is 155/1*3 == 119 A. (maximum value). Hence if the peak 
of the E.M.F. wave of this harmonic occurs at the same instant as that of 
the fundamental, the voltage impressed on the cables is 

HOOO X 1*414 -f- 119/ (2tc x 650 X 3 X 10* 6 ) = 25,250 V. 



II.—Pahallel Cie-cijits 

Parallel Circuits of Constant Impedance. The vector diagram for 
a parallel circuit, consisting of two inductive resistances, is given 
in Fig. 47. The total, or tc line ” current, I, is equal to the geometric 
sum of the branch currents I x , / 2 : its magnitude and phase may be 
calculated from Fig. 47 as follows 

I — -\/J (Tl cos 9h Hh 1 2 . cos 9 ? 2) 2 + (i - ! sin 9?!*-}- s i rL 9^2 ) 2 f (37) 

<p = tan -1 ^ sin cp x + / 2 sin <p<>)l(I x cos 9h + 1 2 cos ^ 2 ) 

The joint impedance, Z , of the circuit may be obtained from 
Equation (37), and Fig. 47, as follows 

I = EjZ— -\/| {I x cos (p x -f- jT 2 cos 9 ^ 2 ) 2 Hr (T,. sin q? 1 + Z 2 sm. 9 ? 2 ) 2 | 



( 38 ) 
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Thus for the general ease the reciprocal of the joint impedance is 
not equal to the sum of the reciprocals of the separate impedances : 
its calculation therefore requires a knowledge of the values of the 
separate impedances as well as the i*esistances and reactances. 
Special Cases. In the special case when N ± = 0, X 2 == 0, we have 

£ __ 1_ J_ 

Z R ~Rl 

and in the other case when R x — 0, R z = 0, we have 
1_ __ _1_ __ _1_ JL_ 

When the reactances _X7 l3 X 2> consist of condensers, 

— = cjC x ; — == coC 2 ; ~ == coC 
-^-l 2 A. 

Hence the joint capacitance of the condensers is 
C = C-± —j- C '2* 


Thus, when condensers are connected in parallel, the joint capaci¬ 
tance is equal to the sum of the separate capacities. 

Admittance. Heverting to the general case, Fig. 47, and employ¬ 
ing symbolic notation, the equation to the line current may be 
written 

/ = /i + /a 


whence 


= + (JE/z 2 ) 


1 

z 


JL 


i 

zl 


(39) 


or 7 = 7 i+7 2 

where Y is the reciprocal of the joint impedance and Y x , Y z , are 
the reciprocals of the separate impedances. These reciprocals are 
called admittance - Hence the joint admittance of a number of 
circuits connected in parallel is equal to the geometric sum of their 
separate admittances. The admittances of these circuits may 
therefore be compounded in a vector diagram in a manner similar 
to that adopted with the several impedances of a series circuit. 
For example, in Fig. 48 the vector OA represents the admittance Y 1} 
OR 9 the admittance F 2 . The joint admittance is represented By 
OC 7 which is the vector sum of OA and OR. 

Inversion. The joint impedance Z , corresponding to the joint 
admittance I , may be obtained from the vector diagram by 
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determining the vector which is the reciprocal of the admittance 
vector, this process being called ee inversion. 55 For example, two 
reciprocal quantities, Y, Z ( = ljY), are represented in a vector 
diagram by vectors of different lengths—such as O 7, OZ, Fig. 49— 
located on opposite sides of the axis of reference and making equal 
angles with this axis. The projection on OZ of the point Y gives 
the point Y r , which is called the image of Y. 

Two points such as Y' and Z, Fig. 49, are called ££ inverse points. 55 
The origin, O, is called the centre of inversion, 55 and the value of 
the product OY'.OZ which corresponds to unit values of Y and 
Z , is called the et inversion constant, 55 E^. 

If the admittance vector is drawn to such a scale that 1 cm.= m 
mho (unit of admittance), and the impedance vector is drawn to 



such a scale that 1 cm. = n ohms, then OY r — Y /m, OZ — Z n. 
Whence (97 X OZ — YZjrrbn = 1 jmn, since Y.Z = 1, i.e. the 
inversion constant is equal to the product of the reciprocals of the 
scales of the vectors. Hence the inversion of the image of an 
admittance vector—drawn to a scale of 1 cm. — m mho—to an 
inversion constant Et gives an impedance vector having a scale of 
1 cm. = (I I'm,EL ohms. Conversely, the inversion of the image of 

an impedance vector-drawn to a scale of 1 cm. — n ohms—gives 

an admittance vector having a scale of 1 cm. = (1 jnE ^) mho. For 
example, if OY , Fig. 49, represents an admittance of 0*05 mho, 
and is drawn to a scale of 1 cm. — 0-025 mho, i.e. OY=0-05/0-Q25 
— 2 cm., then the length of the impedance vector OZ for inversion 
constant equal to is 8/(0*05/0*025) = 4 cm., and the scale of 
this vector is 1/(8 X 0*025), or 5 ohms = 1 cm. Therefore the 
magnitude of the impedance is equal to 4 x 5 — 20 ohms. 

Instead of determining the impedance scale from the inversion 
constant and the admittance scale, it is more convenient in practice 
to select the impedance scale such that the longest impedance vector 
is of a convenient length. 
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The principle of inversion is of considerable value in the graphical 
solution of problems on parallel and series-pDarallel circuits, and 
further applications will be found in this and the following chapters. 

Conductance and Susceptance- Since admittance, like impedance, 
is a complex quantity it must he expressed, when the rectangular 
form of symbolic notation is employed, in terms of in-phase and 
quadrature components which are denoted by the symbols g and 6, 
respectively- These components can be expressed in terms of the 
constants, R, X, of the circuit. Tor example, 


? Z 


R~jX 


(-R 2 + X 2 ) j (i2 2 + X 2 ) 


R 4— j X 2 -f - NN 
= Q-jB 

where G = R/(R 2 + X 2 ) = RjZ 2 , and B = X/(R 2 + X 2 ) = X/Z 2 . 


G is called the condactance * because, for a circuit of zero reactance, 
we have G — RjRr — l/R. B is called the susceptance. and, for 
circuits of zero resistance, is equal to the reciprocal of reactance, 
he. B = X/X 2 = 1/X. 

Hence for the circuit of Tig. 47 we have 


Ti = O x —jJB x ; Y 2 = a . 2 ~jB z 
Y= Y 1 + r 2 = (G x -jBj + (a, -jB 2 ) 

— (Gj -f- h/ 2 ) — j(13 ± 4- £$ z ) 

Whence, Y = V\ (&i + C 2 ) 2 + (B x + B 2 ) 2 ] . . (40) 

<p = tan ‘ 1 (B X -f- B 2 )/{G 2 + G 2 ). 


Parallel Circuits of Variable Impedance. (1) Constant Resistance, 
Inductance, and Capacitance ; Variable Frequency . Eet one branch of 
a parallel circuit consist of a fixed inductive resistance {R, L), and 
the other a condenser of fixed capacitance (C). The current in the 
inductive resistance at a frequency f is I x = E/^(R 2 -j- co 2 L 2 ), 
where co — 2rrf. The power component of this cnrrent is I x cos cp x 
= ER/(R 2 4- co 2 L 2 ), and the wattless component is I x sin <p x — 
EcoL/(R 2 4~ co 2 L 2 ), which lags 90° wdth respect to the impressed 
E.M.T. The charging current of the condenser is I 2 — coCE , and 
leads the impressed EXLT. by 90°. Therefore, the phase differ¬ 
ence between the wattless component of the current in the 

* The term conductance is employed in connection with direct-current 
circuits to denote the reciprocal of resistance- 
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inductive resistance and the charging current of the condenser is 
180°. Hence the wattless component of the line current is 

_ EcoL 

/w “ R 2 + aPL* ~ ojGE 

which, if the frequency is variable, becomes zero whei 


i.e. when 


EcoL 

R 2 -h co 2 L 2 ^ 


coCE , 


coL 

a>C 


R 2 -4- co 2 L 2 = 


where (= coL) is the inductive reactance and -X c (— 1/coC ) is 
the capacitive reactance. Thus the condition for the wattless 
•component of the line current to be zero is that the product of the 
inductive and capacitive reactances must equal the square of the 
impedance of the inductive branch. 

The frequency corresponding to this condition is obtained by 
solving the equation for oo. Thus 


whence 


co- = 


(27r/)» 


L 2 






IP 

T 2 


JP 
L 2 


) 


Resonance. Every parallel circuit consisting of a condenser, of 
fixed capacitance, in one branch and a fixed inductive resistance in 
the other branch has, therefore, a particular frequency at which the 
charging current of the condenser balances the wattless current in 
the inductive resistance. This frequency, which is given by Equa¬ 
tion (41), is called the 44 resonance frequency” of the (parallel) 
circuit. It is not, however, the natural frequency of the local 
circuit—consisting of the condenser and inductive resistance—-as 
this frequency is given by 

JL_ R 2 \ 

LC 4 L 2 ) * 

When R — 0 the resonance frequency becomes equal to the 
natural frequency of the circuit : moreover, the resonance frequency 
for the parallel circuit is then equal to that for the series circuit 
containing the same values of inductance and capacitance. Under 
these hypothetical conditions—i.e. with zero resistance and no 
electric oscillations, when once started in the local circuit. 
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may be maintained without the further supply of energy to this 

circuit. 

Variation of Line Current with Frequency. Reverting to the 
practical case, in which the inductive branch contains resistance, 
the line current at a frequency / is given by 


1 — V' i (I x cos <Fi) 2 ~h (^i sin <p x — coCEy 1 ] 


= E •+- oj-L^~ OJ " (v 


2LC 


(JOrlA 




(43) 


where co = 2rrf. 



Fig. 50. (a) Characteristic Curves eor Parallel Circuit Sutplied 
at Constant Voltage and Variable Frequency. (6) Plot or 
Currents I, I ly nsr Polar Co-ordinates 


At zero frequency co = 0, and I = EfR. As the frequency is 
increased from zero the line current decreases in value and becomes 
a minimum at a frequency slightly above the resonance frequency: 
it then increases as the frequency increases. Hence if line current 
be plotted against frequency a V curve is obtained as shown in 
Fig. 50 (a), which refers to a particular circuit for which R = 30 £1, 
L — 0*4 H, C = 25 ^F. 

Other curves in this figure show the manner in which the resultant 
power factor, the branch-circuit currents, and the wattless and 
power components of the current in the inductive branch vary 
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when the frequency is varied and the supply pressure is maintained 
constant at 100 N . The calculations for these curves are given in 
Table III. 

The line current and the current in the inductive branch are also 
plotted to polar co-ordinates in Fig. 50 ( b ), from which it will be 
observed that the curve for the latter is a semicircle. 

It will be observed that as the frequency is increased from zero, 
the wattless component of the current in the inductive branch 
increases from zero to a definite maximum value and then decreases 
with increasing frequency. The frequency corresponding to the 
maximum wattless current in the inductive branch is obtained by 
differentiating, with respect to co, the expression for this current, 
equating the result to zero and solving for co . Thus 

I x si xi<p x = EcoL / (R 2 co z L z ) = EcoLIZ 2 

d T s ELZ* - 2Eco 2 E 3 

d,» (Jl SU1 ^ =- & - 

ELZ 2 == 2Eco z L 2 
or R 2 + o> 2 £ 2 = 2co z D 2 
Whence co = R/L. 

TABLE III 

Calculations for Fig. 50. Parallel circuit : inductive branch, R — 30 O... 

L = 0-4 H. ■; condenser branch., C = 25 jiiF. Supply pressure — 100 A . 
(constant). Frequency variable. 



OJ = 

27 zf 

coL 


h 

100 jZ 

h 

sin <p x 

J 2 — 

I x sin<p x 

I 

sin (p ) 

I 1 cos 9 ^ 
(= J 

COS (p > 

I = 

V{d Sin 
( I 

cos <5?) 2 } 

Cos (p 

Power 

Sup¬ 

plied 

COS (p 

0 

0 

0 

30 

3-33 

0 



3-33 

3-33 

1-0 

AT atts 
333 

5 

81-4 

12-5 

32-5 

3-07 

1-19 

o-os 

1-11 

2-84 

305 

0-938 

284 

10 

62-8 

25-1 

39-1 

2-56 

1-65 

0-16 

1-49 

1-96 

2*46 

o-s 

196 

12 

75 

30 

42-4 

2-36 

1-67 

0-19 

1-48 

1-67 

2-^3 

i 0-747 

167 

20 

125-6 

50-2 

58-5 

1-71 

1-46 

0-31 

1-15 

o-ss 

1-44 

| 0-61 

SS 

30 

188-4 

75-3 

81-1 

1-23 

1-14 

0-47 

0-67 

0-46 

0-51 

i 0-56 

46 

40 

251 

100-4 

105 

0-95 

0-91 

0-63 

0-28 

0-294 

0-42 

1 0-7 

29-4 

45 

2S3 

113-2 

117 

! 0-85 

0-82 

0-71 

0-11 

0-218 

0-244 

1 0-894 : 

21-S 

48-9 

307 

122-8 

126-4 

! 0-791 

0-768 

0-768 

0 

O-ISS 

0-1SS 

i 1-0 

i 18-S 

50 

314 

125-6 

129-3 

0-773 

0-751 

0-786 

— 0-035 1 

0-18 

0-183 

l 0-984: 

! is 

55 

345 

138 

141-2 

0-71 

0-69 

0*86 

-0-17 

0-15 

0-23 

! 0*654 

! 15 

60 

377 

151 

154 

0-65 

0-64 

0-94 

-0-3 

0-127 

0-33 

: 0-385 

; 12-7 

70 I 

440 i 

176 

178-5 

! 0-56 

0-55 

1-1 

-0-55 

0-094 

0-55 

i 0-171 

9-4 

100 

628 

1 

993 

252-S 

1 0-395 

0-393 

1-57 

- 1-177 

0-047 

1-18 

0-04 

4-7 


Analytical Investigation of Variation of Line Current with Frequency. 

The shape of the line-current /frequency curve for the general case may be 
ascertained analytically by investigating the law of variation, with respect 
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equency, of the several terms of Equat-ion (43). Thus the value of the 
term [1/1.72 2 -j- co-JL ~) ] is a maximum at zero frequency 


the rate of decrease being at 


to free 
first term 

as the frequency increases ; 
diminishing gradually, and finally becoming zero at an infinite frequency. 
The value of the second term [co 2 \2LC t Z- — C "~)j is zero when the frequency 
is zero : It increases as the frequency increases, until it attains its maximum 


and decreases 
first rapid, then 


value at 
becomes 


a frequency below the 
zero at a particular 
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Tig. 51. 'Vaiula-tiost or Quantities 
wits Frequency, roi* Parallel 
C ntcriT 

(R = 30 a., L = 0-4 A., C = 25 juF.) 


resonance frequency ; it then decreases, 

frequency-which is higher than the* 

resonance frequency — and then 
changes sign and increases contin¬ 
ually as the frequency is still further 
increased. The variation is shown 
graphically in Fig. 51, the curves of 
which refer to the circuit calculated 
in Table III. 

The general shape of these curves 
is the same for all circuits, but the 
frequencies at which the maximum 
and. zero values of the second term 
occur depend upon the ‘ 4 constants 5 ’ 
of the circuits. Tor example, the 
frequency corresponding to the 
maximum value of [co 2 (2Z,C (Z 2 —C 2 )] 
is obtained by equating the first 
differential coefficient of this quan¬ 
tity to zero and solving for co 2 . 
Thus 


d ( „/2£,C ^\ ) Z 2 (4mLC)-2mI2(2m 2 I(7) 

da>V°\Z* Z± 

whence 2 {Z 2 -oAL 2 ) = Z*CJL, 


0 


which, when (72 2 -f* co 2 L 2 ) is substituted for Z 2 , reduces to 



The quantity [co 2 (2.LC jZ 2 — C 2 )] is zero when 2LCIZ 2 = G 2 , and the 
frequency corresponding to this condition is obtained from the equation 



Subst ituting numerical values for 72, Z>, C, from Table III, we have 

o / 30 
co- — ( 


whence 

Similarly. 

whence 


30 / 2 x 10 s \ / 30 \ 2 

V0-4-V0-4 x 25/ V0-4/ ~ -bB7o, 

/ = co j 2— — \/ 27 S75/27T = 26-6 cycles per second. 

. 2 x 10 s /30 \ 2 

^ “ b-4 ~ x 25 ~ ( 0 ^ 4 ) = 194 ’ 375 ’ 

/1 = o>x /2 — — - v /194 375/2~ — 71-2 cycles per second. 


2STow the difference between the -quantities [1 / (72 2 -f- co 2 T 2 )] and 
[co s (2IjC/Z s — f? 2 )] is proportional to the square of the current Tsee Equation 
(43)1. 

Hence intercepts between ordinates of the curves in Fig. 51 are propor¬ 
tional to the current. As the frequency is increased from zero, these inter¬ 
cepts diminish on account of the curves approaching each other, but after 
a particular frequency is reached the curves diverge and the intercepts 
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increase. In the case of a hypothetical circuit without resistance, th© curves 
touch at resonance freqaercy. but for practical circuits the minimum intercept 
occurs at a :'recu:ei.ey -■ f»t.y higher than the resonance frequency. 

The frequency corresponding to the minimum • alue of the line ~ current is 
determined by equating the first differential coefficient of Equation (4-3) to 
zero and solving for co. Thus, writing Equation (43 ; in the form 


and denoting the quantity in the bracket by ?/, we have 


dl_ _ -g 

doj 2 s/ti 

whence 


- 4o)LG(i? 2 + to 2 ! 3 ) - 2coL*(l - 
(ir 3 H- m 3 /. 2 ) 3 


2 co*LC) 


J '\ = 0 




■ X 2 


This is greater than the value of ct> 2 at reso* anoe frequency—see Equation 
£4 i)— a s the coefficient of the first term is greaicr than unity. The difference 
between these frequencies depends upon the values of R 9 X, C. For example, 
in the case of the circuit calculated in Table III the resonance frequency is 
equal to 48*9, and the frequency at which the line current is a minimum is 
equal to 50*3 cycles per second. 

The min im um value of the line current may be obtained by substituting 
this value of co z in Equation (43). For example, substituting the numerical 
value of 99875 [== (2 tc X 50*3) 2 ] and the values of R, X, G, from Table III, 
in Equation (43) we have 


/min. — 100 


1-2 x 99875 X 0*4 X 25 X 10 6 , 
302 q- 99875 X 0*4 2 ^ 


25- x 


io -* 2 


J 


= 0-1S25 A. 

The value of the lino current at resonance frequency is obtained by sub¬ 
stituting the ajop. ropriate value of co in Equation (43). Thus, at resonance 

frequency, co 2 — {(1/XC7) — ( R/L ) 2 ) see Equation (41)—and Equation (43) 

reduces to 

1 = XI?(C/X). 

Hence for the circuit calculated in Table III the line current at resonance 
frequency is 

I = 100 X 30 X 25/(0-4 X 10°) 

= 0*1 S75 A. 


Joint Impedance, at Resonance Frequency. A parallel circuit con¬ 
sisting of an inductive resistance connected in parallel with a 
condenser possesses zero susceptance at resonance frequency, i.e. the 
expression for the joint impedance of the circuit contains no 
44 reactance 55 term. 

In the case of the circuit considered above, the line current at 
resonance frequency is given by 

I = ER(CJD) 

and therefore the joint -impedance at this frequency is 
Z ~ I ~ R ■ C 


S—(T.5245) 
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For the special case when L = G, we have 
Z = HR. 

Another case of interest is where the condenser branch contains 
resistance. In this case, let R Q denote the resistance in series with 
the condenser, and R the resistance in the inductive branch, as 
above. Then the wattless component of the current in the 
condenser branch is now given by 

/ 2 sin <p 2 = E\ \ oyC\R 2 -f- (1/a><7) 2 ] l 
The wattless component of the current in the inductive branch is 
I x sin rp ± = EcoL/(R 2 -f- ay-IT) 

Hence the condition for resonance is 


I x sin cf x = Z 2 sin qo 2 

coL R 2 4 - oj 2 E 2 Z 2 

1 ' 6 ' 1 coC — (1 ,/coC) 2 — Z 0 * 

Solving for co, we have 

0 R~ — L/C 
CfJ _ — CL\R 2 -Lj C ) 

The line current at resonance frequency is equal to the sum of 
the power components of the branch-circuit currents, i.e. 

I = J x cos (p x -f- I^ cos qD.-> 

= E ( _ } 

\R 2 + co 2 L 2 ‘ R a 2 + ( 1/coG) 2 J 

The special cases are (1) when R 0 — R : (2) when R = ^(L/C), 

R a = ^/{L;C) ; (3) when R 0 = R, L = <7. The values of co 

corresponding to the resonance frequencies in these cases are 

w-* — v j — — -/-£ = 1/(7. 

Hence, substituting for the values of and co corresponding to 
the above special cases, we have for the line currents at the 
resonance frequencies— 

(1) co 2 = I /EC I = E {2R/IR* -j- (. L/C )]£ 

(2) At all frequencies I = E \/{C/L) 

(3) m 2 = 1 /IP = 1/C 2 I — E \_R/{R 2 + 1)] 

Whence the impedances at the resonance frequencies are 


* =5 


5 + 1 (L 

2^ R \2 


( 3 ) 
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Phase Difference Between Branch-circuit Currents for Special 
Case. In the special case where R 0 = R ~ x /(L/C ), the line current 
at all frequencies is directly proportional to the line voltage, just 
as for the case of a simple circuit containing resistance. If gq is 
the phase difference between the line voltage and the current in the 



Fig. 52 Fig. 53 

Circuit aimjd Vector Diagrams for Parallel Circuit of Variable 
Impedance (Variable CoisnDEisrsEii nsr Ois'E Birais cu) 

inductive branch (R — L) and <p 2 that for the capacitive (R a — C) 
branch, then 

coL 1 

Sm Vl = VL (-L/C) + «J 2 i 2 ] ~ VV- + rjaS-JLC) 

cos gpj = ^/ (1 + oj-LC) 

1 1 

sm cp. 2 = 0)0 ^ {Lj i C) + (i/ cj 2C' 2 )] — v (1 -1- cu 2 Z.C 

V( L/C) 1 

COS 9? 2 =-= - 

Hence sin = cos cp % , and cos cp x = sin cp 2 . Therefore the phase 
difference between the branch currents is 90 3 at all frequencies. 

If, then, such a circuit is supplied at constant voltage but variable 
frequency, the branch-circuit currents will each vary in magnitude, 
and the phase difference between them will always be 90°. Hence 
the vectors representing the line and branch-circuit currents will 
form a series of right-angled triangles on a common hypotenuse. 

Parallel Circuits of Variable Impedance. (2) Constant Resistance 
and Inductance in. One Branch, Variable Reactance in the Other 
Branch. The case which is of practical importance and which will 
be considered here is where the variable reactance consists of a con¬ 
denser of adjustable capacitance. The circuit diagram is shown in 
Fig. 52, and the vector diagram in Fig. 53. Assu min g constant 
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supply voltage and frequency, the current, / i5 in the branch of 
constant impedance will be constant, while that, Z 2 , in the branch 
containing the condenser will be directly proportional to the 
capacitance, e.g. J 2 = ojEC. The phase differences between these 
currents and the supply E.M.F. are constant : that between the 
supply E.M.F. and I x is cp x = ta,-nr 1 a)L/R (lagging) ; that between 
the supply E.M.F. and / 2 is 90° (leading). 

The line current, I , is equal to the vector sum of I ± and / 2 . Since 
is constant in magnitude and direction, and / 2 is of variable 
magnitude but fixed direction, the locus of the extremity of the 
line current vector will be a straight line drawn through I ± parallel 
to OI 2 (Fig. 53). Thus, as the capacitance is varied from zero, the 
line current is brought more into phase with the supply E.M.F., 
i.e. the effective reactance of the circuit as a whole is diminished 
and the power factor is improved. At a particular value of the 
capacitance the line current is exactly in phase with the supply 
E.M.F., and has its minimum value* : at higher values of the 
capacitance the line current increases in magnitude and leads the 
supply E.M.F. 

If values of line current and capacitance arb plotted, we obtain a 
V curve, as shown in Fig. 54, and if the power factor is also plotted 
we obtain an inverted V curve (see Fig. 54). 

The curves of Fig. 54 are calculated for a parallel circuit similar 
to that of Fig. 52, supplied at a constant E.M.F. of 200 V., and a 
constant frequency of 50 cycles per second. The inductive branch 
has a resistance of 40 ohms and a constant inductance of 0-54 
henries : the capacitive branch contains a condenser, the capaci¬ 
tance of which is adjustable between zero and 30 juF. 

The method of calculating these curves is as follows— 

The impedance of the inductive branch is 

Z = x /{4c 0 2 -f- (2 ?t X 50 x 0*54) 2 ^ = 174*4 ohms 
Whence 1 ± = 200/174*4 = 1-146 A. 

cos r fl = RjZ = 40/174-4 = 0-23. 

The line current at unity power factor is 
I — Ij_ cos gq 

= 1-146 x 0-23 = 0-264 A. 

The capacitance required to give unity power factor is determined 
from the condition that the charging current of the condenser must 

* The condition which gives unity power factor is the same as that which 
gives the resonance frequency, for the parallel circuit, equal to the supply 
frequency. Under these conditions the stored energy of the circuits is 
transferred from the condenser to the inductance, and vice versa, during 
successive quarter periods. ’ * 
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be equal to the wattless current taken by the inductive resistance, 

i.e. I 2 = siri <P\ = coCE, 

whence C = I x sin cp^JcoE 

= $ 1‘146V(1 -0*23 2 )| /(2tt X 50 x 200) 

= 1*116/62800 = 17*75 x 10’ 6 F. 



Fig. 54. Characteristic Curves for Parallel Circuit of Variable 

Imredahce 

(R = 40 Q ,., L = 0-54 H., C variable) 

For any other value of capacitance, such as 10 {IP*, we have 

Wattless component of line current = sin <p ± — coCE 

= 1*116-62800 X 10 X 10- 
= 0*487 A. 

Power component of line current = I ± cos 

= 0*2635 A. 

Line current = *\/(0*2635 2 —p 0*4S/ 2 ) 

= 0*554 A. 

Power factor = power component/line current 

= 0*2635/0*554 
= 0*475 (lagging) - 

Other points are calculated in a similar manner, and are given in 

Table IV. 
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Practical Applications. The curves of Fig. 54 show that a circuit 
consisting of a fixed inductance connected in parallel with a con¬ 
denser possesses the property that if the capacitance of the condenser 
be chosen suitably, the power factor of the combined circuit is 
higher than that of the inductive branch alone. This property is 
of considerable value in practice. For example, if a particular 
circuit possesses a low (lagging) power factor, the effects of this 
low power factor on the supply system may be avoided by con¬ 
necting in parallel with the circuit a condenser of suitable capa¬ 
citance. Condensers used in this manner for improving the 
power factor of power circuits are of the oil-im m ersed paper type 
(see p. 59). 

In the application of condensers to such circuits it is important 
to observe that the capacitance required for corrective purposes is 
proportional to cos cp ± (tan cp x — tan 99 ), where cp x is the phase difference 
for the inductive circuit alone and 99 is the resultant phase difference 
for the combined circuits. Thus, if the resultant power factor is to 
be unity (i.e. <p — 0 ), the capacitance required will be proportional 
to sin <p x , hut if a lower resultant power factor is required, the 
capacitance will be smaller. For example, if the original power factor 
is 0*707, corresponding to <p % = 45°, and the resultant power factor 
is to be unity, the capacitance required will be proportional to 
cos 45 = = 0-707. If, however, the resultant power factor is to be 
0-95 (lagging), the capacitance will he proportional to cos 45°(tan 45° 
— tan 18-2°) = 0-707 (1 — 0*3288) — 0*475, which is about two- 
thirds of that required to obtain a power factor of unity. Hence, 
in eases where a resultant power factor of, say, 0-95 is satisfactory, 
the cost of the condenser i-equired for the purpose will be considerably 
lower than that which would be necessary for correcting the power 
factor to unity. 

Example. A 40 ELP., 550 V., 50 eycle, alternating-current motor has a 
power factor at full load (which corresponds to an input of 34kW.) of 0*85 
(lagging). What capacitance of condenser, connected in parallel with the 
motor, is required to obtain a resultant power factor of 0*98 (lagging). If 
this condenser is permanently connected in parallel with the motor, what 
will be the resultant power factors when the motor is operating at half load 
and quarter load, assuming the power input to the motor at these loads to be 
17-5 and 9*7 kW. respectively, and the corresponding power factors to be 
G*7S and 0-63 ? ZSTegleet losses in the condenser. 

The current input to the motor at full load = 34000/(550 X 0*85)= 72*7A. 
„ „ „ ,, „ half „ = 17500/(550 x 0*78)= 40*7A. 

„ „ quarter „ = 9700/(550 X 0-63)= 28 A. 

Wattless component of current input at full load = 72-7-\/(l — 0-S5 2 ) = 3S-4A. 
« » », „ half „ = 40-7V(l-0*78 a ) = 25*5A. 

— » » ,, quarter,, = 28 + /H — 0-63 2 l 
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Power component of full-load current = 34000/550 = 61-8 A. 

Line current at 0*98 power factor and full load on motor = 61*8/0*98 = 63*1 A. 
Wattless component of this current = 63* !-%/(* — 0*98 2 ) = 12*6 A. 

Charging current of condenser = Difference between, wattless components 

at power factors 0-S5 and 0*98 
= 38-4 - 12*6 
= 25*8 A. 

Hence capacitance of condenser = 25-8 X 10 6 /(2— x 50 x 550) = 149 oF. 

ISTotb. -Capacitance of condenser required to give a power factor of unity 

with full load, on motor = 38*4 X 10 s /(2tc x 50 X 550) = 222 uF. 

Assuming constant line voltage and frequency, the charging current of 
the condenser will remain constant. 

Hence the wattless component of the line current when the motor is 
operating at half load. = 25*5 — 25-S = — 0*3 A. 

[The minus sign indicates that this component is leading the impressed 
E.M.E.] 

Power component of line current when the motor is operating at half load 

= 17500/550 = 31*8 A. 

Line current = V (31*S 2 _j_ o*3 3 ) = 31*8 A. 

Power factor = 31*S/31*S = 1-0 

[Note. -Actually the phase difference is about 0-6° (leading).] 

'Wattless component of line current when the motor is operating at quarter 
load = 21*7 - 25-8 = - 4* 1 A. 

Power component of line current at this load 

= 9700/550 =17*65 A. 

Line current = -\/ (17-65 2 -f- 4* l 2 ) = 18*1 A. 

Power factor = 17*65/18-1 = 0-9S6 (leading) 


TABLE IV 

Calculations for Eig. 54. Parallel circuit : inductive branch, K = 40 LI., 
L, == 0*54 H. ; condenser branch, C variable, 0 to 30 u F. Supply- 
pressure = 200 V. (constant), frequency = 50 (constant). 


) 

J 2 = c&CE 

J x sin <p x —Jo 

I x cos 9 o x 

J = Vi Ux cos <p x ) x -f- 
sin <p x )~ } 

cos rp 

0 

0 

1*116 

0*2635 

1*146 

x 0*23 
ic 0-312 

5 

0*314 

0-801 



0-844 

10 

0*628 

0-487 



0-554 

*f 0-475 

4- 0*836 

15 

0*942 

0*173 



0*315 ! 

17*75 

1-116 

O 



0-2635 

1*0 

20 

1-256 

t -0-141 



0-29 

f 0-909 

25 

1-57 

— 0-455 



0-526 

0*5 

30 

1-SS5 

-0*77 



0-814 

M 0-323 

1 


Parallel Circuits of Variable Impedance- (3) Constant Impedance 
in -One Branch , Variable Impedance in Other Branch. Consider the 
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circuits represented in Fig. 55, in which one branch contains a 
variable resistance in series with a fixed reactance, Z 2 . Denoting 
the conductances, suseeptances, and admittances of the circuits 
by G t , (? 2 ; jJ5 2 l F ls Y 2 , respectively, we have 

0, = Ri!0 + ^i 2 ) == -fiWW + -3V) 

J 5 t — ^ 1 /( J ?? 1 2 -{- Aj 2 ) -®2 “ -^ 2 /■• J ^ 2 2 ~ f ~ ^ 2 2 ) 

7i - Cr x -JB 1 f 2 = a 2 -yB 2 



FiG. 55 Fig. 56 

Cik.ccit and Vectoe Diageahs foe Parat.t.-rt, CracrriT ok Yaeiabie 
Impedance (Variable Resistance in One Bbanoh) 

The joint admittance. Y, is .equal to the sum of the separate 
admittances, i.e. Y — Y 1 4 - Y. z . Now Y 2 is variable, being zero 
when R 2 = oc, and equal to jf(l/X 2 ) when R 2 = 0. The joint 
admittance, Y, may be obtained either bj^ calculation or graphically, 
the graphical construction possessing the advantage that the 
magnitudes and phase differences of the branch and. line currents 
may be obtained at the same time as the joint admittance. 

The admittance diagram is shown in Fig. 56. The vector OA, 
in the fourth quadrant, represents the admittance Y x = Cr 1 —j 
The vector AC —parallel to the vertical axis and of length equal to 
1/X 2 on the admittance scale—represents the maximum value of 
the variable admittance Y 2 , this value corresponding to R 2 = 0. 
A semicircle, ARC, described on AC, therefore, gives the locus of 
the admittance vector Y 2 when the resistance, R 2 , is varied from 
0 to cc. 

Proof. Let the vector -45, Fig. 06 , represent any particular value, Y' z , 
of the admittance Y s , corresponding to a particular value, R' z of the variable 
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resistance. Then Y'z = where 0\ = R' S /(H' S -f- X^-}, and 

B' 2 = -3T 2 !(R' Z 2 + - 2 ^ 2 2 )- Now if A.F is the projection of A33 on ~A C 


AF = Y's cos 9? 2 
Y\* = 


= 


-«V + X 2 2 
AF 2 -h FB 2 = + J5' 


; .FT? — T / 2 sin 9 ?., — G' z 


( 




N .2 


/ 


+ (^■ + jc ! »)' = wA 


X n 


X. 2 


But cos q> 2 = X 2 f (N' z 2 + X 2 2 ). 

Hence lf(B'. 2 2 4- -X 2 2 ) — ( Y\ cos cp 2 )jX 2 

i.e. Y' 2 Z = ( Y'-> cos 9 ? 2 )/X 2 

or T'a — (l/X 2 )cos <p 2 

Whence F^/cos y> 2 — \{X 2 — a constant. 

If BC be drawn perpendicular to A.B. then 
A.G = T'a/cos 9> 2 = 1[X 2 . 

Hence AG is of constant valtie, and since angle A.BG is a right angle, 
point B lies on a semicircle described on A.C as diameter. 


The joint admittance, Y, is therefore represented by the vector 
OB, Tig. 56, and the locus of this vector when the resistance, R 2 , 
is varied is the semicircle ARC referred to the pole O. 

When the variable branch contains a condenser of fixed capacitance, 
instead of a fixed indnctance, the locus of the joint impedance 
vector is the semicircle AGO , the pole being at O, as before. 

The vector, OB, Tig. 56, representing the joint admittance, also 
represents the line current to a scale E times the admittance scale, 
where E is the line voltage. Moreover, the vectors OA, AB, 
represent the branch currents, / 15 I 2 , to this scale. Thus, by a 
suitable change of scale, an admittance diagram is converted into a 
current diagram. 

Determination of the Diagram for the Joint Impedance. Since the 
reciprocal of admittance is equal to impedance, the inversion of 
the locus of the joint admittance vector, in Tig. 56, will give the 
locus of the image of the vector of the joint impedance. Now the 
inversion of a circle with respect to a pole, or centre of inversion, 
external to the circle is another circle having its centre on the line 
joining the pole and the centre of the original circle. The position 
of the centre of this new circle is determined from the condition 
that the common tangent drawn from the pole to both circles must 
be divided at the points of contact such that the product of the 
lengths from the pole to the point of contact of each tangent must 
be equal to the inversion constant, iT £ . 
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Proof Let A BCD, Fig. 57, be a circle o£ which, an in version is required 
rn+h rp'tect to the t>ole, or inversion centre, O. From O draw the tangent 0.4 
It at .4,*such that 0*4.0.4! is equal to the inversion constant A,. 
At .4''draw a perpendicular, .4,0,. to meet the line joining the centre of the 
circle ABCD and the pole O. Then the point of intersection, Q x , is the 
centre of the circle which is the inversion of circle ADOU. 



Fig. 57. Inverse Circles 


par; 



58. Impedance Diagram: 

_ TO AIXTXANT CE 

Diagram of Fig. 56 


also triangles Ch 4.B, OA x D x are similar. 
Hence OD : OA = OB x : OA x : OB : OA 
—— OJD x : OA x . WTaence OB.OB x — 
OD.OD x = OA.OA x . Points A, A x ; B, 
B x i D, T> x ; are therefore inverse 
points, and. the arc ABG is inverse to 
the arc A X B X C X . Similarly the are 
A X D X C X is inverse to the arc ADC. 

To construct the impedance 
diagram corresponding to the 
admittance diagram of Fig. 56, 
which is reproduced with the same 
lettering in Fig. 58, draw the line 
OQ, joining the centre, Q, of the 
semicircle A.CJB and the pole O : 
draw the tangent OD and deter¬ 
mine the point D ± such that 
OD.OD ± = Ki = 1 jmn, where 
is the inversion constant and m, 
7 i, are the scales for admittance 
and impedance respectively. From 
D ± draw a perpendicular to meet 
the line OQ, produced, if neces¬ 
sary, at Q x , which is the centre of 
the inverse circle. 


An alternative method of construction, which does not require a 
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knowledge of the inversion, constant and which permits tile scale 
for the inverse circle to be selected according to the space available 
and to the diameter required for this circle, is as follows : Join OQ 
and produce to the circumference of the admittance circle ABECF. 
Measure the.lengths of the intercepts OF, OE , for the points where 
this line intersects the admittance circle, and calculate from the 
scale for admittance, the values, in mhos, of the admittances thus 
represented. Then the reciprocal of the admittance represented 
by OF gives the maximum value, in ohms, of the joint impedance. 
Hence, select the scale for impedance such that this quantity is 
represented by a vector, OF x , of convenient length. Point I\ is 
therefore inverse to point F. Determine similarly, to the impe¬ 
dance scale, the point E x (on OQ) representing the minimum value 
of the joint impedance, corresponding to the maximum value of 
the joint admittance OE. Hence, points F x , E x , are on the diameter 
of the inverse circle, the centre of which, is obtained by bisecting 
the line joining F ± E X . 

The arc A-^B^E^C^ is the inversion, with respect to the pole O, of 
the semicircle ABEC ; the points A- L B^E ± C :L being the inverse 
points to ABEC respectively. Thus, as the joint admittance vector 
moves along the semicircle ABEC from A to C, the image of the 
joint impedance vector moves along the arc A :l B 1 E 1 C\ from A ± to 
C x . Finally, by determining the image of this arc in the first 
quadrant we have the locus of the joint impedance vector. This 
locus is shown in Fig. 58 by the arc A^B±E-^C± . Thus the vector 
OC x ' represents the joint impedance when the variable resistance, 
Ro-- is zero, and the vector OA x ' represents the impedance when the 
variable resistance is infinite. 

The diagram of Fig. 56 has a more extensive application than 
that of obtaining the joint admittance and joint impedance of the 
circuits represented in Fig. 55. We shall show in the following 
chapter that all quantities relating to the performance of the 
circuit when the resistance R 2 is varied may be obtained from this 
diagram. 


Worked Examples on Series and Parallel 
Circuits 

General Remarks Concerning the Solution of Problems on Series 

and Parallel Circuits- Series Circuits. In problems on series circuit s 
it is necessary to determine the impedance of the circuit for the 
purpose of calculating the current. The calculations are of a 
simple nature and are easily effected by algebraic methods. 
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Thus the impedance of the circuit is given by 

^ = V i ^ 2 -f- {o>L- 1/coCy 2 } 

where R is the total resistance of the circuit, L the total inductance, 
and C the total capacitance. 

The current is given by 

I = EjZ, 

and the phase difference between terminal E.M.F. and current is 
given by 

cp — tan' 3 (coL — 1 [coG) !R, 
or by cp — cos ^RjZ. 

In connexion with the first expression for the phase difference, 
it should be observed that a pins (+) sign for cp, corresponding to 
ojL > 1 jcoC, denotes “lag,” and a minus (—) sign, corresponding 
to coL < 1 [coC, denotes 44 lead,” of the current with respect to the 
impressed E.M.F. 

When the second expression, or cosine, is used for obtaining cp, no 
indication is given as to whether the current is leading or lagging 
with respect to the impx-essed E.M.F. In this case it will he neces¬ 
sary to determine whether coL > < 1/coC. Hence when the actual 
angle cp is required it should be calculated from the 44 tangent 99 
expression, but when only the power factor of the circuit is required, 
the " cosine 99 expression should be used. 

For the special cases of series circuits the equations—some of 
which were deduced in Chapter III—follow directly from the 
general equation and are tabulated below— 


Special Case. 

Impedance. 

Current. 

Tan 9 ? 

<P 

R only 

n 

EfR 

O 

0 

L only 

coL 

EfcoE 

oc 

90° (lag) 

C only 

lfd>C 

coCE 

- CC 

90° (lead) 

R and L in series j 

\ HRr-T-CO-h 2 } 

E! \' (JR? — co~L z ) 

OJLIR 

> 0 < 90° (lag) 

R and C in series ! 

v'{ R- -rfl/tuC) 2 _{ j 

E,V{R z + a!coC)-' s 

j - l fcoCli 

> 0 <90° (lead) 

L and C in series : 

\ (OjL - l’OjCj- j 

Ei vCojE - 1/coCp 

j gc or 0 

rh 90° or O, according 
to whether 


j Parallel Circuits . In the majority of problems on parallel circuits 
it is generally simpler to obtain the line current from the joint 
admittance of the circuits rather than from their joint impedance, 
and in these eases the results are best calculated by the symbolic 
method 
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Th-e numerical value of the joint admittance is given bv 
Y = *\/\ (G 1 4- G 2 -f- G s 4- . .)2 _J_ (j^ _j_ _g 2 _j_ J3 s 

where G 1} G 2 , G 3 . . ., R 1 , R 23 13 3 , . . . are the conductances and 
admittances, respectively, of the several branch circuits. 

The line current is given by 

I = EY, 

and its phase difference with respect to the impressed E.M.T. is 
given by 

<P ~ 4- S 2 -®3 H~ • -) I(G-, + Gv 4- G<* 4 .4. 

Series-parallel Circuits. In all problems on series-parallel circuits 
the parallel portions of the circuit are treated separate! v and the 
joint impedances determined. The series-parallel circuit is then 
replaced by an equivalent series circuit and the total impedance 
is readily determined. 

Example 1. A. coil having a resistance of 5 ohms and an inductance of 
0-02 henry is arranged in parallel with another coil having a resistance of 
1 ohm and an inductance of 0*0S H. Calculate the current flowing through 
each coil when a pressure of 100 volts at 50 cycles is applied to them. Find 
the total current passing, and estimate the resistance of a single coil which 
will take the same current at the same power factor. [Z. £7. ] 

Solution by the Trigonometric ^Method. 

The steps in this method of solution are- 

1 . Calculate the current in each branch of the parallel circuit, and the 
phase difference between each of these currents and the impressed F.M.F. 

2 . Compound these currents to obtain the line current, determining also 
its power and energy components. 

3. Calculate the joint impedance of the parallel circuits. 

4. Thence, from the impedance and the power and wattless components 
of the line current, determine the resistance" and reactance of the single coil 
which will take the same current, at the same power factor, as the parallel 
circuit. 

Thus, the impedance of the 5 Cl., 0*02 H. coil is 

Z-l = v/[5 2 4* (314 X 0-02) 2 ] = S-02 Cl. 

Whence, I x = 100/8-02 = 12*46 A. 

cos <p x = R x jZ x = 5/S-02 == 0-624 

sin cp x = 2CJZ X = 314 X 0-02/S-02 = 0*783 

The impedance of the 1 Cl. 0-08 EL coil is 

^2 = Vfl 2 4- (314 x 0-08)-] = 25-12 Cl. 

Whence I 2 = 100/25-12 = 3-9S A. 

cos <p 2 = IZ 2 /Z 2 = 1/25-12 = 0*0308 

sin <p 2 = S: z /Z 2 = 314 X 0-0S/25-T2 = 1*0 approx. 

The line current is 

I — -VGx s -f' I 2 2 4- 2I X I Z cos (<p 2 — — 15*85 A., 

and the joint impedance of the parallel circuit is 
Z = 100/15-85 = 6*31 Cl. 
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Power component of line current; — 


7 i + jT 2 

12 3-9S x 

= 7*94 A. 

Wattless component of line current = I sin rp' — I x sin. rp x 4~ I sin 

= 12*46 X 0*7S3 + 3-9S X 1*0 
= 13*74 A. 

sin rp = 1 sin (piI — 13*74/15*85 = 0*866, 
and cos rp = 1 cos <pjl = 7*94/15*85 = 0*5. 

Now if R and X are the resistance and reactance, respectively, of the 
single coil, we have 

R = Zi cos <p 

= 6-31 X 0-5 = 3*16 Cl. 

X = Z sin rp 

= 6-31 X 0*866 = 5*46 Cl. 

Whence, L — 5*46/(2 re X 50) 

= 0-0174 H 

Solution by the Symbolic JMethod . 

Taking to = 2— X 50 = 314, the admittance of the 5 Cl. 0*02 H. coil is 
5 . / 314 x 0 02 


Vi = ■ 


X 0-02)a 


(314 X 0*02 


52 4- (314 X 
= 0 0777 -j 0 0975 

Whence, I 4 = ■ x /(0-0777 s 4- 0-0975 2 ) = 0*1246 mho. 
The admittance of the 1 Cl. 0-0S H. coil is 

1 . / 314 X 0 08 


?) 


5 % =- 


'(ir 


4 - (314 x 0*08)2 


l 2 4 - (314 x 0-OS) 2 

= 0-00158 -j 0 0397 

Whence, T4 — -v (0*00158 2 4~ 0-0397 2 ) = 0*0398 mho. 

Hence, the joint- admittance of the two coils connected in parallel is 
T = -r 3A 

= ( 0-0777 4 - 0 00158) -j(0-0975 + 0-0397) 

= 0 0793 -j 0 1372 

Whence, Y = V(0*0793 2 4~ 0-1372 2 ) = 0*1585 mho. 

The branch currents are 

I x = 100 = 12-46 A., 

J 2 *= 100 T 2 = 3-98 A., 
and the line current is 

I = 100 X = 15*85 A. 

The admittance of a single coil which will take this (line) current at t-tie same 
power factor must equal the joint admittance of the above coils connected in 
parallel. 

Hence if & and JB denote the conductance and susceptanee, respectively, of 
the coil, 

Y = G -jB = 00793-j 01372 

, G = 0-0793 
B = 0-1372 

Y = V(0*0793 2 4- 0*1372 a ) = 0-1584 


Whence. 
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G = Rj(R* + ; B = Y J (R 2 + 


and. G~ -f- B 2 = Y 2, = 


(R* -h ^ 2 ) 2 ' (IB + ~ i22 _J_ Z 2 


From these equations we obtain 

_|_ J^a = 1 / 72 = Z>/G = JB. 
R = G/Y 2 

= 0*0793/0* 1584 2 
= 3* 16 £X 


AT = B J Y 2 

= 0* 1372/0* 15S4 2 
= 5-46 Cl. 


B = 5-46/(2tc X 50) 
= 0-0174 H. 


Example 2- If an inductive resistance, for which R = 2 ohms, =0*005 
henry, is connected in series with the 

circuit of the inductive coils in Example D 

(1) above, to what value must the line 
voltage be raised in order that the currents 
through these coils may be the same as 
in the above case, the frequency being 
remaining ■unchanged ? What will be 
the resultant power factor under these 
conditions ? 

Adopting the values of 3*16 Cl. and 
5*46 Cl. obtained above for the joint re- Fig. 59. Cfrcttit Diagram for 
sistance and reactance, respectively, of Worked Exaieple ZSTo. 3 

the parallel-connected inductive coils, 
the series-par all el circuit of this example 

may therefore be replaced by an equivalent sei*ies circuit havin a total 
resistance of 

3-16 + 2 = 5*16 Cl ., 
and a total reactance of 

5*46 -j- (2 tt X 50 X 0-005) = 7*03 Cl. 

Hence the total impedance = -\/ (5- 16 2 -f- 7- OS 2 ) = S-72 Cl. 

Therefore the impressed E.M.F. — 15*85 X S-72 = 13S-2 V. 

Resultant power factor — 8* 72/V (5-16* -f~ 7- 033^ 

= 5-16/8-72 = 0-592. 

Example 3. The circuit shown in Fig. 59 consists of three parallel 
branches A, B, C, the branches A and B being connected to branch C through 
an inductive resistance JD. Determine the current in each branch circuit, 
the line current, the resultant power factor, and the power supplied to the 
circuits. Branch A consists of a condenser of IO fiF. capacitance in series with 
a resistance of 50 Q ; branch B consists of an inductive resistance, for; which 
R = 25 Cl, B = 0*35 II. * branch G consists of an inductive resistance, for 
which R — 45 Cl, B = 0-02 H. The series inductive resistance D has a 
resistance of 12 and an inductance of 0*05 II. The supply pressure is 
220 V. and the frequency 50 cycles per second. 
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Denotin^r the admittances of the branches A, B, G, by l r A , Y , Y c , respec- 
rively. a:i'i the conductances and susceptances by & A , G B . G c . and B A , JB-p. B Q , 
respectively, we have 


G c = 

= 


50- — {lO^ySld X IO) 2 
or, 

io" —(31-S- /' 0*3t> y 
45 


(314 x 0-02) 2 
104 (314 x 10) 


50 ~ 4- (10 s /(314 x 10)) 
314 X 0-35 


= 0-4S2 X 10' 3 
1-965 X IO" 3 
21-S X IO' 3 

- 3-07 x IO' 3 


-z~^ 7 y = S - 65 x 10* s 
3*04 X IO' 3 


4- (314 x 0-35) 2 
„ 314 X 0-02 

" c ~~ 45- 4- (314 x 0-02 ) a 
W hence. Y A = G A -jB A = 0-482 x 10 3 4- J3-G7 x IO’ 3 
Y n = G-q — jd3 B = J-SS5 x JT0- 3 -yS-65 x JO 3 
= (0 482 4- 1965)10 * -j{8 65 - 3-07)10 3 
= 2-447 x 10 3 -j5-58 x JO' 3 

The joint admittance, T x , of the sexdes-parallel branch ABJD is therefore 
1 1 
4- (i,'r A + B )“^ :■ :G-/B- 


r, = 


_ _i_ 

~ 6?- -4 B- J C A ° + G-~>rB*) 

where G and B are the joint conductances and susceptances, respectively, of 
the parallel branches A and B, and Nj>, are the resistance and reactance, 
respectively, of the series portion, Z>. 

Substituting numerical values for these quantities, we obtain 


~B- 

¥ 


G ~ 4-J3 2 


(12 4- 65-9) 


77-9 

7-9- — 166 


j(314 x 0-05 4 150-3) 

( _^_'N 


77-9Ajl66 


= 2-315 x 10 3 -j4-93 X 10~ 3 


Whence the joint admittance of the complete circuit shown in Dig. 59 is 
T = Yi d- Yc = ( 2-315 x 21-8)10 3 -3 (4-93 x 3-04)10 s 
- 24-115 x 10 z - j7-97 x JO- 3 
Therefore the line current — 220. T 

= 220V (0-02414 + 0-00797 2 ) = 5-59 A. 

Power factor = 0*0241/V(0-0241 2 4- 0-00 7 9 7 2 ) = 0*95 (lagging) 

Power supplied — 220 X 5-59 x 0-95 = 1169 W. 
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Current in branch C = 220. ~Y Q 

= 220V(0‘02182 4 - 0-00304 2 ) = 4-S4 A. 
Current in the series-parallel branch A.JBD 

= 220 . 

= 22OV(0*0023 2 -f- 0-O0493 2 ) = 1-2 A. 
Potential difference across the parallel-connected branches A, JS 
= 220 

= 220-[{220 X 10~*(2-315-J4-93)} 

{12 -b j(314 x 0-05) >] 

== 220 - (23-13-j5) 

= 797 4- j’5 


<T 


Fig. 60. Circuit Diagram of Wheatstone Bridge for Alternating 

Measurements 

Current in branch A - / A = Y±(197 -f- j5) 

= (0-482 x JO' 3 -f - j3-07 x 10' 3 ) (797 -f- J5) 

= 0-079 -b j 0-607 

I K = V(0*079 2 -b 0-607 2 ) = 0*612 A. 

Current in branch JB - d B — F B (197 -f -JS) 

= (1965 x lO 3 -j8-65 x *0- 3 ) (107-b y5T) 

= 0-43 -jl-695 
= V(0*43 2 + 1-6952) = 1*75 A. 

[Note.-All currents are referred to the line voltage which is considered as 

the vector of reference.3 

Example 4. The arms of a Wheatstone bridge, taken in order, consist 
of (i) a condenser shunted by a non-inductive resistance, (ii) a non-inductive 
resistance, (iii) an inductive resistance, (iv) a second non-inductive resistance. 
The bridge is supplied with alternating current of sine wave-form and a 
telephone is used to indicate balance. Find the condition for which, there 
will be no sound in the telephone. (L. Z7 .) 

[Note.-The "Wheatstone bridge adapted for alternating currents is 

employed in practice for measuring inductance, capacitance, and dielectric 
losses at commercial and higher frequencies. A telephone may be used as 
a detector for balance at audio-frequencies (800 to 2000 cycles), but for 
other frequencies a vibration galvanometer must be employed. 

The circuit of the bridge is represented in Fig. 60. 
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In balancing the bridge the currents in the adjacent arms must be adjuster! 
to equality of phase as well as magnitude. Therefore when the bridge is 
balanced the ratio of the impedances of the several arms must be the same 
as that of the resistances of the corresponding arms in a bridge supplied with 
steady currents. lienee if Z x . Z*, Z s , Z 4 denote the impedances of the arms 
AB, EC, CD, DA, respectively (Fig. CO), the condition for balance is 


ZSTow Z x — 


= ^ 2 ^ 4 . 
z n = Ah Z 


R x 


-f- j&>C 


(jy=) 


Rn —3 m A ; Z 4 — Aj. 

(R* + coL) = R 2 R 4 

R + ja,L = /(- - 1 -\ 

1 \tT x + ^°) 

7? 7? 

= * H- Ja>CR. 2 R 4 


For this equation to be true we must have equality between both the 
in-phase and quadrature parts. Thus 

i ? 3 — R*RJRi 

R x _ R 4 

or r 2 ~ r 3 

which is the condition for balance with steady currents. 

Also coD — coCR z R 4 = cx>C;R x R^ 

co A 

or vy- 

R s 


= coCR. 


Xow tan' j wl IR Z is the phase difference, when the bridge is balanced, 
between the impressed E.M.F. and the current in the branches CD A ; and 
ta,ix~ x coCR l is the phase difference between the impressed E.M.F. and the 
current in the branch ABC. Therefore the bridge is balanced for magnitude 
and phase. 


Example 5. A parallel eircuifc consists of two branches ; one branch 
contains a fixed impedance .(24 £2. /30°) ; the other consists of a variable 
inductive resistance, of which the reactance is constant and equal to 10 £1., 
and the resistance is variable between 1 and 50 O- Determine (I) the varia¬ 
tion of line current, (2) the variation of the joint impedance, when the 
resistance is varied and the circuit is supplied at a constant pressure of 
100 V., 50 frequency. 

This problem will be solved graphically in order to illustrate the application 
of the principle of inversion. A reproduction, on a considerably reduced 
scale, of the diagram for the complete graphical solution is shown in Fig. 61, 
and the student is advised to re-draw this diagram, step by step, as explained 
below, on a sheet of drawing paper (half imperial size). 

The steps in the construction are- 

Draw rectangular axes ATOAT, FOF. Select the scale for impedance as 
1 cm. — 1 ohm, and draw in the first quadrant the vector OA having a length 
of 24 cm. and inclined at an angle of 30° to the horizontal axis. OA therefore 
represents the impedance of the non-variable branch. The admittance of 
this branch = 1/24 — 0*0417 mho, and therefore a convenient seal© for 
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•anacue branch when H — 0. Upon BC describe a semicircle, BCG, the 
centre of which is at Q. Then this semicircle is the locus of the admittance 
vector, drawn from B, for the variable branch circuit when the resistance is 
varied from zero to infinity. 

To determine the positions of the vector for different values of the variable 
resistance we must determine the inversion of semicircle JBGG with respect 
to the pole B. Xow the inverse point- corresponding to G lies along BC, or 
BC produced, the actual position of the point depending upon the scale 
adopted for resistance. For the present purpose adopt a scale such that 
1 cm. — 2 ohms. Then the inverse point corresponding to G is at H, a 
distance of 10/2 = 5 cm. from B The inverse point corresponding to 5 B lies 
at. an infinite distance along a perpendicular drawn through H. Draw this 
perpendicular, HK, of length equal to 50/2 = 25 cm. (representing the 
maximum value of the variable resistance! and construct upon it a scale to 
represent values of resistance from 1 to 50jCL^- Joint point 1 on this scale to B 


|—'\VVW& *j 


r 


(«) 



C b ) 


Fig. 62. Circuit a^std Vector Diagrams for Worker Example USTo. 6 


and produce so as to cut the semicircle JBGG at 1. Similarly, join point 50 
on the resistance scale to JB and obtain the point 50 where this line intersects 
the semicircle. Then the arc 1 G 50 is the locus of the admittance vector 
for the variable branch when the resistance of this branch is varied between 
1 and 50 ohms. Vectors drawn from O to the points 1 and 50 represent the 
joint admittance of the parallel circuit when the resistance of the variable 
branch has values of 1 and 50 £2. respectively. 

The joint admittance corresponding to any other value of resistance, say 
10 £2., is obtained by first joining the appropriate point (10) on the resistance 
scale to B, determining the intersection of this line with the semicircle 
BGC, jand then joining the latter point (10 on semicircle) to O. The line 
0—10 represents the joint admittance, and the value of this quantity is 
obtained by multiplying the length of this line by the appropriate scale. The 
lengths of the joint admittance vectors corresponding to various values of 
the variable resistance are given in tabular form below. 

The line current- is obtained by multiplying the joint admittance by the 
line pressure (100 V.). 

To obtain the joint impedance graphically we must determine the inversion 
of the are 1 G 50 with respect to the pole O. Thus, join OQ and produce so 
as to cut the semicircle CGB, produced, at JD and E. Measure the lengths 
OD and OE, which should be 5*91 cm. and 25*9 cm. respectively. bfow OD 
represents an admittance of 5*91 X 0*005 = 0*0295 mho, and OE represents 
an admittance of 25*9 X 0*005 = 0*1295 mho. The values of the impedances 
corresponding are therefore 1/0-0295 = 33*83 ohms and 1/0-1295 = 7*72 ohms 
respectively. These impedances are represented on the original impedance 
scale (viz. 1 cm. = 1 ohm) by OZ> 1 (= 33-83 cm.) and OE 1 (= 7*72)'em., both 
points D x and. E x lying in OQ or its extension. The diameter of the inverse 
circle is therefore equal to B X E X , and its centre is at Q x . In Fig. 61 only a 
portion of this circle is shown, and the arc corresponding to the inversion of 
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the arc 1 G 50 is shown in full line. This arc is the image of the locus of the 
impedance vector when the resistance of the variable branch is varied bet ween 
1 and 50 ohms. By transferring this arc to the first quadrant the impedance 
vectors and their loci are shown in the correct position with respect to the 
vector of reference. 

The lengths of the impedance vectors corresponding to values of the 
variable resistance between 1 and 50 ohms inclusive, and the values of 
impedance deduced therefrom are given below—~ 


Fu, (ohms) 

Length of joint 

1 


3 

4 

5 

6 

8 

10 

15 

20 

30 

; 40 J 50 

admittance vec- 


25-84 










j f 

tor (cm.) 

.joint Admit- 

25-68 

25-86 

25-6 

25-14 

24-9 

23-55 

22-28 

19-4 

17-25 

14-55 

113-05‘3 2-03 


tance (mho.) 
Line current 

0-1284 

0-1292 

0-1293 

0-128 

0-1257 

0-1245 

0-1177 

0-1114 

0-097 

0-0862 

0-0727 

:0*G52 0-602 

j ; 

(amp.) 

Length of joint 

12-S4 

12-92 

12-93 

12-S j 

12-57 

12-45 j 

H-77 

11-14 

9-7 

8-62 

j 7-27 

| 6-52; 6-02 

impedance vec¬ 












1 ! 

tor (cm.) 

Joint impe¬ 

7-78 

7-74 

7-73 j 

7-8 | 

7-97 

S-03 | 

8-48 i 

1 

S-9S 

10-3 

11-6 

3 3-S 

j 15-3 16-0 

dance (ohms) 

7-7S 

7-74 

7-73 

7-8 1 

7*97 

8-03 

8-48 1 

S-9S 

10-3 1 

i 

| L1 -6 

3 S-S 

115-3 i 16*0 


Example 6. One branch of a parallel circuit contains an inductive coil; 
the other branch also contains an inductive coil in series with which is con¬ 
nected a condenser of adjustable capacitance and an adjustable non-inductive 
resistance. Determine the values of capacitance and resistance such that the 
currents in the inductive coils are equal and have a phase difference of 90° 
with respect to each other. The circuits are supplied at constant, voltage 
and frequency, and the wave-form of the E.M.F. is sinusoidal. 

A diagram for the circuit is shown in Fig. 62 (a), and a vector diagram 
showing the required conditions is shown in Fig. 62 (6). 

Adopting the symbols shown in Fig. 62 (a), we must have, for the above 
conditions to be satisfied, 

(i) I x = 1 2 , or Z x — Zn 

(ii) I x = jl%, or —tan cp x — cot <p 2 

Now Z^ = R x z -f- co z Zi x z 

and Z Z = (JR 2 + R) z -{- (ccX 2 

Hence, frozn (i), 

R x z + co z L x z = {R 2 + R) z + (c oL 2 - L/o >G) z 
i.e. - (»•£,- - '^ + _I_) = <» a + 

whence G z {co z (L x z - L 2 Z ) + R x z ~(i2 2 + S) 2 } + 2L X G - (1/co 2 ) = 0 . (a) 

From (ii), we have E{G X —jJB x ) = jE(G 2 —jB 2 ) 

where G x , G 2 , B x , B 2 , are the conductances and susceptances respectively, o£ 
the branch circuits. 

Hence, G x -jB x • = G 2 + B z 

i.e. G x = B z ; G 2 = - B x 

R x __ R z + B 

Z^ ~ Z. 2 z Z z z 


or 
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A LTEJRNA TING G UNBENT8 


Wlit-tice 


Ei _ -y, 

x z it a — a 


i.e. R t ",R» R) — — _Y x JXT 2 = mXp — ojL» -j- 1/cuO ) 

2 roixi which -we obtain. 

(J^_ cu£i ) . . . . (6) 

Substituting tills value of (R„ -f- if?) in equation (a) and re-arranging terms, 

we have 

f. . 5 nf T n —T n \ — *' /> 2 ^ _J_ r~F 5 *"> r /*. -l \ ?__ -^l 2 _ rk 

c " ! i“ • ‘M • C ( °V -Kt 3 _r Vs <«« J»»« _ 0 

from which. C can be calculated when the constants of the inductive coils 
are known. When C is determined, the value of R is obtained by substituting 
in equation (b). 

Whence, <7 = *«”,j ~ NA • - (c, 

e>- {(hi 3 - X a *-j - ij-lwti/JBi ) 2 } 2f x 2 ’ 

If X. — X c — 0*2 EL, i? x = X? 2 — 10 £1., and a> = 314 ; then, on sub¬ 
stituting these values in equations (c) and (6), we obtain O = 43*7 uF., 
R = 52-S O. 

A cheek against these values for C and R is obtained by calculating the 
impedances of the branch circuits. Thus 

o g X 2 2 )= VCIO 2 ^- <314 x 0 * 2 ) 2 ] = V '(10 3 +62*S 2 ) = 70-3 Cl. 
Z, = v (oX.-l;coC)2>= V {(10-|—52-S)2-|- (314x0*2- 10°/ 314 

“ ' X 43-7)2} 

= v'(‘>2*S 2 A 10 2 ) _ 70*3 Cl. 

<p x — tan“ 1 coX 1 R x = tan' 3 (314 X 0*2/10) = 80*9° 


•.>X 2 - 1 !coC 
R n -4- R 


4- 9*1® = 90°. 


-i < 314 x Q*- ) ~ 10 s /(314 X 43-7) 

10 -f- 52* S 

= tan' 3 - 10/62-S = - 9*1° 


[INTote.-Tliis method of obtaining a phase difference of 90° between currents 

in the two branches of a parallel circuit is called “ phase splitting ” ; it has a 
number of prr. cr:-a! .p w :'-r.tier;-, an imnotant application being in the 
phase-shifting t:.\- .-v . :■ -r ti.-c u Iti. t * ultorua t inc-c:;rr«. :.i potentiometer.] 



CHAPTER VII 

CIRCLE (OR LOAD) DIAGRAMS FOR SIMPLE CIRCUITS 

The load, diagram is an extended vector diagram and is so called 
because all quantities relating to the circuit (such as current, 
pressure, power, power factor), as well as the performance of the 
circuit (he. voltage regulation, efficiency, and losses) can be obtained 
by graphical construction. 

The load diagram for a circuit is constructed from the no-load 
and short-circuit diagram for that circuit, and the latter is obtained 
from the admittance diagram by a suitable change of scale (see 
p. 105). In order that the final diagram may appear in a con¬ 
venient position the admittance diagram is drawn in the first 
quadrant, instead of in the fourth quadrant, as hitherto, and the 
vector of reference is vertical. Impedances, or, more correctly, 
their images, therefore appear in the same quadrant as admittances. 

In this chapter we shall deduce load diagrams for series, parallel, 
and series-parallel circuits, but as the no-load and short-circuit 
diagram for the parallel circuit has already been deduced (p. 104), 
the load diagram for this circuit will be obtained before considering 
series and series-parallel circuits. Moreover, the load diagram for 
the parallel circuit is more easily deduced than the diagrams for 
the other types of circuits. 


Parallel Circuits 

Load Diagram for a Parallel Circuit Containing Variable Impedance 
in One Branch. Let the variable impedance consist of a constant 
reactance and a variable resistance. The admittance diagram 
for this circuit is shown in Fig. 56, p. 104, and was constructed 
with the vector of reference (i.e. the vector of the impressed E.M.E.) 
horizontal. If the diagram be reconstructed as a current diagram, 
with the vector of reference vertical, we obtain the diagram shown 
in Fig. 63. In this diagram the point I c (corresponding to = oc ) 
is called the no-load point, and the point I s (corresponding to = O) 
is called the short-circuit point. The line currents corresponding to. 
these points are represented by OI a and OI s , and are called tire 
no-load and short circuit currents respectively. Any intermediate 
point G on the semicircle I 0 GI S corresponds to a particular value 
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of the variable resistance i? 2 intermediate between zero andcc, and 
the vector OG represents the line current under these conditions. 

The Complete Performance of the Circuit (e.g. the current, power 
input, power factor, and losses) may be obtained graphically as 
follows— 

The line current, I, as already shown, is represented by the 
vector drawn from O to the semicircle ; the angle which this 



vector makes with the vertical axis is equal to the phase difference, 
cp, between line current and impressed E.JM.3T., and the cosine of 
this angle is equal to the power factor of the circuit. Hence if a 
quadrant ARC be drawn with O as centre, and the vertical radius 
OA be divided into 100 equal parts, then the vertical projection of 
the point of intersection of any line-current vector with the quadrant 
gives the power factor as a percentage. Obviously the power factor 
attains its maximum value when the line-current vector is tangential 
to the semicircle 1 0 GI S . 

The current , 7 2 . m the branch of variable impedance , corresponding 
to any particular value of resistance, is represented by a chord in 
the semicircle, I Q I s , the chord being drawn from 1 0 to the appro¬ 
priate point, say G, on the circumference. 

The power, P 2 , supplied to this portion of the circuit is therefore 
represented by the ordinate GD in the semicircle I a GI s . 

The poiver factor, cos <£ 2 , of this branch may be obtained from 
the quadrant ABC and scale OA, by drawing through O a parallel 
to I 0 G, and projecting the point of intersection, G r , on to the 
scale OA. 

The power, R ± , supplied to the non-variable branchfis ^represented 
by the vertical distance, DF, between the horizontal axis and the 
diameter, IoI s , of the semicircle I 0 GI S . 

The total power, JP, supplied to the circuits is represented by the 
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ordinate, OF, drawn from the horizontal axis to the circumference 
of the semicircle. Since in this case the whole of the power 
supplied is expended, against losses the ordinates representing 
power will also represent the losses in the circuits. 

The scale for the power ordinates is readily obtained from the 
scale of the current vectors. Thus if these vectors are drawn to a 
scale of 1 cm. = p amp., the current corresponding to a vector of 
length OG cm. is OG.p amp. If E is the line voltage and cos cp 
the power factor, the power supplied is equal to E.I cos cp>. Nov 
the ordinate OF, corresponding to the vector OG, has a length 
equal to OG. cos cp, cm., and represents the power E.Icos cp. Hence 
the scale of the power ordinates, viz. 1 cm. — q watts, must be such 
that q.GF — E.Igos cp, i.e. q(OG.coscp) = E(p.OG) cos cp, whence 
q = p.E, or 1 cm. = p.E watts. 

Seuies Ciuottits 

Load Diagram for a Series Circuit Containing Both Fixed and 
Variable Impedance. Two cases of series circuits will be considered, 
viz. (1) a circuit in which the variable impedance consists of a non- 
inductive resistance, (2) a circuit in which a constant ratio exists 
between the resistance and reactance of the variable impedance, 
i.e. the power factor is constant but is less than unity. These cases 
have a practical application, as the conditions are representative 
of a simple transmission line supplying power to a single load of 
variable magnitude but of constant power factor, which may be 
either equal to, or less than, unity. 

The circuit diagrams are shown in Fig. 64(a) and ( b). In these 
diagrams the fixed impedance, Z x , represents the impedance of 
the transmission line, and the variable resistance, R 2 , Fig. 64(a), or 
the variable impedance, Z 2 , Fig. 64(6), represents the impedance of 
the “ load,” which may consist of a bank of lamps in the former 
case, and a motor, or other electromagnetic apparatus, in the 
latter case. 

The construction of the no-load and short-circuit diagrams for 
these cases is fairly simple, as only one inversion is necessary, but 
the deduction of the load diagram differs in a number of respects 
from that for the parallel circuit. 

Construction of the Diagram for a Load Having a Power Factor 
of Unity. The “ line ” impedance, Z x , Fig. 64(a), is represented in 
Fig. 65 by the image vector OA, the co-ordinates of the point A 
being R ± , JXT x . The cc load 99 impedance is represented by a straight 
line, A B oc, drawn upwards from A parallel to the vertical axis. 
If this line is extended below the point A, then the lower portion 
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represents the load impedance for tlie ease when the resistance is 
negative, i.e. when the load consists of a generator operating at 
unitv power factor. The joint impedance of the circuit, corre¬ 
sponding to a particular value, i? 2 , of the load, is therefore given 
by a vector drawn from O to the appropriate point on the line AB oc. 

' To obtain the current in the circuit the impedance diagram must 
be inverted with respect to the pole O. Now the inverse point 
correspon din g to A is at A ls in OA, or OA produced, according to 
the scales adopted for impedance and admittance. The inversion 
of the line A B with respect to O is a. portion of a semicircle which 
passes through the origin ( O ) and has its centre in the horizontal 
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axis. The diameter of this semicircle corresponds to the inversion 
of OD, where T) is the point of intersection of BA produced, with 
the horizontal axis. Therefore the scale for admittance must be 
selected so as to give a convenient diameter for this semicircle. 

The inversion of the line DAB is therefore the semicircle OA-JEL , 
and the inversion of the line DC oc is the semicircle OREL, the 
centre being at Q in both cases. The arc OG ± A ± therefore represents 
the locus of the joint admittance vector when the resistance JR Z 
is varied from zero to oc, and the arc OFHA ± represents the locus 
of this vector when the resistance is negative and is varied between 
zero and cc. By a suitable change of scale these arcs also represent 
the locus of the line current when the resistance is varied, O being 
the no load point (corresponding to R z — cc and zero current) 
and A lt the short-circuit point (corresponding to R 2 = 0). 

The performance of the circuit is obtained from the diagram as 
follows- 

The line current , corresponding to a particular value, R 2 , of the 
load resistance (which is represented by AG on the resistance 
scale) is given, oil the current scale (which is B times the admittance 
scale, JEJ being the line voltage), by the length of the chord, OG x , 
drawn from O through G, G ± being the inverse point to G. 

The phase difference between line current and impressed E.M.3T. 
is given by the inclination of OG x to the vertical axis (which contains 
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tiie vector of the impressed E.M.F.). The power factor may 
therefore he obtained directly by constructing a power-factor scale 
and quadrant, as shown in Fig. 63, and projecting the point of 
intersection of the current vector and the quadrant on to this 
scale. 

The power taken from the supply system is given, on the power 



Fig. 65. Load Diagbam for a. Series Circuit [Tig. 64 {a)'\ having 
a. Variable Load or Unity Power Factor 

scale (which is E times the current scale), by the ordinate, G X 2M of 
the appropriate current vector. 

The power supplied to, and utilized by, the load is represented by 
G-JST, and that expended in losses in the line is represented by 2s M. 

Proof. Til© diameter, OH, of tli© current semicircle uWjR X H corresponds 
to a current Z M = EjE x , where IK X is the reactance of the ‘'line.” Hence, 
if-the scale for current is 1 cm. = p amp., the length of OH (in em.) is equal 
to I rn Ip — EjElyp. Similarly the length of any radius-vector, such as OG x , 
drawn from. O to the semicircle, which corresponds to a current of I, is 
I Ip em. 

If as, y , are the co-ordinates, with respect to rectangular axes passing 
through the origin O, of any point, G x , on the semicircle, the equation to 
the circle is 

(*)■ * • * * <«> 

since the co-ordinates of the centre of the circle are sc c — -E T /2iV 1 p, y c — O. 

Whence as 2 -f- y~ — x(ItJ/IK-yp), 

i.e. OG\- = xiEjElip). 

Now if 9 ? is the inclination of OG x to the vertical axis, the ordinate at G x 
is given by G X JML — y = OG x .cos <p — (J ip) cos cp. Multiplying each side by 
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the line voltage, £7, we have E.G X M — (£77 cos <p)/p , whence pE.G x 31 = El 
cos y. Therefore the ordinate G X AI represents the power taken from the 
supply system to the scale 1 cm. = _p£7 watts. 

The power, P 2 , stxpplied to the load is given by 

£*2 — £77 cos 9 ? — 7 2 72 1 

= pE.G x AI - p*R x (xE}^xl>) 

= jp£7. G X A1 — pEos cot fp s 
= pE.G x M - pE.AlJS? 

= pE.GpSF 

i.e. for any current represented by OG x the power supplied to the load is 
represented by the intercepted length of the ordinate at this point ^between 
the semicircle and the straight line joining the origin and the short-circuit 
point, the scale being 1 cm. — pE watts. 

The line O A x is therefore the datum line from which the output power, 
En, is measured. Similarly the line 077, i.e. the abscissa axis, is the datum 
line from which the input power, F* x , and the losses are measured. 

The losses are also rep resented. for any particular value (such as OG x ) 
of the line current, by the perpendicular distance of that point from the 
vertical axis (i.e. by the abscissa of the point G x ), but in this case the scale is 
1 cm. = (p£7.eot rp s ) watts. 

Tlie maxi inurn potcer taken from the supply system is represented 
by the maximum ordinate, QJ, in the semicircle, and the maximum 
power supplied to the load is obtained by drawing a tangent parallel 
to the short-circuit line (OA ± ) and determining the length of the 
intercept, between the circumference and the short-circuit line, of 
the ordinate drawn from the point of contact of the tangent. 

The efficiency of the circuit —i.e. the ratio : (power supplied to 
the load'power taken from the supply system)—is given by the 
ratio GjNlG X M. Instead of calculating this ratio for each value 
of the current the efficiency may be obtained directly as follows— 

Draw through the point A l9 a perpendicular A^E, to the vertical 
axis and divide this into 100 parts, placing the zero at A 1 . Then 
the point, S, at which the current vector, OG^, intersects this scale 
gives the percentage efficiency directly. 

Proof. Prom 3, the point of intersection of OG x (or OG x produced) with 
ICA j, draw the ordinate SXJ, and let 9? be the point of intersection of this 
ordinate with the short-circuit line, OA. x . Then, since SJJ = ICO , we have 

the following pairs of similar triangles- 

triangle G x 2CO is similar to triangle STO, 
triangle G-pSIO is similar to triangle SUO, 
triangle A. X ST is similar to triangle A. x ICO. 

Hence, 

Power supplied to load _ E» _ G-fN _ 3d _ SCT _ _4 1 *S r 

Power taken from supply JP G X JM 3U ICO A. X IC 

i.e. the distance A. X S expressed as a fraction of A. X JEC is equal to the efficiency 
of the transmission. Therefore, if A X IC is divided into 100 eqnal parts, with 
zero at AL X , the point of intersection of the line OG x , or OG x produced, with 
this scale gives the efficiency directly as a percentage. 
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Voltage Regulation. The voltage drop in the impedance of the 
line, and the voltage available at the load, may, on the assumption 
of constant supply voltage, he obtained directly from the diagram 
as follows, the proof being given below— 

Join the points A ± and G 1 . Then the triangle OG 1 A 1t is the 
triangle of voltages for the system ; OA x representing the supply 
sroltage to a scale Z x times the current scale (since at short circuit 
l s = EjZ x ), OG x representing the voltage drop in the ‘ £ line ” to 
this scale, and G ± A x representing the voltage at the load to the 
same scale. Hence, since the percentage voltage regulation is 
given by : 100 X (arithmetic difference between Si suppl\ T *’ and 

“ load 35 voltages/supply voltage), this quantity is represented in 
the diagram by the ratio 100 (OG x jOA^), where A X G X , along A x O , 
is made equal to A ± G X . 

The phase difference between the cc load 55 and “ supply 55 voltages 
is given by the angle OA x G x . 


I 
Fx 
F* 


Proof. Let E denote the supply, or impressed, I 3 the short- 

circuit current, qp s the phase difference between E and I s , and Z x the impedance 
of the line. Also let E x denote the voltage drop in the line and E. z the voltage 
at the load, respectively, for a line current 1, which corresponds to a load 
resistance i? 2 , the phase difference between this current and the impressed 
E.M.F. being <p. Then, taking the vector of the impressed E.M.F., OE , 
Fig. 65, as the vector of reference and employing the exponential form of 
symbolic notation, we have 

F x = Z 1 e5c Ps 
E E 
Fx ~ e ~ J<P * 

Ie-5<p 

IZ X = Is~j<p Z x ejrp s = IZ L e3(<p s -<f) 

— IRc,e -3<p 

Let the vector of reference be now rotated through an angle <p s in the 
clockwise direction, so that it coincides with the vector representing the 
short-circuit current, and let the scale for the voltage vectors be Z x times 
that of the current vectors, i.e. 1 cm. — pZ x volts. Then this change of 
position and scale is eqnivalent to multiplying the original voltage vectors 
by the quantity 1 jZ x = (1/Z x )s~3<p & . 

Hence the impressed E.M.F. is now represented by the vector quantity 
E E _. 

~ z x ~~ z x e 3<Ps 

i.e. by the vector OA x in Fig. 65. 

The voltage drop in the line impedance is represented by the vector quantity 
| 1 = XW £ ^) = 

• 1 Zi z x s]<p s 
i.e. by the vector OG x , 

and the voltage across the load is represented- by the vector quantity 
i.e. by the vector O V drawn at an angle q? below Oi. r 


E' - 
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Since in triangle OG x A x tire angle OA t G x — tp, the side G X A. X is parallel to 
OF. Also since G x is the diverse point to G, and A x is the inverse point to A, 
vve have 00.00% — OA.OA x , so that triangle GAG is similar to triangle OA x G x . 
Therefore 

7 X :: GA : OA 

i.e. G X A X = OG X {GA!AO ). 

Hence, since GAjAO — ?Z X , G X A X represents the quantity I(H q {2j x ). 

Therefore the triangle OG\A x is the voltage triangle for the system, OJ, 
representing the supply voltage, OG x the voltage dro£> in the line impedance, 
G X A- the voltage at the load., the scale of these quantities being 1 cm. 
= pZ x volts. 

Constraction of tb.e Diagram for a Load Having a Power Factor Less 
Than Unity. Let the power factor of the load be cos <p 2 . Then in 
constructing the no-load and short-circuit diagram we set off OA, 
Fig. 66, to represent the image vector of the impedance of the “ line,” 
as before, and from A draw the line HZ?oc, at an angle cp 2 to the 
vertical axis, to represent the image vector of the impedance of 
the load. Observe that if the power factor is lagging, <p 2 is set off 
in the clockwise direction, but if the power factor is leading, <y 2 is 
set off in the counter clockwise direction. 

We now obtain the inversion of the lines OA and HZ? oc with 
respect to the pole O. The inversion of the line A B cc gives a 
portion of a semicircle which passes through the origin. The 
centre of this semicircle lies in a line, drawn through the origin, 
perpendieu 1 ar to AB cc, and the diameter is obtained in tbe same 
manner as in the above case. 

Tbe semicircle is shown in Fig. 66 by OG x A^H > the centre being 
at Q. The point H x on the circumference is the inverse point to A, 
and the arc OG^A^ is inverse to the line HZ? cc. Thus the arc 
OG 1 A 1 is the locus of the joint admittance vector when the load is 
varied from zero to short circuit. By a suitable change of scale 
this arc also will represent the locus of the line-current vectors 
when the load is varied, O being the no-load point and H the 
short-circuit point. 

On comparing Fig. 65 with Fig. 66 it will be observed that in 
the former diagram the centre of the semicircle lies in the horizontal 
axis, but that in the latter diagram the line containing the centre is 
displaced from the horizontal axis by tbe angle <p 2 , the displacement 
being in the counter-clockwise (or positive) direction for a leading 
power factor, and in the clockwise direction for a lagging power 
factor. The short-circuit line, OH x , occupies the same position in 
each diagram, if the constants of the line ” are the same for the 
two eases. 

The datum lines for input power and output power are the 
horizontal axis, ON, and the short-circuit line. OA x , respectively. 
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The power input corresponding to a current represented by the 
vector OG x is given by the ordinate G-JM at this point ; the power 
scale being E times the current scale, as in the case above when the 
power factor of the load was unity. The power input is also given 
by the distance, G^M', of the point G x from the horizontal axis 
measured in a direction perpendicular to the diameter of the 



Fig. 66. Load Diagram foe a Series Circuit [Fig. 64 ( b)'j having 
a Variable Load of Constant Power Factor 


semicircle, i.e. in a direction parallel to the tangent at O, but the 
scale is now {E cos cp 2 ) times the current scale. 

The phase difference between the current and the supply voltage 
is given by the angle which the current vector, OG x , makes with 
the vertical axis. 

The power output is given by the portion, G X N\ of the line G X 2T 
which is intercepted between the circumference and the short- 
circuit line OA x ; and the losses in the 41 line 3 ’ are given by the 
portion, N'M\ intercepted between the short-circuit line and the 
horizontal axis, the scale in both cases being (E cos cpf) times the 
current scale. 

The J 2 i? loss in the ££ line 95 impedance , is given by the perpen¬ 

dicular distance of the point G x from the tangent O W. 

The voltage regulation and the voltage at the load are obtained 
as before from the triangle OG x A x ; OA x representing the supply 
voltage, OG x the voltage drop in the line, and A X G X the voltage at 
the load, the scale in each case being Z x times the current scale. 
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Proof . The line current is a maximum when the reactance of the whole 
circuit has a value represented by OD, Fig. 66, which is the perpendicular 
distance of the line AE ZC , produced backwards, from the origin O. This 
value of reactance is only obtained practically by operating the load as a 
generator, and is equal to Z x sin(<p s — <p 2 ), where Z x is the impedance of the 
“ line.” Whence the maximum current- is I M = EfZ x sin(g> s — gp 2 ), and the 
diameter of the current, circle, for a scale of 1 cm. = p amp. is I M fp — 
E i f(pZ 1 sin(g; s — *p 2 ) ). The co-ordinates of the centre of the circle are therefore 

= ($/ M fP) cos ^2 = E cos <p-J2pZ x sin(<j9 fi - g? 2 ) ; 
y c — — sin rp 2 = — E sin (p 2 j2pZ x sin(g? s — cp 2 ). 

Hence the equation to the current circle is 

E cos <p» \ 2 , / E sin q~ 2 \ 2 / E \- 

2pZ x sin{tp 8 - fpn)) 1 \ y 2pZ x sin(g? s - <p^)J ~~ \'2 2 jZ x sin(y s - <p 2 ) ) 

„ , „ _ E j cos (p. 2 sin <p 2 ) 

x -r- y ~ X sin( <P S - q> s ) “ V si n{<p s - cp z ) \ 

— —w -, \/{x- -r U~) * sin(o? — g? 2 ) . . (46) 

pZ x sm(9? s -9? 2 ) v * ^ ^ ; 

chore <p is the inclination to the vertical axis of the line joining the point x, y, 
»o t he origin. The I-R loss in the “ line,” due to a current which is represented 
j»y OG\ (— \ '(x z -f- y s ), where x, y , are the co-ordinates of the point G x ), is 
jiven by 

E^.OG.r- = P'-IiA*"- + 2/ 2 ) = OG i- s ^‘P-VJ 

= \ pE 1 00l - Bin(9 ’“^)’ 

= (pE ■. T° s —'N G X C watts, 

where G X C is the perpendicular distance of G x from the tangent OJV. 

ATow G X C/sin(<pg — <p 2 ) is equal to ON', where N' is the point of intersection 
of the short-circuit line, OA x . and a line, G X M', drawn through G x parallel to 
the tangent OTF. Also ON' cos tp s is the ordinate at A T '. Hence the I 2 P loss 
is also given by 

pE.NJSI, 



where N is the projection of the point N' on the ordinate, G X J\1, at G x . 

The power taken from the supply system is given by El cos w, or by 
pE.G x J\I , since G X JM — ( p.OG x ) cos cp.. 

Hence the power supplied to the load is given by G X N, the difference 
between G x 31 and NJM, the scale being E t im es the current scale. 

Xow since the angle 31G X JM' = cp 2 : G X J\1 — G X J\1' cos <p z ; G X N = G X N' cos g> 2 ; 
NA1 = N'Jtf' cos g 2 . Therefore, if the power scale is changed to (E cos <p 2 ) 
times the current scale, the intercepts G x Jtf', G X N', JSf'JW', on a line drawn 
through G x parallel to the tangent at the origin (i.e. this line is perpendicular 
to the diameter of the circle) give the power input, the power output, and 
the line losses ; the scale being 1 cm. = pE cos <p 2 watts. 

The efficiency [i.e. the ratio : (power taken from supply/power supplied 
to the load)] is given by A X S(A X N, where S is the point of intersection of 
OG x with the horizontal line, A-pKL, drawn through A x . Thus if from the 
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point S a line SZJ be drawn parallel to the tangent O W, and if T is the point 
of intersection of this line and. the short-circuit line OA Xr then from the 
similar pairs of triangles OQ x M\ OSU - OG x N' t OST ; A x KO, A X ST we have 
Power supplied to load G X N' ST ST SA , 

Power taken from supply G X M.' SZJ KO ~ KA x 

Construction of the Load Diagram from Test Data. The load 
diagrams hitherto considered have been deduced from a knowledge 
of the constants 55 of the circuit, i.e. the resistance and reactances 
of i£ line ” and the cc load.” But in the case of series circuits of 
the type shown in Tig. 64 it is apparent that the current circle could 
have been drawn if the magnitude and phase of the short-circuit 
current and the power factor of the load had been given. Tor 
example, the centre of the current circle is obtained quite easily 
by setting off the short-circuit line in its correct position with 
reference to the rectangular axes ; bisecting this line, and drawing 
a perpendicular to intersect a line drawn through the origin and 
inclined at the angle cp z with respect to the horizontal axis, where 
cos <£>2 * s the power factor of the load and the angle <j? 2 is measured 
in the positive direction when the power factor is leading, and in 
the negative direction when the power factor is lagging. The 
diagram is completed by drawing a horizontal line through the 
short-circuit point and a tangent from the origin to intersect the 
former. The distance between the short-circuit point and the 
point of intersection of the horizontal line and tangent is divided 
into 100 parts, with the zero at the short-circuit point, thereby 
giving the scale for efficiency. The scale for power follows directly 
from the scale for current and a knowledge of the line voltage and 
the powder factor of the load. 

In the case of the parallel circuit, the current circle can be drawn 
when the magnitudes and phase differences of the no-load and 
short-circuit currents are known. 

Example. The following worked, example is given to show the simplicity 
with which the performance of a simple transmission line can be obtained, by 
means of the eirele diagram. 

A variable load of constant power factor is supplied from a generating 
station through a transmission line having an impedance of 1-6 3 195 

ohms. The voltage at the generating station is 2200 "V*. 

Two cases will be considered : (1) power factor of load 0*9 lagging ; (2) power 
factor of load 0*95 leading. 

The current circles will be drawn by determining directly the vector for 
the short-circuit current. Thus, since Z x — yyi-6 2 -f- 1-95 2 ) — 2*52 12, 

I s = E}Z X = 2200/2*52 = 872 A. <p s = cos"Hl-6/2-52) = 50-6°. 

Selecting a current scale of 1 cm- = 50 A., we draw the line OA x (Fig. 67), 
17*44 cm. (= 872/50) in length and inclined at an angle of 50*6° to the 
vertical axis, to represent the short-circuit current. 
xo —(T.5245) 
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Draw through the origin lines OH x , OH 2 , inclined at angles of — 25*8° 
( = eos _i 0-9) and 18*2° ( = cos^O-Oo), respectively, to the horizontal axis. 
Bisect O.lj at F and draw the perpendicular FQjQ x to intersect the lines 
OH £ , OH x , at Q 2 and Q x respectively. Then Q x is the centre of the current 
circle when the power factor of the load is 0-9 lagging, and Q 2 is the centre of 
the current circle when the power factor of the load is 0*95 leading. 

The diameters of the circles are 

41-6 cm. ( = 17*44/sin(50*6° — 25-8°) for the load of power factor 0-9 (lagging). 
IS-7 cm. ( = 17-44/sm(50*6° — lS-2 a ) for the load of power factor 0-95 (leading). 



The circle for the load of 0*95 power factor (leading) is shown complete 
in Tig. 67, but only a portion of the circle for the load of 0-9 power factor 
(lagging) is shown on account of space restrictions. Moreover, only the 
portions of both circles which are above the horizontal axis and between the 
no-load and short-circuit points are required for the present purpose. 

The diagrams are completed by drawing tangents O W x , OW 2 , at the origin 
and constructing the efficiency scales. To prevent confusion these scales are 
constracTO-i below the horizontal axis. Thus the short-circuit line and the 
tangents are produced beyond the origin, and a horizontal line of any con¬ 
venient length is drawn between the short-circuit line, produced, and each 
tangent. Each of these lines is divided into 100 equal parts, as shown in 
Fig. 67. The efficiency corresponding to a particular line current is obtained 
by producing the current vector backwards until it intersects the appropriate 
scale. 

The scale for power may be obtained when the method of measuring this 
quantity is decided. Thus, if power is measured vertically, the scale is 
E times the current scale—i.e. 1 cm. = 2200 X 50 = 110,000 watts, or 
1 cm. = 110 kW.—for both cases. But if power is measured in a direction 
parallel to the appropriate tangent (i.e. in a direction perpendicular to the 
diameter of the appropriate current circle* the scales for the two cases will 
not be the same, being 1 cm. = 2200 x 0*9 X 50 = 99,000 watts, or 
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1 era- = 99 kW., for the 0*9 power-factor load ; and 1 cm. — 22 00 x 0-95 
X 50 = 104,500 watts, or 1 cm. = 104-5 kW., for the 0*95 power-factor load. 

The power and losses are obtained by measuring these quantities in direc¬ 
tions parallel to the appropriate tangents. For example, when the power 
factor is lagging the input, output, and losses corresponding to the current 
represented by the vector OG ± , Fig. 67, are given by G^M^ G X 1 V x , 2? x M xt 
respectively, the scale being 1 cm. =99 kW. Similarly, when the power 
factor is leading, the input, output, and losses cox-responding to the current 
represented by the vector OG 2 , are given by G 2 jM 2 , G 2 JSf 2 , iN r oAZ 2 , respectively, 
the scale being 1 cm. = 104*5 kW. 

The performance of the transmission line, as deduced from the load diagram 
of Fig. 67, is given in Table V, and the results are plotted in Fig. 6S. 



Fig. 68. Performance Curves of Transmission Line (determined 
FROM TECE LOAD DIAGRAM OF FlG. 67) 


The results show that a load of lagging power factor adversely affects the 
efficiency and voltage regulation of the line, and the power factor at which 
the generator operates. 

Series-Parallel Circuits 

Load Diagram for a Series-parallel Circuit with Variable Impedance, 
of Constant Power Factor, in One Branch. The construction of the 
no-’oad and short-circuit diagram for this circuit involves the 
determination of (1) the diagrams for the joint admittance and joint 
impedance of the parallel branches, (2) the diagram for the joint im¬ 
pedance of the complete circuit, (3) the inversion of this diagram 
and the change of scale so that the vectors will represent currents. 

The variable impedance will be denoted by A,?, the fixed series im¬ 
pedance" by Z l9 and the impedance of the non-variable branch by Z. 

The no-load and short-circuit diagram is constructed as follows— 

Select a suitable scale for admittance and draw AB, Fig- 69, to 



TABLE V 

MoHRiirod and calculated quantilies (from Fig, 67) for performance of transmission line, 
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represent the admittance, Y 3 , of the branch of fixed impedance. 
It is preferable for reasons which will be explained later, to draw 
AB with respect to temporary axes, il 7 , AY', instead of the 
permanent axes of reference. From B draw the line BC cc to 
represent the admittance of the variable branch, the line being 
inclined at the angle <p 2 with respect to the temporary vertical axis, 
where cos <p 2 is the power factor of the variable branch. Vectors 
drawn from A to the line BC cc therefore represent the joint admit¬ 
tance of the parallel branches. Hence the line BC az is the locns of 

oc 



Fig. 69. 1STo-loa.:d and Short-circuit Diagram for Simple Series- 

PARALLEL ClSCTTIT 


the joint admittance vector when the impedance of the variable 
branch is positive and is varied between zero and infinity. 

The joint impedance of the parallel branches is obtained by 
the inversion of the locns BC cc with respect to the pole A . This 
inversion gives the arc AG^B X , the centre of which lies at Q in the 
line AB inclined at cp 2 with respect to the temporary horizontal 
axis. Vectors drawn from A to the arc AG ± B ± therefore represent 
the joint impedance of the parallel branches when the impedance 
of the variable branch is positive and is varied from zero to infinity. 
Similarly, vectors drawn from A to the lower arc B X BA represent 
the joint impedance of the branch circuits when the impedance of 
the variable branch is negative and is varied from zero to infinity 
(i.e. when the circuit Z 2 is acting as a generator at a constant power 
factor, cos <p 2 ). 
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To obtain the joint impedance of the whole circuit the series 
impedance, Z x , must be added vectorially to the joint impedance 
vectors for the branch circuits. If the Jaddition is carried out in 
this manner, another circle, which is shown dotted in hi g. 69, will 
be obtained. The diameter of this new circle is the same as that of 
the original circle, but its centre is at Q' ; the distance QQ' being 
equal, on the impedance scale, to Z ±i and the inclination of QQ' 
to the vertical axis being equal to q? x , where tan <p x = JL X !R±. This 
circle is therefore the locus of the joint impedance vectors for the 
complete circuit when the axes ALL', A Y' 9 are the axes of reference. 

Instead of constructing the second circle to obtain the joint 
impedance of the complete circuit, we may make the original circle 
represent this quantity by shifting the temporary origin (A ) to O, 
where the distance OA represents the series impedance Z x , and the 
inclination of OA to the vertical is equal to <p x . Thus the single 
circle AG^B^H may reiuresent either (1) the locus of the vector of 
the joint impedance of the parallel branches of the circuit—in which 
case the origin is at A and the axes of reference are ALL', A Y '—or 
(2) the locus of the vector of the joint impedance of the complete 
circuit—in which case the origin is at O and the axes of reference 
are OLL. OY. 

The joint a dmi ttance of the complete circuit is obtained by the 
inversion of the circle AG ± B ± H with respect to the pole O. This 
inversion, as explained on p. 105, gives a circle the centre of which 
lies in the line joining O and Q. But by a suitable choice of the 
new admittance scale the original circle may be made to represent 
its inverse circle. For example, if J, LL, are the points of intersection 
of the line OQ, produced, and the circumference of the circle AG X B X H, 
then if this circle is to represent the locus of both impedance and 
admittance vectors, we must have rn.OJ — 1 jn.OIL, or ra=l/(m 
X OJ.OK), where m, ?i 3 are the scales for impedance and admittance 
respectively. 

ZSTow in the original diagram for the admittance of the parallel 
branch circuits the points B and oc correspond to zero and infinite 
admittance, respectively, of the variable branch. The inversion of 
these points with respect to A gives the points B x and A respectively, 
on the impedance circle, and the inversion of points B x and A with 
respect to O gives the points B. 2 and A x on the admittance circle. 
Hence B 2 is the “ no-load 55 point, and A x is the cc short-circuit 55 
point in the final ad mi ttance diagram. By changing the scale of 
this diagram to E times the admittance scale, where E is the supply 
voltage, we obtain the current diagram for the circuit, B z being the 

no-load 99 point and AL X the ee short-circuit 95 point. Hence the 
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no-load current is given by the vector OB 2 and the short-circuit 
current is given by the vector OA ± . 

The load diagram, Tig. 70, is obtained from the current diagram 
by determining the datum lines for (1) the power taken from the 
supply system, (2) the power expended in the series impedance, 

(3) the power expended in the branch of fixed impedance, and 

(4) the power supplied to the variable branch. The additional 
construction involved after the no-load and short-circuit points 
have been determined and the circle has been drawn, is as follows— 

From the origin draw a tangent OF to the circle, bisect it at D 
and draw a perpendicular JDUHV to the line OQ joining the origin 
and the centre of the circle. This perpendicular is called the 
44 semi-polar 95 of the circle with respect to the origin. 

From the short-circuit point, A x , draw the tangent A X V. 

Join the no-load and short-circuit points, and produce the line 
(AjE 2 ) to cut the horizontal axis at T. Join T and V (the inter¬ 
section of the semi-polar and the tangent at the short-circuit point). 

Join the short-circuit point and the point. U, at which the 
semi-polar intersects the horizontal axis. 

The datum line for obtaining the 'power taken from the supply 
system is the horizontal, or abscissae, axis, and is called the 44 input 99 
datum line. The power taken from the supply system, when the 
line current is represented by the vector OG lf is proportional to the 
ordinate, G^M, drawn from the point G x . 

The' datum line for obtaining the I 2 R loss in the series impedance , Z l3 
is the 44 semi-polar 59 of the current circle with respect to the 
origin O . This line, UR V, is called the 44 primary loss 91 datum line. 
The I 2 R loss in the series impedance, corresponding to a line current 
represented by the vector OG ± , is proportional to the perpendicular 
distance, G-JR, of the point from the semi-polar. 

The loss is also represented by LS, which is the intercept on the 
line G X S, drawn through C T parallel to the semi-polar, made by the 
horizontal axis and the line UA 1 (w^hich joins the short-circuit point 
and the point at which the semi-polar intersects the horizontal 
axis). 

The datum line for obtaining the power expended in the branch of 
fixed impedance is the tangent drawn from the short-circuit point. 
The power expended in this branch, when the line current is 
represented by the vector OC L , is proportional to the perpendicular 
distance, G ± K. of the point 6r x from this tangent. 

The datum line for obtaining the power supplied to the branch of 
variable impedance is the line joining the no-load and short-circuit 
points, and is called the 44 output 99 datum line. The power supplied 
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to this branch, when the line current is represented by the -vector 
0(r l3 is proportional to G^N, which is the intercept, made by the 
circumference of the circle and the output ” line, on the line G ± IF, 
drawn from the point G 2 parallel to the line VT. 

Hence N TF is proportional to (J 2 R loss in the series impedance 
-f- power expended in the branch of fixed impedance). 



The scales for the quantities obtained by measurement from the 
various datum lines are deduced on pp. 137 and 138. 

The scale for efficiency is constructed on a horizontal line drawn 
in any convenient position between boundary lines formed by the 
output * ? datum line. A ± FJ./T. or its extension, and a line, VT, 
passing through the points of intersection of (i) the ct output ” 
datum line and the horizontal axis, (ii) the C£ primary loss ?? datum 
line (i.e. the semi-polar) and the tangent drawn from the short- 
circuit point. The efficiency, i.e. the ratio 

power supplied to the branch of variable impedance 
power taken from the supply system 
is given directly on this scale by the point of intersection made by 
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a line drawn through T and the appropriate point on the current 
circle. 

The triangle OG^A^ is the voltage triangle for the circuit ; the 
side OA ± representing the supply voltage, OG 1 the voltage drop in 
the series impedance, and G 1 A ± the voltage at the terminal's of the 
parallel branch circuits. 

The sides G 1 A 1> G X H 2 > of the triangle A 1 G 1 R% represent, to dissimilar 
scales, the magnitudes of the currents in the fixed and variable 
branches respectively . 

Broof. Line Current and Branch-circuit Currents. The line current cor¬ 
responding to any particular value, Z 2 , of the variable impedance is given bv 

j _ _ E _ 

- 1 Zi -+- ci/<r 2 4- r*n 

where F 2 is the value of admittance corresponding to the impedance Z z , 
and Y 3 is the admittance of tlie non-variable branch. 

The corresponding currents in the branch circuits are : J. 2 — E. 2 T 2 in 

the variable branch, and J a = E z Y 3 in the non-variable branch, where E z 
is the voltage at the terminals of these branches and is given by E z — E — T X Z X . 

Now I x = I 2 4 - I 3 = I 2 + y s (E - I X Z X ), 
and when the current in the variable branch is zero, the line current is 
I 0 = Y z {_E-I 0 Z x ). 

Whence, by subtraction, 

lx-I o = Iz 4- Y 3 (E - I X Z X ) - Y 3 (E - I 0 Z X ) 

= /a - Y*Z X (I X - I Q ) 

or J a = (lx-Jo) (1 + Y x /Z s ). 

Thus the current in the variable branch is equal to the vectorial difference 
of the line and no-load currents multiplied by the complex number (1 -f -Z x /Z 3 ), 
which is a constant quantity for a given circuit. 

Now E & G 19 Tig. 70, is the difference of the line current and no-load current 
vectors. Hence, E Z G X represents the magnitude of the current in the variable 
branch to a scale -\/[l «+- 2 {Z x jZ 3 ) cos (gjj— 993 ) -f- (^i/Zg) 2 ] times the scale of the 
line current. 

The current I 3 in the branch of fixed impedance is proportional to the 
voltage, E z , at the terminals of the parallel branches. Now the triangle 
OG x A x is the voltage triangle for the circuit (see p. 126), and the voltage at 
the terminals of the parallel branches is represented by G X A . X . the scale being 
Z x times the scale for the line current. Hence the magnitude of the current 
in the branch of fixed impedance is given by J 3 = E z fZ s = lpZ x ’Z 3 )G X JL X ; 
i.e. the magnitude of this current is represented by G X A X , the scale being 
1 cm. = (pZ x /Z 3 ) amp. But the vector G X A. X only gives the phase of this 
current in the special case when the reactance of this branch is zero. 

Power Xaken from the Supply System. At no load the power taken from 
the supply system is given by : B 0 — El 0 cos <p Q , where <p 0 is the phase 
difference between the no-load current and the supply voltage. The power 
taken from the supply system at short circuit is given by B s — EJ S cos g? s . 

Now if the diagram of Fig. 70 is drawn to a scale of 1 cm. = p amp., the 
power taken at no load is represented by E.p.OB z .cos <p Q , or by pEy 0 . where 
y 0 is the ordinate at E z . Similarly the power taken at short circuit is 
represented by E.p.OA x cos <p s , or by pEy s ^ where y s is the ordinate at A x , and 
generally, if any particular line current, I, is represented by the vector OG x , 
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the power taken from the supply system is represented by pEy , where y is 
the ordinate at G x . Therefore the power taken from the supply system is 
represented by the ordinate of the extremity of the current vector, the scale 
being: i cm. — pE watts. 

Power Expended in Series Impedance. The equation representing the I~R 
loss in the series impedance, Z- x , is deduced as follows- 

Let the line current I be rep re sent ed by the vector OG x , the co-ordinates 
of the point G\ being x, y. 

Then, I~R X = (p.OG^f R x = -f- y~)R x . 

If r is the radius of the current circle and x c , are the co-ordinates of its 
centre, the equation to the circle is 

{-r — x c )~ -r- (y — y c )~ — r~, 
from which we obtain 

^2 m y 2 = d.r:r c -f- ~yy c ~ (^ c 2 + ^ c 2 ~ r “) * • • ( 47 ) 

Hence the I~R loss in the series impedance is represented by 


= p-{x* ~ y-)E 1 
= p"R x [2xx c -f- 2yy l 
= 2p-R x Txx e ~ yy c 


— [ 2 p E i ? iV "(^ u - 2 + S ^ c 2 )] 
= [2 p-R x Vi^i 


- -r y c ~ - r z ) ] 

+ y c ~ - r ~) 3 

XX c d- yy c - h(x c ~ -f- yf - 
— :*c~> 

y c ~) 


r") 


since the expression Txx c 4 - yy c ~ izi^c _ w ■ 3 / c 2 ) represents the 

perpendicular distance G X H of the point x, y\ i.e. the point G x ), from the straight 
line which is represented by the equation 


-f yy c - I U C ~ -f- y c ~ - r ~) = o, 

this line being the “ semi-polar of the origin with respect to the circle. 
Thus the serai-p. Tar r-f the origin with respect to the current circle is the 
datum line fror:: w;.;e:i the I~R loss in the series portion of the circuit is 
measured, the loss being given by the perpendicular distance, from the 
semi-polar of the appropriate point on the current circle, and the scale being 
i cm. = 2p*R x \/(x c " -- y c -') watts. 

The proof for the altematree ?nethod of obtaining the I Z R Joss in the series 
impedance (i.e. from the intercept, made by the line A X U and the horizontal 
axis, on a line drawn from G x parallel to the semi-polar) is as follows—• 

If from the points G x and the lines G X S , A X G, and G X H, A X H X , Tig. 70, 
are drawn parallel to, and perpendicular to, respectively, the semi-polar 
VU, then from the similar triangles ZJSL, UGA x , we have 


LS US _ G X M 
A X C ~ UC ~~ A ± H X 


JLS A x O 
G X H ~~ A X H X 


ISTow G X H, as already shown, represents the J Z R loss in the series impedance 
when the current is represented by OG x , the scale being 1 cm. = 2p-R x y' (x c ~ -+- yf) 
warts. Also A and. A Z C both represent the I~R loss at short circuit, the 
scale for the former being 1 cm. — 2p-R x -\/(x c 2 -f- y c ~), and that for the latter 
being 1 cm. = pE cos a. watts, where a is the angle which the semi-polar 
makes with the vertical axis. 

* The semi-polar is the line which, is parallel to the polar and is mid-way between the polar 
and. the origin. Both the semi-polar and. polar, in the present case, are perpendicular to the 
line joi n ing the origin and. the centre of the circle, the equation to this line being xy — yx = 0. 
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A. x G{pE cos cl) ■ 

jl x c 


A. X H X [2p z E x V (x c s + y c *) ] 

2ffl^ iV(a;c 2 + y<£) 

2oE cos a 


JL X H X 

Substituting this value for A X C jJL X H X in the above equation, we have 
LS _ 2p2J2 x V(x c 2-j- y*) 

G X H pE cos cl 

Whence, LS{pE cos a.) — G X H {2p^R x s/{pcf^ -f- 

Therefore, LS represents the I S E loss in the series impedance, to the scale 
I cm. = pE cos a watts, when the current is represented by OG x . 

Construction for the Polar and Semi-polar of a Given Point with Respect 


G y Fig 


71, and E the 



Fig. 71. Pn:RTAi:sT:sro to Polae 
A 3sn> Semi-polab 


to a Circle. Let Q be the centre of the circle, 
point from which the polar with 
respect to the circle is required. 

From jP draw tangents to the circle, 
and join the points of contact by the 
line JLDB. This line is the polar of 
the point JP with, respect to the 
circle, and is perpendicular to the 
line EQ, joining the point IP and 
the centre Q of the circle. 

To obtain the serni-polar, bisect 
-DjP at E and draw through E a line 
FEGy parallel to the polar. Then 
the line EEG is called the semi-polar 
of the point E with respect to the 
circle. 

In cases where the determination 
of the points of contact of the tan¬ 
gents is difficult, or may lead to an 
inaccurate construction for the polar, 
and semi-polar, the following construction may be adopted : Divide the line 
EQ, joining the centre of the circle and the point JP, at D and E such that 
EQ.QJD «= r 2 , or ED = EQ[ 1 - (r/EQ)*~\; and EE = IEQ(1 - (r/EQ-fl 
Draw through the points TJ, E, lines perpendicular to the line EQ. Then 
the line through D is the polar, and that through E is the semi-polar. 

The proof for this construction is as follows : Let the equation of the circle 
be {pc — x c )~ -f- (y — 2/ e ) 2 = r a , and let y', be the co-ordinates of the point, 
Ey for which the polar is required. Then the equation of the polar is 
(x-x c ) (cc' - x G ) -f- (2/ — y c ) ( V' — 2/ c ) = »**, or 

*(*'— x c) -+- y(y' — y<>) - x c ( x ' - x c) - y c (y' - y c) - r ~ = o, 

which is the equation to a straight line. Moreover, since the equation to the 
line joining the point E and the centre, Q, of the circle is 
cc —x' y — y' __ 

y a -v' 

or X (y c - y r ) - y(x c - x') - x'y c + oc c y' = 0, 

this line is perpendicular to the polar. 

Hence the distance between the centre, Q, of the circle and the point 
of intersection, D, of the line EQ and the polar (i.e. the perpendicular 
distance of the centre of the circle from the polar) is 

eq = so ^ sd q ~ + yctec - y') - x c( x c - x ') - ydvc - y') 4 - *- 2 


VciVc __ 

VU. x o - x ' y ~ + ( y c - y ')*2 


VC ( x c — x ') s ~h (y c ~y') z J 
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\l .*p,~ b -» ar. s.>.: bci ween the points JP anti Q is 
T here fore F*Q.UQ == r 2 . 

Power Expended in the Branch. Circuit of Fixed Impedance. The power 

:• -i iri thi.? -r' i.u. .f t he circuit is given by P z — (E z !Z z )-H z . 

S' v : rianNe f jA- f t , Ficr. TO. is the volt a,ace triangle for the system, 

... ?jA, r _*”? he supply voltage, OG\ the voltage drop in the 

r: , .. : r _ 7 -_.--.i~ij.T- - the voltage at the terminals of the parallel 


t::.:* the we tor OA* represents the short-circuit current to a scale of 
I r . ur.d tins current is given by EjZ x , the same vector, OAL %9 

W 1..1 uls.o Yer the supply voltage to a scale Z x times the current scale, 

.. t he .-rcalo f,?r voltage is l’em. = ~pZ x volts. Therefore 

£\ - (f:.±Z a )*I2 a - P 3 ’ jtsZi.Cr j.4 j Z z )“ = (p*jR a Z x z;Z 3 *)t(x s - *)*A-{V S - 2/)*], 
since 6', .4 = : r, - — („•/, - y) z , where x gt y s , are the co-ordinates of the 

>h >rx -circuit p..dnt A x . 

Expanding*!his expression and substituting for x a -f* y 2 from equation (47), 

we have 

P 3 ? -E z Zp z z ~: — x s 'j -r Z/(^ c “ “ M <* c s ~ *«“)“*■ .V* a )“ ? ' 2 T) * 

Whence, 





;e perpendicular distance, G X E of the point a;, y (i.e. the point G x ) 
::r ~.f .4.. Therefore the tangent at the short-circuit point is 
ht-- which the power expended in the branch of constant 

* measured, the scale being 1 cm. 


— 'dp-/N 2 r, = ZA) - .r s )2 -f- (y c -y a )~] watts. 

Fewer Expended in the Branch Circuit of Variable Impedance. To show that 
i- - . -..'.-It” : ~ *:■ r--i--r.t>: i by —Draw from G x a line, G x ci, parallel to 

.4. to intersect -4 ir a .the line joining the no-load and short-circuit points) 
u. and frm ct c aw a line parallel to A X TJ to ^atersect at <3 f 1 *S r (which is 
; rail el to the sem polar,! at d. From e? draw a horizontal line to intersect 
L ir .which is pare .el to FT at iV. Then this point, IST, coincides with the 
terseeti:n of A-.J3 and since the triangles aJEb, A. X TZJ are similar. 

Now the portion dS , of < 9 r S', is made up of two parts, dh and JLS ; the 
►Truer representing the power expended in the branch of fixed impedance, 
-d :ne latter r -presenting the 2~R loss in the series impedance, the scale in 
- ■ ■ h l.-hr.cr I cm. = pE cos a watts. Therefore the ordinate at d, or, 

T-rr:..:.v-vo ordinate at -V, represents the power expended in the fixed 

3rtion of the circuit, the scale being 1 cm. = pE watts. Hence, JsTW 
tt-'-'-nu this^ power to the scale 1 cm. = pE cos 3 watts, where <5 is the 
. .■iiu.vLl ■. n cz YT to the vertical axis.* 


* The line rr may be 'called the “ total loss ’* datum line, since the length of the per¬ 
pendicular, U X J, drawn from Q xt is proportional to the intercept A T TF. 
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The remaining portion, G X ~N, of G X W must therefore represent the power 
supplied to the variable branch to the scale 1 cm. = pE cos <3 watts. Since 
<5 is usually a very small angle, the power scale when measuring parallel to 
VT is practically equal to the power scale when measuring along the 
ordinate. 

Therefore in the load, diagram the power expended in, or supplied to, all 
parts of the circuit is obtained by drawing from G x (i) the ordinate G X ~M , 
(ii) a parallel, G x TV, to YT , (iii) a parallel, G X S, to the semi-polar TT’. The 
power taken from the supply system is then given by the ordinate, G X M , 
the scale being 1 cm. = pE watts. The power expended in the series 
impedance is given by the intercept LS, or, alternatively, by the ordinate 
at L, the scales being 1 cm. — pE cos a. watts in the' former case, and 
1 cm. — pE watts in the latter case. The power expended in the fixed 
portions of the circuit (i.e. the series impedance and the fixed branch of the 
parallel portion of the circuit) is given by JST Ti~, or, alternatively, by the 
ordinate at iV, the scales being 1 cm. = pE cos S watts in the former' case, 
and 1 cm. — pE watts in the latter ease. The power supplied to the variable 
branch of the circuit is given by 6? 1 A r , or, alternatively, by the difference in 
the ordinates at G x and JST, the scales being 1 cm. — pE cos 3 watts in the 
former case, and 1 cm. = pE watts in the latter case. 

Efficiency. The ratio (power supplied to branch of variable impedance 
power taken from supply system) is given by G X EfG x XV. 

ISTow, if the lines A. x bJt and VT are produced beyond T, and any horizontal 
line be drawn to intersect their extensions at l and 7i, respectively ; and if G, 
be joined to T and produced so as to cut this horizontal line at h , the efficiency 
is given by Ikjlh. Thus, if from k a line, km, is drawn parallel to VT to 
intersect Tl and tbe horizontal axis at n and m respectively, we have, from 
the similar triangles Thl, nkl 



nk 

__ Ik 


~Th 

Ih 

But 

nk 

nk 



mk 

~~ Th ~~ 

Therefore, 

Ik 

G X E 


Ih 

G X W 


Hence if Ih be divided into 100 equal parts, with the zero point at l and the 
100 point at h , the percentage efficiency is given directly by the scale reading 
at k (i.e. the point at which the line joining G x and T intersects the scale). 


Construction of the Load Diagram from Test Data. For the case, 

discussed above, where the power factor of the variable branch 
circuit is constant and the impedance of this portion is variable 
between zero and infinity, the following construction for the no- 
load and short-circuit diagram may be adopted when the magnitude 
and phases of the no-load and short-circuit currents are known. 

Draw rectangular axes OF, O Y, and from the origin O draw the 
vectors O.B 2 , OA L , Fig. 72, to represent the no-load and short-circuit 
currents, respectively, to a convenient scale, the inclination of 
these vectors to the vertical axis being cp Q and <p s respectively. 
Join the points j 5 2 and A x \ bisect this line at F, and draw the 
perpendicular at FQ. From jB 2 draw the line B 2 Q to intersect this 
perpendicular at Q, which is the centre of the current circle. The 
angle which B Z Q makes with the horizontal axis, B 2 F n , at J5 S is 
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r.u _~c* , _ re cos; 7,-*, is the power factor of the variable 

biVASivh bv/hvincr positive for a leading power factor and negative 
f.-, P a ia;r;jint: power factor), and ip is the angle OA ± B 2 . Hence when 
tho |v:\ver factor, cos £\>, of the variable branch is lagging, B 2 N"Q 
b drawn KAw the horizontal axis. R 2 N", the angle N"B 2 Q being 



* ..... ..•r:ox or Xo-load axd Shokt-cieccit Diagram 

rsv:i Data or Xo-load akd Short-circuit Tests 

vnah numerically, to (7* — 2y;* : but if the power factor is leading, 
B 2 Q h drawn above the horizontal axis, B 2 N", and the angle K"B 2 Q 

is fCiia;. numerically, to (qr 2 -f- 2^.’). 5i * 

Jv:A ivierfenee to his:. 69. which refers to tlie case when the power 
factor of the variable branch is lirrus. and the no-load point lies below the 
short-circuit line, will show that, the due -4.Q containing the centre of the 
current circle is inclined at the angle <p % with respect to the horizontal axis 
A ?I '. this angle being below the horizontal axis because the power factor is 
lagging. Now since the angles ALQJB%, .4.4 1 B 2 , both subtend the same arc, 
.l£b, r -i -he circle B.^AATI, hut the former angle is at the centre, and the 
latter is at the ciruraferenee. of the circle, the angle AQB Z is double the 
andte Hence die angle which the line B^Q makes -with, a horizontal 

axis drawn t rr r -.Sr. 25h is equal, numerical!y. to <pn~2ip. Therefore the line 
2? ; /\ Fig. 7£ . ■vhM, := inclined at at. angle equal to — cp z - 4 - 2 up — — (g? a — 2ip), 

with respect to the horizontal axis BAl", passes through the centre of the 
circle 4 . 

r it may be shown that when the power factor of the 
vanane oranen is lending, the line B*>Q„ Fig. 72(b), which is inclined at an 
• - - - to — « 7* 2 — 2y with respect to the horizontal axis B^K", passes 

centre of the circle. 

The diagram is completed by constructing tbe efficiency scale 
and drawing the datum lines for input, output, etc., in tbe m a nn er 

a I re a«:!y described. 



CHAPTER VIII 

THE SINGLE-PHASE TRANSFORMER 

One of the greatest/ advantages of alternating currents over direct 
currents is the facility with which the voltage can be changed from 
a low to a high value, or vice versa , to meet the requirements of, 
say, long distance transmission or distribution for industrial power 
and lighting supplies. In all large A.C. distribution systems the 



Fig. 73. Elementary Diagrams Showing Arrangements or 
Core and Windings in Core-tyre (left) and Shell-tyre (right) 

Transformers 


voltage at a consumer’s premises may have a value quite different 
from that at the generator, and several changes of voltage may 
occur between the generator and the consumer. These changes of 
voltage are effected, with almost negligible loss of energy, by means 
of stationary transformers working on the principle of mutual 
induction. 

Principle of Transformer. A transformer consists essentially of 
two electric circuits, tightly coupled magnetically. One circuit 
(called the primary ) is designed to receive energy from an A.C. 
supply system ; and the other circuit (called the secondary) is de¬ 
signed to deliver energy of the same form and frequency, but 
usually of a different voltage, to a load. In practice, the tight 
magnetic coupling between the circuits- is obtained by arranging 
them in the form of either concentric or sandwiched coils, spaced 
as closely together as the conditions of construction and operation 
will permit, and providing a magnetic circuit of low' reluctance. Tor 
low-frequency systems the magnetic circuit is built of alloyed steel 
laminations with interleaved joints, so as to reduce the reluctance. 
The sketches in Fig. 73 show two arrangements for the coils and 
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hi minuted core* Hence when the primary is connected to an A.G. 
Mijuniy system, an alternating flux is produced in the core, and this 
tlux links with the turns of both primary and secondary windings, 
therebv inducing E.M.Fs. in these windings. The E.h.F. induced 
i!i t he'primary is isi the nature of a bac-k-E.M.F. and opposes the 
supplv voltage: that induced in the secondary is expended in pro¬ 
ducing current in the load. The transference of energy from the 
primary to the secondary, therefore, takes place electromagnetic-ally 



Fit.;, 74. Magnetic Circuit and Vector Diagrams of Ideal 
Transformer 


in virtue of the magnetic coupling between the circuits. Thus the 
magnetic coupling plays an important part in the action of the 

t raiTsformer. 

Elementary Theory of Ideal Transformer. In an ideal transformer 
he. one with. out losses or magnetic leakage) an alternating flux <f>, 
produced by the magnetizing effect of the primary, links with the 
whole of the turns of both primary and secondary windings as indi¬ 
cated in Fig. 74 (a). This diagram shows the primary (jP) and 
secondary [S ! f windings spaced apart for clearness in representation, 
but in actual transformers these windings would be in the form of 
concentric- coils. 

If -V x . JVb denote the number of turns in primary and secondary 
windings respectively, the E.M.Fs. induced are e x = — (N ± /10 s )d<&/dt 
and = — I -V 2 I0 s )c?O dt, Hence eje^ — N x /N 2 , i.e. the ratio of 
the induced E.M.Fs. is equal to the ratio of the numbers of t ur ns 
in the respective windings. This ratio is called the “turn ratio” or 
the ratio of transformation.” It is denoted by K . 

If the flux follows a sine law, i.e. <D = <2>. m sin cot , then e ± = — < 

^m '■< lb” & cos cot — €oNj(S> m x ID -8 sin(eo£ — ^ 7 r), and e 2 = — coN 
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X 10““ 8 cos cot = coN 2 <J> m x 10~ 8 sin(coi - Whence the R.M.S. 

values of the induced E.M.Fs. are 

E ± = (coN ± & m x 10~ 8 )/V2 = (2 -t r/V2)O ro i\ T 1 / X 10- s 

= 4-440^/ x 10~ s . (4S) 

77 2 = (ojiV 2 cX> m x 10- S )/V2 = (2rr/'y/2)<& m N i ,f X 10~ s 

= 4-44<D w J\ T 2 / X lO- 8 . (49) 

where / is the frequency of the alternating flux. 

Now, hi the ideal case, E ± must balance the voltage applied to 
the primary. Hence if the R.M.S. value of this voltage is constant, 
and the frequency is also constant, the maximum value, <X> rn3 of the 
flux must be maintained constant. Therefore a definite n um ber of 
ampere-turns must be supplied by the primary to maintain the 
flux, and these ampere-turns must remain constant, irrespective of 
the load current in the secondary. Obviously this result is only 
possible when the ampere-turns produced by the current in the 
secondary winding are neutralized by an equivalent n um ber of 
ampere-turns in the primary winding. Thus the effect of loading, 
or taking current from, the secondary is to cause a corresponding 
increase and alteration in phase of the current in the pr im ary, so 
that the resultant ampere - turns of the two windings is constant 
and equal to the ampere-turns necessary to produce the flux. 

If J l5 J 2 are the primary and secondary currents for a given load, 
and I 0 is the primary current when I.> is zero, then we must have 
1 + = JoN X3 or I ± N ± = - 7 2 JV 2 “-f- 7*A\. 

Vector diagrams representing this, and the no-load, condition are 
shown in the diagrams (6), (c) of Rig. 74. In these diagrams the 
vector OD represents the magnetizing ampere-turns required to 
maintain the flux ; OJB, the ampere-turns produced by the current 
in the secondary ; and OA , the ampere-turns actually produced by 
the primary. The induced E.MJETs. are represented by OE ± and 
OE 2 , and the supply voltage by OV x . 

Observe that in the special case when the magnetizing ampere- 
turns are very small in comparison with the secondary ampere- 
turns, the primary and secondary ampere-turns will be practically 
equal and in opposition. Hence under these conditions we have, 
to a very close approximation : TpXq = — 7 2 2V T 2 , or Ipl^ — N*> ;''JV l9 
i.e. the ratio of the primary and secondary currents is constant. 
This important relationship is the basis of the current transformer 
—an instrument transformer used with a low-range ammeter for 
the measurement of currents in circuits where the direct connection 
of the ammeter would be impracticable (see Chapter SYII). 

In diagram (c), which represents loaded conditions, it will be 
11—(T.5245) 
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yl^vrv hill the phase difference, <p x , between the supply voltage 
aiid p .ry current is. with lagging secondary currents, always 

jrcuter titan that, <f 2 . between the secondary voltage and current. 
Moreover, it' q: 2 is constant, rf x will depend upon the magnitude of 
the load current, decreasing as the load current increases. 

Differences Between Ideal and Actual Transformer. In an actual 
transformer the primary and secondary windings each have resist¬ 
ance; magnetic leakage takes place between these windings; and 
hysteresis and eddy-current losses occur in the magnetic core. 

The genera! effect of the resistance of the windings and the losses 
iu the core is to cause loss of energy and heating. The resistance of 
the windings also causes voltage drops in both primary and sec¬ 
ondary windings, and a diminution of the flux with increase of 
load current. The core losses also cause the exciting ampere-turns 
for the magnetic circuit to be slightly greater than the magnetizing 
ampere-turns and out- of phase with the latter. 

Magnetic leakage affects not only the flux linked with the sec¬ 
ondary win*ling \ which is now less than the corresponding flux 
linked with the primary winding), but also the phase differences 
between the induced E.M.Fs. and the .currents. 

Transformer with Tosses, but without Magnetic Leakage. This 
case represents an approximation to practical conditions. The 
primary and secondary windings have resistance, and the magnetic 
core lias hysteresis and eddy current losses such as would occur in 
a normal transformer. 

Consider, first, the effect of the resistance of the windings on the 
operation of the transformer. The resistance of the primary wind¬ 
ing causes a voltage drop, and therefore the E.M.F. induced in this 
winding has now to balance the vector difference of the supply 
voltage and the voltage drop in the primary winding. Thus E x 
— Fi - /l-^u where T\ is the supply voltage, I\, the current in, and 
R x the resistance of, the primary winding. 

lienee the induced E.M.F. E x decreases as I x increases, and there¬ 
fore, with constant supply voltage and frequency, the flux decreases 
with an increase of primary current. 

The decrease in the flux causes a corresponding decrease in the 
E.M.F. >E 2 ] induced in the secondary winding, but as we are 
assuming no magnetic leakage the ratio E x jE z will be constant. 

The secondary terminal voltage, F 2 , is equal to the vector diff er - 
enee between the induced E.M.F., E z , and the voltage drop, I 2 R 2 , 
in the secondary winding. Thus F 2 = E z - I 2 R 2 = BJK - I 2 R 2 
~ J F i — ' XI - 1. 2 R 2 , where JK — EjJE z , and is called the ratio 

of irtitbafor)nation or, shortly, the ratify. 
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Therefore the secondary terminal voltage will change with a 
change of load (magnitude as well as power factor). But as, in 
commercial transformers, the voltage drop in each winding due to 
resistance rarely exceeds 1 per cent of the corresponding terminal 
voltage even in transformers of small output, and may not exceed 
one-quarter of 1 per cent in a large transformer, the effect of 



ITig. 75. Oscillograms of Exciting Current (jT 0 ), Primary 
Applied Voltage ( V x ), and Secondary Induced Voltage (£*«; of 

Tkxinsfotcmeii,s 

(a), (b), (e) refer t■■ J - -?■-.—it f at three different volrncrr-.;: t.r- refers to 

another 1 ";i n-■■. -- 11 ; : = • i ui i-‘ per cent above norm;:! 

H.3I.S. Values of voltages and Currents —(a) Vi = 120 V.. I a = 2-16 A.; (i>) f\ 

= 100 V. (normal), I 0 — 1-1 A.; (c> l\ = 60 V., I 0 = 0-25 A.; (d) V* = HO V.. 

I„ = 4-6 A., = 225 V. 

resistance will cause only a relatively small change in the secondary 
terminal voltage with change of load. 

The manner in which this change of secondary terminal voltage 
is influenced by the power factor of the load is shown in the vector 
diagrams of Fig. 76, one diagram ( a) being drawn for a load of 
lagging power factor, and the other diagram ( b) being drawn for a 
load of leading power factor. 

If the power factor of the secondary side is cos and that of 
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the primary ; input) side is eos <? x , the secondary terminal voltage is 
u'iveii approximately by 

V 2 = [( r, - I x Ri cos cfA’K] - I 2 Rz cos Cf. 2 . 

The effect of the core losses (i.e. hysteresis and. eddy currents) 
and magnetic saturation is to cause the exciting current for the 
magnetic circuit to lead the flux and its wave-form to be distorted 
in the manner explained in Chapter XIV, and shown graphically 



Fig. 76. Vector Diagrams for a Transformer havixg Iron 
and Copper Losses, bet no Magnetic Leakage 
S econdary current lagging. (6) Secondary current leading 


in the oscillograms of Pig- 75, which, refer to a small transformer 

excited at various voltages. 

With a sine-wave supply voltage, the flux will be sinusoidal, but 
the exciting current will he distorted. Therefore, in drawing the 
vector diagram, for these conditions, we have to show the e.gwival&Yit 
l'sine wavei exciting current (see p. 329). 

Vector Diagram for Transformer with Losses, but without Mag¬ 
netic Leakage. In Pig. 76 are given two vector diagrams for a 
transformer with losses, hut without magnetic leakage. One dia- 
anrani (a\ is drawn for a load having a lagging power factor, and the 
other ih'i is drawn for a load having a leading power factor. In both 
diagrams, representation is as follows : flux, 0<E> ; induced E.M.Ps., 
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OE l3 OE 2 ; exciting (no-load) current, OI 0 ; primary current, OI ± ; 
secondary current, OJ 2 ; primary ampere-turns, OA : secondary 
ampere-turns, OJB ; exciting ampere-turns (resultant of OA and OB), 
OG ; magnetizing ampere-turns, OX>; actual voltage drop in pri¬ 
mary, I\R\ ; actual voltage drop in secondary, IAl 2 : supply volt¬ 
age, secondary terminal voltage, O Id. The vectors repre¬ 

senting the voltage drops have been drawn very much exaggerated 
in order to render them clear in the diagram. 

Magnetic Leakage. The arrangement of the primary and sec¬ 
ondary windings on separate limbs of the core, as shown in diagram 





Fig. 77. Magnetic Leakage in Teansforhee 
(a) Flux distribution in core-type transformer having windings on separate limbs. 

(d) Hypothetical component fluxes 

(a), Tig. 74, results in considerable magnetic leakage, especially 
when the secondary is loaded, as the ampere-turns produced by 
the secondary winding, being practically in opposition to the yri- 
mary ampere-turns, tend to force the flux (which at no load links 
with the secondary winding) into the leakage paths as represented 
in diagram (a). Tig. 77. The leakage obviously increases with an 
increase of load current, because this results in increased ampere- 
turns of both windings and the production of a high magneto¬ 
motive force across the leakage paths. Hence a transformer having 
the -windings arranged as shown in Tig. 74 (a) would have a heavy 
drooping characteristic for the secondary voltage. 

The theory of the transformer with magnetic leakage may be 
developed by considering fictitious leakage fluxes to be super¬ 
imposed upon the ideal flux, O, which links both windings and 
remains constant. These conditions are represented in diagram (b). 
Tig. 77. 

The leakage fluxes take paths which comprise air and iron, the 
reluctance of the air portions of the paths being many times that 
of the iron portions. Hence the leakage fluxes will be directly pro¬ 
portional to, and in phase with, the ampere-turns expended across 
the leakage paths : i.e. the primary leakage flux, will be pro¬ 

portional to, and in phase -with, the primary ampere-turns or 
the primary current; the secondary leakage flux, Aha, will be 
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rv*}H*rti <'*Lnii to, and in piiase with, the secondary ampere-turns 

r tiie .-oeoi alary current. 

The :i;ix iinki!i‘.£ the primary winding will therefore be <D -f- O l1 , 
eeujriuliy. and ’that linking the secondary winding will be d> 
- flc „ v*ily. 

Tlie E.M.F. induced in the primary winding is then due to the 
• sx i J> d> x . 1 h and that induced in the secondary winding is due 

u iLe iiux \S <1hi-:.. 

The veetcr diagram representing these conditions is shown in 
iu wi.ieh 0<l> represents the ideal iiux ; OG, the no-load or 

exciting ampere-turns producing 
this flux; OA , OB , the primary 
and secondary ampere-turns re¬ 
spectively; OOx*, CXEha, the 
leakage fluxes ; OO x (===<[> -{- 
vectorially), the flux linked with 
the primary winding ; 00 2 ( = 

-f- <J>x. 2 > vectorially), the flux 
linked with the secondary 7 
winding ; OE - L ', OE 2 , the induced 
E.M.Fs. due to 6^ and 0<D 2 
respectively. 

Obviously each of the induced 
E.M.Fs., OE-l', OE 2 , may be con¬ 
sidered to have a component due 
to the ideal flux, <$>, and a com¬ 
ponent due to the appropriate 
leakage flux. The component 
E.M.Fs. are shown by OE 1 , OE 2 , 
OE^ 1} OEj. 2 , of which OE x> OE 2 are 
he comvjuMiuS due to the ideal flux, <E>, and OE m? OE J2 are those 
due to the leakage fluxes fl> xi , 0 L2 respectively. 

Leakage Reactance. The component E.M.E.s OE _ OE Jj2 , due 
to ilie leakage fluxes are proportional to, and have a phase differ¬ 
ence of 90 degrees (lagging) from, the primary and secondary cur¬ 
rents re-ee .'lively. Hence so far as phase difference from, and pro¬ 
portionality to, the current are concerned, the E.M.Es. are similar 
in nature to the internal E.M.F. in a reactance coil. We may there¬ 
fore conveniently consider that a transformer with magnetic leak¬ 
age is equivalent to an ideal transformer with reactance coils con¬ 
nected in both primary and secondary circuits, as shown in Fig. 79, 
such that the? internal E.M.F. in each reactance coil is equal to that 
due to the .errvspending leakage flux in the actual transformer. 



Fro. Ts. Vector Diagrams foe. a 
Tr: a xs i- or:m:r. having Magnetic 
Leakage and Irrox Losses, bct 
X o Copper Losses 
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Hence if X l9 X 2 are the reactances of the coils in the primary and. 
secondary circuits respectively, we have : X x = E X JI ± : X 2 = JEJ m ; 
/ 2 ; where E tl , E^ 2 are the component E.M.fs. due to the leakage 
fluxes in the actual transformer, and I x , I 2 are the primary and 
secondary currents respectively. Since the reactances X x . X 2 are 
obtained by dividing the E.M.F. due to a leakage flux by the” cur¬ 
rent producing it, they are called leakage reactances, X x being called 
the primary leakage reactance and X 2 the secondary leakage reactance. 



Fig. 79. Modification of Ciecuit Diagram of Ideal 

Transformer to Represent the Acttjax, Case of a Transfoeaier 
with: Losses and Magnetic Leakage 

Similarly, the E.M.Fs. E xx andjE^ are called the leakage-reactance 
E.M.Fs. of the primary and secondary windings respectively. 

' Vector Diagram of Transformer with Losses and Magnetic Leakage. 
Fig. 80 shows the vector diagram for a practical transformer with 
losses and magnetic leakage. The vector 6><3> represents the ideal 
or no-load flux (<E>), which is considered to remain constant at all 
loads ; OC, the exciting, or no-load, ampere-turns ; OF) , the mag¬ 
netizing ampere-turns ; OF 1 , OE 2 , the E.M.Fs. induced in the pri¬ 
mary and secondary windings respectively by the flux <X> ; OA , OJB. 
the primary and secondary ampere-turns due to the currents OJ\ 
and OI 2 respectively ; OE n:L , OE R2 , the internal E.M.Fs. due to the 
resistances of the primary and secondary windings : OE x iX9 OE i2 . 
the leakage reactance (internal) E.M.Fs. of the primary and 
secondary windings respectively. 

The secondary terminal voltage is represented by O Td>, and is 
equal to the resultant E.M.F. in the secondary, which is the vector 
sum of OE 2 , OE r 2 , and OE X2 . These E.M.Fs. are shown in the vector 
polygon OE 2 aV 2 by the sides OE 2 , E 2 a , a V 2 taken in order. 

The primary terminal voltage (i.e. the supply voltage) is repre¬ 
sented by OV x and balances the resultant E.M.F. in the primary, 
which is equal to the vector sum of OE x , OE x:1 , OE xx , and is shown 
by the vector OF/. The vector polygon for these E.M.Fs. is OEjbYj, 
of which the sides OE x> E x b , bV x represent the E.M.Fs. E x , E R1 . Ej_ x 
taken in order. 

Observe that for both primary and secondary circuits the ter¬ 
minal voltage was determined from the internal E.M.Fs. on the 
same principles as were employed in Chapter III. 
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Uterua-ivc-lv, the terminal voltages could have been obtained by 
vobidvrhm the actual voltage drops due to resistance and leakage 
n-a.-t tn.-e instead of the corresponding internal E.M.Fs. In this 
r-A tlie seeondarv terminal voltage would have been obtained 
tUe induced' E.M.F. (Ob\) minus the voltage drop due to 
iurv resistance, minus the voltage drop due to secondary 



Pig. SO. Vi; ctos, Diagram for a. Transformer having Losses 
A 25 T> ^Iagnetic Leakage 


leakage reactance. The primary terminal voltage (i.e. tire supply 
volt acre'; would have been obtained from the reversed induced E.M.F., 
■plus the voltage drop due to primary resistance, -plus the voltage 
drop due to primary leakage reactance. 

Simplified or Approximate Vector Diagram. A considerable sim¬ 
plification results if the vector diagram is drawn for a 1 : 1 ratio of 
transformation li.e. the induced EAI.Es. OE x , OE^, are equal) ajid 
f r r. 'W' exdtiu;; rmpere-turns- The primary and secondary ampere- 
turns anci currents are then equal and in opposition; the vectors 
representing the internal E.M.Fs. due to resistance are in opposi¬ 
tion, and likewise also those representing the internal E.M.Fs. due 
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to leakage reactance. The resulting vector diagram is shown in 
Fig. 81. 

This diagram may be farther simplified as shown in Tig. S2, in 
which the internal E.M.Fs. due to resistance and leakage react¬ 
ance are compounded to form a single impedance-E.M.F., which is 
represented by the vector V 2 V X '. Then if the secondary current. 



Fig. 81 Fig. S2 

tied Vector Diagrams for, a Transformer having a 
Ratio of Transformation of Unity 

secondary terminal voltage, and reversed primary terminal voltage 
are the quantities only considered, the diagram reduces to six 
vectors, of which three are inter-related in the form of a right- 
angled (impedance-volt age) triangle. 

Equivalent Resistance and Leakage Reactance. The diagram of 
Fig. 82 would be suitable for a transformer in which the ratio of 
transformation was K, instead of unity, if different scales were 
adopted for primary and secondary quantities. For example, the 
scale for secondary E.M.Fs. and voltages would be K times that 
for the primary E.M.Fs. and voltages; the scale for secondary 
current and ampere-turns would be 1/E that for the corresponding 
primary quantities. 

The same result, however, would be obtained without changing 
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the seuie of the diagram if all the actual secondary E.M.Fs. were 
muhisjiicd by Ki N t X 2 ) before representation in the diagram, 
and the actual secondary current and ampere-turns were multiplied 
bv I A'. Thus the actual secondary internal E.M.Fs. due to resist¬ 
ance and reactance would appear in the diagram as quantities 
A* ' rimes their actual value. These quantities therefore represent 
E.M.Fs. in the primary which are equivalent to the secondary 
internal E.MVFs. due to resistance and reactance. Hence, if we 
divide each quantity by the primary current, we obtain a resistance 
and a reactance respectively, which, when carrying the primary 
current, will produce in the primary, internal E.M.Fs. equivalent 
to the actual internal E.M.Fs. in the secondary. The value of re¬ 
sistance so obtained is called the equivalent secondary resistance 
reftrred to the primary , and is denoted by Rf. Similarly, the value 
of reactance so obtained is called the secondary leakage reactance 
referred to the: primary, and is denoted by Nf. 

Hence?, on the assumption that- Z 2 /^i — -F, we have 


a ' = KL 2 NJ 

Thus the equivalent primary resistance (Rf) referred to the sec¬ 
ondary* — ■ A At A' A> == Rj K-. Similarly, the equivalent primary 
leakage reactance Xf) referred to the secondary — (/ 1 X 1 /jK’)/jT 2 

A*-. K 2 - 

The • .cup Uci between equivalent quantities for primary and 
secondary circuits may* be shown thus— 


Secondary ! Primary j 
Circuit: ' Circuit: \ 

Actual \ Equivalent! 
Quantities . Quantities | 


Primary 
Circuit: 
Actual 
Quantities 


Secondary 
Circuit: 
Equivalent 
Quantities 


E.M.F. 

Id 

if 

-eakasre react a 


! EJK 
i* 1 Ajq 
R 1 R x lK-~ 

A i/K* 


Conversely, primary* quantities may be referred to the secondary. 

Approximate Relative Magnitudes of Primary and Secondary 
Resistances and Leakage Reactances. In a commercial tra ns former 
the 1-R losses at full load are divided approximately equally be¬ 
tween the primary and secondary* windings. Thus, approximately, 
Zyf?! = JAR,. Therefore R T R 2 =T (IJIJ* ^ AT 2 , or R ± = K*R 2 = Rf. 

Also since at full load the primary and secondary ampere-turns 
are approximately equal, and the leakage paths have approximately 7 
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equal reluctances, we have, approximately, XJX 2 = (N ± :N 2 ) 2 = if 2 , 
i.e. if t_ = : X^X^ 2 = JXg/. 

Determination of Impedance and Leakage Reactance of Trans¬ 
former. These quantities are determined experimentally by an 
impedance or short-circuit test. One winding, usually the secondary, 
is short-circuited, and a low voltage (about 5 to 10 per cent of normal 
voltage) at normal frequency is applied to the 
other winding, so as to cause approximately 
full-load current to circulate. The input volt¬ 
age, current, and power are measured. 

Let these quantities be denoted by V, I, j P 
respectively. Then V represents the impedance 
voltage of the complete transformer and jP 
represents the total HR loss in the windings, 
because, owing to the low impressed voltage 
and the short-circuited secondary, the flux will 
have a very low value (only a few per cent of 
normal) and therefore the iron losses can be 
completely ignored in comparison with the HR 
losses. 

The impedance of the transformer' is then 
given by 1 7 /I, the resistance by P/I 2 , and 
the leakage reactance by -\/[( V/I) 2 — (jP/2 2 ) 2 .] 

Observe that JP/1 2 = R 3 -j- R%> so that if R ± is 
known, Rd can be calculated. The impedance triangle can then be 
divided into the appropriate equivalent triangles for primary and 
secondary, as shown in Fig. 83. Thus, if ARC is the equivalent 
impedance for the complete transformer, referred to the primary. 
AFJD is the impedance triangle for the primary alone, and EEC 
is the equivalent impedance triangle for the secondary alone. 

In practice, the value of resistance calculated from P I~ will 
usually be higher than that calculated from the measured resist¬ 
ances of the windings, the difference being attributable to eddy 
current losses in the conductors and their supports. 

Example. The low-voltage winding of a 300-kVA., 11 ,000/2200 -V. , 50-cycle 
transformer lias 190 turns and a resistance of 0*06 O. The high-voltage wind¬ 
ing has 910 turns and. a resistance of 16 0. When the low-voltage winding is 
short-circuited, the full-load current is obtained with 550 volts applied tr.e 
high-voltage win din g. Calculate (1) the equivalent resistance and leakage 
reactance referred to the high-voltage side, (2) the leakage reactance of each 
winding. 

Taking the full-load efficiency as 98-5 per cent, the full-load primary cur¬ 
rent = 300,000/11,000 X 0-985 = 27-7 A. Hence, 

Equivalent impedance (Z) 

— 550/27-7 = 19*8 0. 
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Kt.,-:ivcA-:.t iv-ii.staii.ee of secondary referred to primary 
ill = 0*06,910, 190) 2 = 1*38 a. 

Equivalent resistance of transformer (referred to primary) 

= /.*, — /L' = Hi — 1*38 = 2*9S £X 
Equivalent leakage reactance of transformer (referred to primary) 

- X = s _Z- - i& 2 ~r R/y-2 = 19-5 o. 

* it. t lie that the ratio (leakage reactance/resistance) is the same 

for each v. have 

Leakage reactance of primary 

= X z = 19*5 1*0 2-9S = 10*5 Q. 

Equivalent leakage reactance of secondary referred to primary 
= Xk = 19*5 :< 1*3S 2-9S = 9*0 Cl. 

Leakage reactance of secondary 
= 9 190 9I0';‘~ = 0-39D. * 


Voltage Regulation and Its Predetermination. The voltage regu¬ 
lation (called also Inherent regulation) of a transformer is defined as 



Graphic Methods of DETEianm-G Voltage Regulation of 
TRANSFOEAFEIt 

the difference between the no-load and full-load secondary terminal 
voltages, expressed as a percentage of the no-load voltage, for con¬ 
stant supply voltage and frequency. Thus, if V 20 denotes the ter¬ 
minal voltage of the secondary at no load, and V 2 denotes the 
voltage at full load, then the voltage regulation = 100 (V 20 - F 2 )/F 20 . 

The voltage regulation for a given load and power factor can be 
readily determined by the aid of Fig. 82 when the impedance volt¬ 
age triangle is known. It is more convenient, however, to draw 
the diagram in the form shown in Fig. 84, in which the impedance 
triangle is in a fixed, position for all power factors. 

Thus draw the vector OI 2 , representing the secondary current, 
horizontal and on it construct the impedance voltage triangle Oab 
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corresponding to this current. From O draw an are AC of radius 
equal to the no-load secondary voltage, and from the apex, b . of 
the impedance triangle draw bB, making the angle r/., with the 
horizontal at b, cos <p 2 being the power factor of the load.” Join OB. 

Then ObB is the voltage triangle for the transformer, and the 
secondary terminal voltage corresponding to a load current /«> is 
given by bB. The angle BOI 2 
is the approximate phase 
difference between the primary 
voltage and primary current. 

If with centre B and radius 
Bb we draw the arc EbJD , then 
the voltage regulation is given 
by 100 ODjOB. 

The diagram is readily 
adapted for other load con¬ 
ditions by constructing pro¬ 
portional impedance triangles, 
as indicated in Fig. 84, and 
drawing the vector for the secondary terminal voltage from the 
appropriate apex. 

If the voltage regulation is required for a constant load current 
at variable power factor, the construction shown in Fig. 85 (called 
the KLapp diagram) is more convenient. Thus with O as centre in 
a horizontal axis AOC, draw a semicircle ABC having a radius 
equal to 100 units of length (e.g. 100 mm.). Let this length repre¬ 
sent the no-load secondary voltage [ = primary (supply) voltage if]. 
Draw the perpendicular OB and lpt this represent the vector of 
the secondary current. Construct the impedance voltage triangle 
Oab as shown, and with b as centre, draw the arc L>EF . Mark on 
OB a scale of power factor with 0 at O and 1-0 at B. Then the 
percentage voltage regulation for any power factor is obtained as 
follows : (1) project the appropriate point on the power-factor scale, 
e.g. G, to the circumference of the semicircle ABC , using the quad¬ 
rant AB for a lagging power factor and the quadrant BC for a 
leading power factor ; (2) join the point of intersection, e.g. JS to O; 
(3) measure the intercept, H-J, which gives to a close approximation 
the voltage regulation directly as a percentage. 

Calculation of Voltage Regulation. In cases where a graphical 
determination will not give accurate results, the voltage regulation 
may be calculated. Thus, if the vector diagram of Fig. 82 is re¬ 
drawn, as in Fig. 86, with the vector OF 2 in the horizontal axis OAi 
then, since in practice (<p ± — <p 9 ) is a very small angle, the projection. 



Fig. 86. Vector Diagram Illustra¬ 
ting Derivation of Approximate 
Formula for Voltage Regulation 
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fjr n U J* t .Oh A on ON, may be considered equal to O l\', which repre- 
■o-ut* i be no-load secondary voltage, T 2 o- X7ow Oc = O T 2 -f- V 2 b 
. "be. where h is the projection of the right-angled corner a of the 
hupedanve triangle oil OX. But the side V 2 a of this triangle 

,/y - Rjhl.*, so that VJj = (i ? 2 -r- R\)I* c *os <p 2 . Similarly, the 

,-i'ie dV ='= Ah -r- Ay>/ 2? so"* that 6c = (Ah -4- A/)/* sin r/q. 
lienee, the v-nT..g*'* voltage regulation 
= i«.h.<! Oe - <V f hj, Or — lOQ( VJj -4- bc)jOc 

!<**; i — Uh cos rm — (Ah -f- A/)/., sin ^l/Phn 

Esacisl*. e’ ■! - Ate the voltage regulation at a power factor of 0*8 (lag) 
r *h. *.-f which data are"given in the example on p. 155. 

\\V- have, from p. 3 56, 

ii n — R x ' — 0-06 -r l-6( 19G/910) 3 — 0*129 £1. 
v~ o- Ah' = 0-39 -p lo*5(190/910)- = 0-S97 Q.. 

;h*.r full-load current fg = 300,000/2200 = 136 A. 



= v (1 - OS 2 } = 0-6, 

10010-129 X 136 X 0*8 -f- 0-S97 X 130 x 0-6) 
~>< 190/910 

= 3-S per cent 


Circuit. When developing the theory of the trans¬ 
former with magnetic leakage and losses, it was shown (p. 150) 
that such u transformer is equivalent to an ideal transformer (i.e. 
one without magnetic leakage or losses, but with a magnetic circuit 
requiring a definite number of ampere-turns), together with ex¬ 
terna] i series} resistances and reactance coils in the primary and 
secondary circuits, and a resistance shunted across the primary to 
represent the iron losses. The circuit diagram for these conditions 
is shown in Tig. 79. 

To obtain the equivalent electric circuit, the magnetic coupling 
between the primary and secondary circuits in the ideal transformer 
must be replaced by an electric coupling. In order to effect this 
result, we make the ratio of transformation unity, adjusting the 
series resistances and. reactances to suit, and connect across the 
primary circuit a reactance coil which will take a current equal to 
the magnetizing current. Thus, so far as voltages and currents are 
concerned, the series -parallel circuit shown in Tig- <37 will give con¬ 
ditions equivalent to those in the transformer. This electric circuit 

therefore called the equivalent circuit of the transformer. It may 
be reduced to a simpler, i.e. a parallel, circuit shown in Tig. S3, but 
this gives only a rough approximation to the actual conditions. 
The general vector diagram for such a parallel circuit has already 
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been deduced, (p. 104), and therefore the approximate performance 
of the transformer may be predetermined by the method described 
on pp. 120, 121. 

The general vector diagram corresponding to the more accurate 
equivalent circuit (Fig. 87) is deduced in Chapter XXII, together 
with the method of predetermining its performance. 

By ignoring the magnetizing current and iron losses, the equiva¬ 
lent circuit diagrams of Figs. 87 and 88 reduce to a series circuit 
similar to that shown in Fig. 64 (p. 122) and discussed on pp. 122-129. 

Losses and Efficiency. The losses occurring in a loaded trans¬ 
former are : (1) hysteresis and eddy-current losses in the iron core; 



Fig. 87 Fig. SS 

Equivalent Circuit Dia.gha.2vis for, Transformer 


and (2) losses in the windings due to resistance and also to eddy 
currents in the conductors. The losses occurring under item (1) are 
called iron losses % those occurring under item (2) are called copper 


Since for all ordinary loads under normal conditions of operation 
the main flux remains almost constant at its no-load value, the iron 
losses may be considered as a constant loss. 

The copper losses may be considered as approximately propor¬ 
tional to the square of the current (primary or secondary). 

Now, efficiency = power output/power input — (power input — 
losses)/power input = 1 — (losses/power input). 

Hence, the maximum efficiency will occur at the load for which 
the ratio (losses/power input) is a minimum. At unity power factor 
this load corresponds to equality of copper and iron losses.* Thus 


* At unity power factor the power input = V x Ji and the total losses 
— jP f -f- I-pJEt. The mi n imum value of the ratio (total losses/input) is obtained 
by equating the first derivative of this expression to zero and solving the 
equation. 


/ Ri 

cii x \v x ix 


/ 


) i x -* + = 


= ih 


Whence 




o 




Efficiency „ per am. 


1bU 
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if p denotes the iron losses, / x the primary current, and R the 
equivalent resistance of the transformer referred to the primary, 
or max 3 u efficiency. /pi? — .P*, or / x — \/(P i: R). 

If the iron and copper losses are plotted as a percentage of the 
as shown in Fin. 89. the percentage efficiency curve is readily 
--d. and It will he apparent that the paint of intersection of the 
* and iron loss curves corresponds to the maximum efficiency. 

Bv suitable design, therefore, it is possible to make the maximum 
heieney occur at any desired load. For example, if the full-load 
>pper loss is equal to the iron loss, the maximum efficiency- will 



occur at full load : but if the full-load copper loss is three times 
the iron loss, the maximum efficiency will occur at 57-7 per cent 
[ = »; i 3 of full load, assuming unity power factor. 

All-day Efficiency. Since transformers supplying lighting and 
genera! networks have usually to remain in circuit for long periods, 
the cost of the energy expended in the losses is an important item 
in the operation of the transformer, particularly when the trans¬ 
former is lightly loaded for long periods. The selection of a trans¬ 
former for a given service cannot therefore be made on the basis 
of a maximum efficiency at full -load, unless the transformer is to 
be fully loaded during the greater portion of the t im e it is in service. 
Instead, the basis should be a maximum all-day efficiency , a quantity 
which takes into account the energy output and input. 

Thus. 

a 11-day efficiency 

energy output for a given period 

_—- - *■ - c 24 hours) 

energy input during the same period 
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Example. A 300 kVA. transformer (A) has an iron loss of 1-25 kW. and a 
full-load copper loss of 3-75 kW. Another 300 kVA. transformer (JBt) has an 
iron loss of 2-5 kW. and a full-load copper loss of 2-5 kW. If each transformer 
is connected separately to a load which varies over a period of 24 hours in the 
following manner- 


1 a.m.—6 a.m.—7 a.m.—8 a.m.—9 a.m.—12 noon—2 p.m.—6 p.m.—8 p.m.—10 p.xn.—1 a.m. 
Load (kW.)—- 

100 200 300 360 300 280 300 360 280 200 


calculate for each transformer-(1) the all-day efficiency, (2) the cost of the 

losses over the above period on the basis of energy at a flat rate of 0-Sd. per 
kWh. Calculate also the maximum efficiency of each transformer and the 
load at which this maximum efficiency occurs. 

The first step is to calculate the losses corresponding to the loadings given 
in the load curve. The iron losses are, of course, constant and the copper 
losses at any load, say P k\V., are obtained by multiplying the full-load 
copper loss by (.P/300) 2 . 

Xext, the kW\h. expended in supplying the losses is calculated, and then 
the kWh. input and output during the loading periods are determined. The 
results are shown in tabular form. 


Load (kW.) ..... 

100 

200 

2 SO 

300 

360 

Loading period (hours) . . . 

5 

4 

4 

S 

3 

Copper losses (kW.) 

s Transformer A 
t Transformer B 

0-42 

0-28 

1-67 

1-1 

3-26 

2 -1S 

3*75 

2-5 

5-4 

3*6 

Total losses (kW.) 

<; Transformer A 
< Transformer B 

1- 67 

2- 7S 

| 2-95 

: 3-6 

4-51 
4-6S 1 

5-0 i 
| 5-0 1 

6-65 
! 6-1 

kWh. expended in 

\ Transformer A 

S-35 ; 

! i i-s 

1 S-1 

40 

; 19-95 

supplying losses 

<■ Transformer B 

13-9 

I 14-4 

j IS-7 

| 40 

18-3 

kWh. output during loading period 

500 1 

| SOO 

1120 

2400 

10 SO 


Total kWTi. output during 24-hour period = 5900. 

Total kWh. expended in supplying losses during 24-hour period, 
transformer A = 98-3; transformer B = 105-3. 

Whence, 

All-day efficiency, transformer A. — 5900/(5900 -h 9S-3) = 0-9S4 
All-day efficiency, transformer B = 5900/(5900 -f- 105-3) — 0-975 
Cost of losses per diem, transformer A — 98-3 X 0-8 — 7S-6 pence 

Cost of losses per diem, transformer B = 105-3 X 0-8 = S4-3 pence. 

The maximum efficiency of transformer B obviously occurs at full load 
(since the iron and copper losses are then equal) and its value = 300/305 
= 0-9S4. 

In the ease of transformer A, we proceed as follows: Let sc = load (kWh) 
at which maximum efficiency occurs. Then (sc f 300 )- x 3-75 — 1-25, whence 
as = 173-2 kW. 

At this load, the total losses = 2-5 kW. and the efficiency = 173-2/175-7 
0*986. 

ix—(T.5S45) 
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Heating and Temperature Rise. The iron and copper losses pro- 
, i-x. /e heating of the core and windings, and result in an increase of 
*>*mpenu ure * >f these parts with respect to the surrounding air or 
. H Aln j medium. The rise of temi^erature will continue until the 
r - a .te at which hear is dissipated by the cooling system is equal to 
rate at which heat is produced by the losses. 

If the rate of production of heat (i.e. the losses) is assumed to be 
constant . the transformer is assumed to be a homogeneous body, 
and the heat is dissipated naturally by convection, radiation, etc., 
the temperature rise will be a logarithmic function of the loading 
time i.e. the duration of the loading measured from the time of 
application of load to the transformer initially at air temperature). 
The temperature-time curve is of exponential form, and the tem¬ 
perature rise, 0. at any instant, £, measured from the start, is 
given by 


h h .u i -e~ tr ) . . . - - - (51) 

where # is the maximum temperature rise, and T is the heating 
U me-eonstartf. or ideal heating time, of the transformer. 

The heating time-constant is defined as the time, measured from 
the start, which would be required to reach the maximum tem¬ 
perature rise 6 if none of the heat were dissipated (i.e. if all the 
heat produced by the losses were stored in the transformer and the 
initial rate of temperature rise were maintained). 

The value of the heating time-constant may be obtained either 
by dra wing a tangent to the initial portion of the temperature-time 
curve and determining the time corresponding to the intersection 
of this line and the temperature line 6 m , as shown in Tig. 90, or by 
calculating the ratio—(thermal capacity of the transformer /specific 
cooling fuel or), the specific cooling factor being the heat dissipated 
per second per T C. temperature rise. 

If, in equation (51) we make the substitution t = IT, we obtain 
h = b . T — e -1 = 0*632#,^. Hence, instead of determining T by 
drawing a tangent to the temperature-time curve at the origin, we 
can determine front this curve the time required to attain a tem¬ 
perature rise of 63*2 per cent of the final temperature rise. 

The heating time -constant of actual transformers varies from 
about 1 hour to 5 hours, depending upon the kVA. rating, voltage, 
and the method of cooling. 

Although the theoretical equation, Q = # m (I — a~ t: 7 ), indicates 
that the final temperature is attained when the time is infinite, in 
practice this temperature is attained after a few hours of loading 
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in the case of small transformers and. after several hours in the case 
of large transformers. 

Moreover, in practice, the actual heating and cooling conditions 
may contain variable factors, and also the actual transformer is 
not a homogeneous mass. These conditions will, of course, have 
some effect on the shape of the temperature-time curve. 

The permissible values of the final temperature rise of tiie wind¬ 
ings (as determined by resistance measurements) for constant 
loading at the rated load are: 55° C. for air-cooled transformers 
(75° C. is permissible when mica or asbestos insulation is employed;: 
60° C. for oil-immersed transformers with natural circulation : 65' C. 
to 70° C. for oil-immersed transformers with forced circulation : the 
ambient air temperature not exceeding 30° C. and the inlet tem¬ 
perature of the cooling water (when employed) not exceeding 20 3 G. 

Methods of Cooling. The natural cooling surface of the core and 
windings is, except in the smallest sizes of transformers, insufficient 
to dissipate the heat produced by the losses (even when the efficiency 
at full load is of the order of 98 per cent), and therefore artificial 
cooling is necessary for transformers of medium and large sizes. 

Artificial cooling may take the form of either an air blast or oil 
immersion. Xn the latter case, the transformer is immersed in oil 
contained in a steel tank, the external surface of which, augmented 
if necessary by corrugations, fins or radiator tubes, provides the 
cooling' surface for heat dissipation. A typical arrangement is 
shown in Fig. 178 (p. 264). The oil perforins the double function 
of transferring the heat from the core and windings to the cooling 
surface, and of providing additional insulation for the windings. 
In cases where, with natural circulation of the oil and external air. 
the augmented cooling surface of the tank is insufficient for cooling 
purposes, the circulation is augmented either by an external air 
blast or an internal cooler with water circulation. If these devices 
are insufficient to produce the requisite cooling, the oil is circulated 
by means of a pump, and is cooled by an external cooler w ith either 
water or an air blast as the cooling medium. 

Auto-transformer. An auto-transformer is a transformer with a 
single winding. At no load a portion of this winding is common to 
both primary and secondary circuits. When the transformer is 
loaded, a portion of the load current is obtained direct from the 
supply, and the remaining portion is obtained by transformer action. 
Hence, for a given volt-amperes in the load, the volt-ampere output 
from the secondary winding will be smaller than that for the corre¬ 
sponding case when an ordinary, or double-winding, transformer is 
employed. 
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■ -uit. fliu'iriijas .showing no-load and loaded conditions in auto- 
• rbrin.-rs are u*iven In Fig. 91. From the diagrams (a), (6), for 
?»-do\vn transformer, we obtain, when the magnetizing current 

[ i«s s es a re i g nored — 

l\ f 2 — :V, — VA V 2 = K 

I*X 1 sec \.I. X - /. Ah or I. x / 3 = I'-Vjl -f- V 2 ) ’X 2 = iv 

VA. ratimrs of windings = T 2 (/ 2 — A) “t - (^ i — ^ 2)^1 

= TqJ| -4- TV a -2TVi. 


Comparison of VA. Ratings of Windings of Auto-transformer and 
Ordinary Transformer. Assuming the same load currents and volt¬ 
ages In each ease, and ignoring magnetizing currents .and losses. 


1- m. h. ,u s -vf- a era 

*L . X CA 

| -/-"f-v"" 


7 a - J, 


Supply | 


4 
SSfflfin 


returns N z turns 

- -14 -* 


«*. «0 
Cmcrn Diagrams for Auto-transformers 
ii-i- stei'-down; (<-•), (t/), step-up 



the volt -ampere ratings of the windings of an ordinary transformer 
a re {\/ t — F 2 / 2 — 'A and the corresponding ratings for an 

auto-transformer are J\I 1 — 1 h/ 2 — 2V Z I X = 2V X 1 X — 2 U. 2 I X . 

Whence, 

VA. ratings of windings of auto-transformer F 2 

r ■ 1 of ordinary transformer V x 




(52) 


It can be shown that this expression also represents the approx¬ 
imate ratio of copper in the windings of the two transformers. 

Hence, for loiv ratios of transformation the VA. rating of the 
windings of an auto-transformer (and also the amount of copper 
required for the windings) will be much lower than that, of an 
ordinary transformer for the same load. For example, when the 
ratio of transformation is 2, the windings of an auto-transformer 
will require actually slightly less than one-half the amount of 
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copper required, by the windings of an ordinary transformer for 
supplying the same load. 

Applications and Uses of Auto-transformers. On account of the 

common connection between the primary and secondarv circuits, 
the applications of auto-transformers in practice are iimited to 
circuits where snch interconnection is permissible. Examples of 
such cases are : Starting equipment (called auto-starters) for three- 
phase squirrel-cage induction motors ; control equipment of single- 
phase and three-phase electric locomotives; voltage control of 
power .and lighting circuits. On high-voltage transmission and dis¬ 
tribution systems, however, it is usually desirable to have the low- 
voltage circuits entirely isolated electrically from the high-voltage 
circuits, and therefore auto-transformers cannot be emploved. 

Parallel Operation 

In the distribution of power for industrial and general purposes 
from a substation or distribution centre, two or more transformers 
are usually provided in order that the varying demands may be 
supplied as economically as possible. For example, at light loads 
only one transformer would be employed, and as the load demand 
increased additional transformers would be connected in parallel 
as required. 

Conditions for Parallel Operation. When transformers are to be 
operated in parallel, the primary windings are connected to the 
supply bus-bars and the secondary windings are connected to the 
load bus-bars. In making the connections, it is essential that ter¬ 
minals having similar markings or of similar polarity are connected 
to the same bus-bar. If this condition is not observed, the E.M.Fs. 
in the secondary windings of the transformers which are paralleled 
with incorrect polarity will act together in the local secondary 
circuits and produce the equivalent of a short circuit. 

In order to avoid circulating currents, and to ensure that the 
transformers share the load in proportion to their kVA. ratings, 
the following conditions must he fulfilled—(1) the primary windings 
must be suitable for the supply system voltage and frequency ; (2) 
the voltage ratio must have the same value for each transformer ; 
(3) the impedance voltage triangles corresponding to the kVA. 
ratings of the transformers must all have the same shape and size, 
i.e. at the full-load currents the impedance voltages must have the 
same value for all the transformers, and the ratio (resistance react¬ 
ance) must also have the same value for all the transformers. 

If condition (2) is not exactly satisfied, i.e. the transformers have 
slight differences in their ratios, parallel operation is possible, but 
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mn-ubu km -anvut^ will tiuw in the windings. Over-heating 
j. 3;4 v. theret *re. oet/ur if the full kVA. output is taken from the 

t rami'* >rmrr~. 

I -/ . n lit 1, »n fii; is not exactly fulfilled, i.e. the impedance triangles 
:jt the rated kVA.s are not identical in size and shape, parallel 
4 r,.rra!kii will be possible, but the power factors at which the 
transformers operate will differ from the power factor of the load, 
lienee, in this case the transformers will not share the load in 
proportion to their kVA. ratings. 

Standard Terminal Markings. Transformers built to British Stan¬ 
dard Specification have the terminals marked in accordance with 



the diagram in Fig. 92. and therefore in connecting such trans¬ 
formers hi parallel, similarly marked terminals are connected to 
the s&nit* bus-bar as indicated in Fig. 93. 

Test for Polarity. In the case of transformers with unmarked 
terminals, a preliminary test for polarity must be made before such 
transformers can be connected in parallel. For this test a volt¬ 
meter is required having a range double the normal secondary 
voltage. 

Thus suppose we have two transformers A. and B with terminals 
of unknown polarity. Permanent connections are made between 
the primary terminals and the supply, or primary, bus-bars. On 
the secondary side, one of the terminals of A is connected tempo¬ 
rarily to a terminal of J3, and the other terminals of A and B are 
connected through the voltmeter (i.e. the two secondary windings 
and the voltmeter form a closed series circuit). If, when the pri¬ 
mary windings are excited, the voltmeter reads zero, the terminals 
which are temporarily connected are of si mil ar or like polarity ; but 
it the voltmeter reads twice the normal secondary voltage, these 
terminals are of unlike polarity. 
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Equivalent Circuits. The equivalent circuit for two transformers 
operating in parallel is shown in Tig. 94. By ignoring the no-load 
or exciting currents, this circuit reduces to the much simpler circuit 
shown in Tig. 95, which, for the majority of cases, gives results 



Pig. 94. Equivalent Circuit eoe, Two Transfoemees 
Operating in Parallel 


which are sufficiently accurate for practical purposes when the 
ratios of transformation are equal. Tor the case when the ratios are 
not exactly equal, the more exact circuit of Tig. 94 should be used. 



Fig. 95. 'Approximate Eqtjxvalent Circuit for Two Transformers 
Operating in Parallel 

in order that the appropriate values of impedance can be obtained, 
for the purpose of calculating the circulating current . 

In the simple equivalent circuit of Tig. 95, we have only three 
principal voltages, viz. the supply voltage, Ty; the equivalent im¬ 
pedance voltage, V, and the load voltage, ly>. Since these voltages 
are common to all the transformers, the vector diagram can easily 
be drawn. . * 
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Vector Diagrams for Parallel Operation. In all cases the primary 
windings are assumed to he suitable for the supply system as regards 
voltaire and frequency. The diagrams (Pigs. 96, 97. 98) are drawn 
for the parallel operation of two transformers. The vectors OF/, 



Fig. if ti. \'ectoe Diagram Represeoting Ideal Conditions for 
Parallel Operation 



Iig. 1*7. Vector Diagram for Parallel Operation of 

rR.VN.SrtiRM.EilS HAVIN' G lJ IS SISIIEAP. InePEI) AInCE TRIANGLES 

O 1 o represent the primary (reversed) and secondary terminal volt¬ 
ages respectively : 07. the load current, and OI A , 07 B the secondary 

currents. 

1 IflKaJ Case. Fig. 96 shows the vector diagram. The imped¬ 
ance voltage triangles of the individual transformers are identical 
in size and shape, and are therefore represented by a single triangle 
J i ' aJ 2 with the ~ resistance-drop" side, V 2 a, parallel to the load 
current vector OI. The currents 7 A , 7 B , in the individual trans¬ 
formers are both in phase with the load current, 7, and are inversely 
proportional to the respective impedances. Hence 7 = 7, < j - 

J A 7„ = Z* Z : / A = /Z E <Z A 4- Z B ); I B = 1ZJ(Z A + Z B ). 

Equal Ratios, Dissimilar Impedance, Triangles. Fig. 97 shows 
the -vector diagram. Tile impedance voltage triangles are now- 
represented by two triangles VmV/, V s bV 1 \ having a common 
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hypotenuse V 2 V/ . The “resistance drop 51 sides V 2 a. V. 2 b, are pn railed 
to the vectors, 0/ A , 0/ B , of the respective secondary "currents, and 
the sum of these vectors represents the load current. OI. The 
magnitudes of the secondary currents are, of course, inverse!v 
proportional to V 2 ci and V 2 b. 

(3) Unequal Ratios , Similar Impedance Triangles. (Xote. Onlv 
relatively small inequahties in the ratios are permissible in practice.) 
Both primary windings are assumed to be suitable for the supply 
system, so that when each transformer is excited independentlv 
and the secondaries are not paralleled, the flux and magnetizing 
current are normal. The no-load secondary voltages will then be 
slightly unequal. These conditions are represented in the vector 
diagram (<x), Fig. 98. 

When the transformers are paralleled on the secondary side and 
there is no load on the secondary bus-bars, the difference between 
the two secondary induced E.M.Fs. causes a circulating current to 
flow in both secondary windings. This current will be almost watt¬ 
less in relation to the E.M.F. producing it, and will cause voltage 
drops in both primary and secondary windings of such magnitude 
fr that the two secondary terminal voltages are equal and are in phase 
^ with each other when considering each internal circuit. These con¬ 
ditions are represented in the vector diagrams (6), (<?), Fig. 9is: 
diagram (6) referring to the transformer (A) having the higher no- 
load secondary voltage when independently excited : and diagram 
(c) referring to the other transformer {B). In these diagrams, the 
vectors OI c represent the circulating current in the* secondary 
windings ; and the vectors Oh> A , OB b , the ampere-turns produced 
by this current. The exciting ampere-turns are represented by OC\ 
and the corresponding primary ampere-turns and currents arc* re¬ 
presented by OA a , OA b , and OI 1A , OI 1B respectively'. As the ampere- 
* turns due to the circulating current are assumed to be greater than 
the exciting ampere-turns, the primary current in transformer JB is 
shown in the third quadrant of the vector diagram, i.e. this trans¬ 
former is feeding back into the supply system. In consequence, the 
voltage drop in the primary winding of this transformer is negative, 
&nd the induced E.M.F. (E 2B ) is greater than the value shown in 
diagram (a). Actually, for the conditions shown in diagram ( c ), the 
internal E.M.F. in the primary is approximately equal to the* supply 
voltage, OV x . 

The voltage drop in the primary winding of A results in an 
induced E.M.F., wdiieh is represented by the vector J\G. The 
corresponding induced E.M.F. in the secondary is represented by 
O 
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^ijuLuv.ju seettndary terminal voltage, OV 2 , is obtained by 
OE\ % and OE '.» B with the appropriate secondary ini- 
nedair*e-Voini-e«, which are'of equal magnitude. Observe that the 
in nee voltage compounded subtraetively in one case ( A) 

ifid.it iveiv in the other ease (13)* 

c ve: nor Vila gram <*l% Fig. 98, refers to one condition when the 
dare bus-bars are loaded. The load current is represented by 



Of 2 :• the secondary currents by OZ 2A , OZ 2B : and the primary cur¬ 
rents by OJ-jjj,. OI 1 The internal E.M.Fs. in the primary windings 
are represented by OH, OJ, and the corresponding induced E.M.Fs. 
in the secondary windings by OE*±, OE 2B . These E.M.Fs. when 
compounded with the appropriate impedance voltages give the 
common secondary terminal voltage 0T T 2 . 

Calculation of Loadings of Transformers for Given Load on Bus¬ 
bars. In practice the problem usually concerned with the parallel 
operation of transformers is the determination of the kYA. loading 
of the transformers when the kYA. and power factor of the load are 
known, together with the equivalent resistances and reactances of 


The case which we will consider is that of two transformers 
equal ratios, but dissimilar impedance triangles. The 
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exciting currents will be ignored. Hence, the vector diagram of 
Fig. 97 will apply, from which it follows that 

IJ1 B = ^Z A - (i^B + jXv)j{R K 4 - jX A ) 

I — I A 4- / B ; /a4^a = /b^b or 

whence I A = //(l "4- ^a/^b) — /^b/C-Z'a H~ ^b) - - - (53) 

and /b = //(l + ^b/^a) = /^a/(^a 4- -^b) - • - (54) 

Therefore J A and / B are determined. 

If the load kVA. is given, this quantity is substituted for I. and 
the results will give directly the kVA. loadings (symbolically) of 
the transformers. 

In many problems the resistances and reactances will not be 
given directly in ohms, but in the form of percentage voltage drops 
corresponding to full-load current. Since, however, the above equa¬ 
tions show that only the ratio of the impedances is required, the 
calculations may be carried out directly with the percentage values 
when the transformers are of eqnal kVA. rating. 

In the case of transformers of unequal ratings, however, the ratio 
of the ratings must be introduced into the above equations. Thus, 
let tv/, Inf denote the full-load currents; F 2 , the load voltage; ° u 
V ZA % F ZB/5 the percentage impedance voltages corresponding to 
the full-load currents. Then % V ZAf = 100 X Z x I Af F 2 . % F ZBf 

= 100 x Z^I Ef /V 2 . 

Whence ZJZ B = (% V ZAf /% F ZB/ ) X (kVA B /kVA A ) . . (55; 

^b/Za == (°/o v m f% b za/) X (k\A A /k\A B ) . - 1 56 t 

Example 1. Two transformers are connected, in parallel to supply a loaci 
requiring 500 A. at 0*8 power factor (lagging), 400 V. The ^ have 

equal ratios of transformation and their equivalent impedances, referred to 
the secondary windings, are 2 -{- j‘3 ohms and 2*5 -f- jo ohms. Calculate the 
current and "kVA. supplied by each transformer and the power factor at 
which it operates. 

Let E A — 2 j3, Z B = 2~5 4* j5. 

Then Z A 4” Z n ==s 4-5 —f~ 

Whence, from equations (53), (54), 

IZ S; 500 (O S-jO-6) (2-5 — J 5 \ (4-5 - J8) 

' K — Z A Z B ~ 4*5 2 4- 8 2 

= 252 — jl 70-6 

J A = V(252 2 4* 170-6 2 ) = 304 A. 
cos 9 ? a = 252/304 = 0*829 

Z A 500(0-S - jO-6 ) (2 4- j3) (4-5 -jS) 

Jb ~~ 1 z ± Z B ~ 4-5 2 4- S- 

= 148 - j!29 4 

J B = VC 1483 4- 129-4 2 ) = 197 A. 
cos <p B = 14S/197 = 0*75. 



.1 


A L TENS'A TING G U BRENTS 


Example 


Tv.'tj traiwfonners, -.4 and IS, of equal ratio and rating, share 
;\V. 45 ' . .. . •• factor (lagging). At full load the equivalent 

due to resistance is 1 per cent of the normal 
arid that due to reactance is 6 per cent. The corresponding 
.> former IS are 2 per cent and 5 per cent. Determine the load 
•rn.er. 


Z x _ 1 - J6 
yT ~ 2 — J5 



= 11 -f JO-241 
= O 865 — JO-189 


k\* A — 200 «.»• So — 23d 

k\ A = 23 5 0-85 - JO-527 } = 200 -J123-8 


kVA 200 - J123-8 

* * A 1 4~ ZJZ* ~~ 2 1 A jo-241 

= 87 6 -J69 

kVA A = % (87-6- — 69-) = 111 

cos tf q = ST-6 111 = 0*79 

T kVA 200 -J123-8 

K 1 ~ , — 1-865 — JO-189 

= 442-4 - J55 

kVAjj = V ( 112*4= -f- 55=) 
cos = 112*4 125 — 0*9 


125 


Example 3. A 7dM-kVA. and a 500-kVA. transformer are connected in 
r.'uruli d : ?;;• r --ly a l ad of li»00 kVA. at 0-S power factor (lagging). At the 

run-i kVA. t ;.♦* t-uxvakut voltage drops in the transformers due to resist¬ 
ance n:.n r nt-tunce arc* 3 per cent and 5 per cent respectively for the 750 kVA. 
trar.-f n:>?r. at. i 2 per cent and 4 per cent respectively for the 500 kVA. 
r :v-:..-f -rmer. Calculate the loading of each transformer. 

i : ring rh * 750 kVA. transformer by A and the 500 kVA. transformer 
hy .... •■■■• h..% , from equations (55;, (56), 


Z. ,, 500\ , 3 — 7*5 \ 

?: - V75&; \2~Tj4 ) = 0-86y —JO’0667 
Z hl ;Z x = 1447 - JO-0883 
^ kVA 1000(0-5-jfO- 6 ) 

1 — “ 4 567 — JO-0667 

= 440 -J305 

kVAj, — *y (440- -f- 305=) — 535 
co? r ^ — 440 535 = 0-S22 
fcV * kVA 1000(0-5 -JO- 6 ) 

* * 11 1 — zyz m 2-147 4- JO-0883 

= 360 -J295 

kVA r = ^ *360= — 295-i = 465 
eos 9 — 360 465 — 0-774. 




CHAPTER IX 

POLYPHASE CURRENTS AND SYSTEMS 

Distinction between Single-phase and Polyphase Systems. Up to the 

present we have dealt exclusively with circuits supplied from 
systems having only two line wires between which an alternat¬ 
ing E.M.F. was maintained. Such systems are called single-phase 
systems, and in this country they are employed chiefly for light¬ 
ing and small-power industrial applications. Rut with large-power 
industrial applications, and when conversion to direct current is 
required, polyphase systems are employed because of the advan¬ 
tages which they possess for these purposes over single-phase 
systems. 

A polyphase .system is so called because a number of EAI.Fs. of 
the same magnitude and frequency, but not of the same phase , are 
produced by the generator and are utilized by the loads. In gen¬ 
eral, an ?i-phase system has n E.M.Fs., with mutual phase differ¬ 
ences of 2 ?t/w radians, and requires a minimum of ?i line wires. 

Summary of Advantages of Polyphase Systems. The principal 
advantages of polyphase systems compared with single-phase 
systems are— 

(1) A polyphase alternator is smaller and less costly than a 
single-phase alternator of the same output, voltage, and frequency, 
because in the former case the armature periphery may be utilized 
more effectively than is possible in the latter case. Moreover, in 
the polyphase alternator the armature reaction, with balanced 
loads, is constant, whereas in the single-phase alternator the 
armature reaction is pulsating, and this feature requires a more 
costly construction in the single-phase alternator than in the 
polyphase machine (see p. 243). 

(2) Polyphase transmission requires less weight of copper in the 
line conductors than single-phase transmission (see p. 227). 

(3) With polyphase currents rotating magnetic fields may be 
produced by means of stationary coils (see p. 181). 

(4) The power in a polyphase balanced system is constant and 
non-pulsating (see p. 180). 

(5) Polyphase motors and converting machinery have a higher 
efficiency and better performance than single-phase machines, 
these features being due to items (3) and (4). 

The Simplest Form of Polyphase Alternator. In Chapter I, when 

considering the simple alternator, it was shown that if the conductors 
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forming tlie coil-sides of the rotating coil were distributed over the 
surface of the supporting cylinder, the E.M.Fs. generated in the 
several turns were not in phase with one another (see Figs. 6, 7). 
Hence, if a number of coils, displaced from one another, are arranged 
on the cylinder and each coil is provided with slip rings and brush 
cream as shown in Figs. 99 (a) and 100 (a )—which show the arrange¬ 
ment for two and three coils respectively—we shall have the simplest 
form of polyphase alternator. 

The mutual phase differences between the several E.M.Fs. are 
equal to the mutual angular displacements, in electrical degrees, 
between the respective coils. For example, with two coils fixed 
90 electrical degrees apart [Fig. 99 (a)] the phase differences 
between the E.M.Fs. will be 90 degrees, and with three coils fixed 
120 electrical degrees apart [Fig. 100 (a)] the phase differences will 
be 120 degrees. 

Assuming the coils to be rotating with constant angular velocity 
in a magnetic field of uniform density, the E.M.Fs. will vary as a 
sine function of the time, and may be represented by the equations 

e ± = E lm sin cot, e 2 — E 2m sin (cot — Hr), 
in the former case [Fig. 99 (a) 3 1 and 

e* = E lm sin cot , e 2 = E 2m si n.(cot - %rr), e z = E Zm sin {cot - r) 
in the latter case. 

Graphical representations of the E.M.F. equations are given, in 
rectangular co-ordinates, in Figs. 99 (6), 100 (6) ; and vector diagrams 
showing the E.M.S. values of the several E.M.Fs. are given in 
Figs. 99 (c), 100 (c). 

Conventional methods of representing the alternators in circuit 
diagrams are shown in Figs. 99 (d), 100 ( d ). 

Two- and Three-phase Systems. If each coil of the alternators of 
Figs. 99, 100, is connected to a separate circuit as represented by 
the conventional diagrams in Figs. 101, 102, the currents, assuming 
these circuits to be similar, will have phase differences of 90 degrees 
in the former ease and 120 degrees in the latter case. Each of these 
combinations constitutes a polyphase system, the former. Fig. 101, 
being called a two-phase system , and the latter, Eig. 102, a three- 
phase system. 

Phases of a Polyphase System. In the present case the term 
“phase” refers to the separate circuits—for min g part of, dr being 
sujiplied by, a single alternator (or other source of electric power)— 
in which a phase difference exists between the generated, or 
impressed E.M.Fs. associated with the respective circuits. Thus 
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the circuits of a polyphase system are called the 44 phases ” of 
the system. 

Symmetrical Systems. A. polyphase system is symmetrical when 



Fig. 100. Simplest Fobm of Thbee-phase Alternator 



Fig. 101 Fig. 102 

Ciiicuit Connections of Alternators of Figs. 99 ajni> 100 


the several E.M.Es., of the same frequency, have equal maximum 
values and are displaced from one another by equal time angles. 
Thus in a symmetrical ^-phase system the ti E.M.Es. are displaced 
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from one another by 1 Mth of a period. The E.M.Fs., if sinusoidal, 
are represented by the equations 

e x = E m sin cot, e 2 = E m sin [cot e 3 = sin (cot - 2 

. . . e n — E m sin 

The E.M.F. vectors, therefore, form a regular closed polygon, and 
their vector sum is zero. Moreover, the algebraic sum of the 
instantaneous E.M.Fs. is zero at every instant. For example, 
with a three-phase system (?z = 3) we have 

e x — E m sin cot, e 2 = E m sin (cot — |rr), e 3 — E m sin (cot — ^77) ; 
whence 

e i —r e 2 "f" e z — [sin cot -f- sin (cot — §77) -f- sin (cot — fs ‘ 7T )3 
= E m [sin ci >2 -f- 2 sin(o>£ — 77) . cos ^77 j 
= O. 

The principal symmetrical systems in practical use are the 
three-phase and six-phase systems, of which the latter is used 
almost entirely in connection with converting machinery and 
apparatus, and is obtained from a three-phase system. 

Balanced System. A polyphase system is balanced when the 
loads on the several circuits, or phases, are equal and have the 
same jDower factor. Under these conditions the instantaneous 
power in the system as a whole is constant, notwithstanding that 
the power in each phase is pulsating. This feature gives polyphase 
systems a great advantage over a single-phase system for the 
supply of power to motors and converting machinery. 

Interconnection of the Phases of a Polyphase System. If the 
phases of a polyphase system supply separate circuits, as in Figs. 
101, 102, then a pair of line wires is required for each circuit. But 
by suitably interconnecting the phases the number of line wires 
can be reduced without affecting the operation of the system 
Thus the three-phase six-wire system of Fig. 102 can be reduced, 
to one having only three line wires. Similarly, four and six-phase 
systems can be operated wdth four and six-line wires respectively, 
and, in general, any symmetrical -phase system can he operated 
■with n line wires. 

The interconnection must be carried out in such a manner that 
if closed circuits are formed the sum of the instantaneous E.M.Fs. 
in them must be zero in order that there shall be no circulating 
currents in these circuits. 


[coi- (»- 1)^] 
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The principal methods of interconnection are (1) the star con¬ 
nection, (2) the mesh, or ring, connection. These are show 
diagrammatically in ITigs. 103, 104. 

Star Connection of Polyphase Systems. The star connection. 
Fig. 103, is formed by joining one end of each phase to a common 
point—which is called the neutral point 33 -—and connecting the 
other ends to the line wires. In making this connection for a 
generator, transformer, motor or apparatus in which the electric 
circuits are interlinked with magnetic circuits, the line wires must 
be connected to the terminals, or the ends of the phases, which have 



Ulce 'polarity at successive instants, as if this condition is not fulfilled 
the interconnected system will he unsymmetrical. [Examples of 
dissymmetry due to incorrect connections are, for the three-phase 
system, given on p. 189.] 

Hence in these cases similar ends (i.e. either c£ starting 55 or 
“ finishing 53 ends) of the phases—assuming the coils to be wound 
in the same direction and connected in the same manner—must 
be connected together to form the neutral point. For example, 
with the simple three-phase alternator, shown in Fig. 100, the neutral 
point may be formed either, as shown in Fig. 105, by connecting 
together the coil-ends which were originally connected to slip 
rings 2, 4, 6, in which case the line wires are connected to slip 
rings 1, 3, 5 ; or, as shown in the alternative method of Fig. 106, 
by connecting together the coibends which were originally con¬ 
nected to slip rings 1, 3, 5, in which case the line wires are connected 
to slip rings 2, 4, 6. 

In the case of load circuits containing resistance or reactance, 
the particular ends of the circuits which must be connected together 
to form the neutral point are immaterial, provided that, with 
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induetivelv-reactive circuits the several magnetic circuits are not 
interlinked magnetically. If the magnetic circuits are interlinked, 
however, as in the case of the three-phase reactance, or choking 



Fig. 105 Fig. 106 

Methods of Interconnecting t h e Three-phase Alte it n xvroa 
of Fig. 102, xo Obtain Three Line Wires 


coil, shown in Fig. 107, then onlv T similar ends of the coils may be 
connected together. 

Line E.M.F. and Current Relationship for Star Connection. The 

magnitude of the E.M.F. between any pair of line wires, or terminals, 

of a star-connected polyphase alternator 
is given simply by the vector difference 
between the E.M.Fs. of the phases to 
which these lines are connected, since in 
making the star connection of the wind¬ 
ings the ends of like instantaneous polarity 
were connected together. In the case of 
an unloaded n -phase symmetrical system 
with sinusoidal E.M.Es. each of the line 
voltages is equal to 

2 sin ( 7 r/n) x phase voltage, 
and leads the corresjjonding phase voltage by [^(7r — ‘Ztt Jn) ] radians, 
or (90 — ISO ?2 ) degrees, i.e. the voltage between the lines connected 
to, say, phases 1 and 2 is (90 —180/?t) degrees in advance of the 
voltage of phase 1. 

Proof. Taking the positive direction of the E.M.F. generated in each 
phase to be outwards, or away from the neutral point, as inchoated in Fig. 103, 
the R.M.S. values JS 19 of the E.M.Fs. in two m i mv reniv.-onted 

in the vector diagram of Fig. 108, by the vectors 0.4, OS. The E.M.F. between 
the terminals of these phases is given by the difference of the vectors OA, OB , 
i.e. by the vector QC. 

Now in a symmetrical system E t = E.-, = EH, say. Hence, in Fig. 108, 
0.1 = OB. and OC = AB. 

If AB is bisected at F and this point is joined to O. the line OF is per¬ 
pendicular to A B and bisects the angle between 0.4 and OB. Therefore, 
AB =■ 2 AF = 20A sin £<2 rz/n). UTience OC = E x - -E7 a = 2E sin(Tc/w) = 2 
sin (~;n) x phase E.M.F. The angle between the vectors OC and OA is 
li— — h(2r:, ns] radians, or (90 — lS0/n)°. 



Fig. 107. Connections 
of Three-phase, St_vr- 
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The current in any line is equal to the current in the phase to 
which the line is connected. 

Mesh, or Ring-connected Polyphase System. The mesh, or ring, 
connection (Fig. 104) is formed by joining the several phases in 
series to form a closed circuit and connecting the line wires to the 
junctions of the phases. In making this connection for a generator, 
transformer, motor, or apparatus in which the electric circuits are 
interlinked with magnetic circuits dissimilar ends of adjacent 
phases must be connected together. Hence the resultant E.M.F. 
acting in the closed circuit is equal to the vector sum of the several 


A r B 



Fia. 108 Eio. 109 


Vector 3Diagra.ms itor Star- and Mesh-connected Polyphase 

Systems 


phase E.M.Fs. In the case of symmetrical systems with sinusoidal 
E.M.Fs., the resultant E.M.F. is zero, and therefore no circulating 
currents will flow in the closed circuit. With non-sinusoidal 
E.M.Fs. the resultant E.M.F. may not he zero, and in this case 
circulating currents will flow in the closed circuit. 

Line E.M.F. and Current Relationship for Mesh Connection. The 
E.M.F. between two adjacent line wires is equal to the E.M.F. in 
the phase to which these line wires are connected. 

The current in any line wire is equal to the vector difference of 
the currents in the phases connected to that line wire. In the case 
of a balanced ra-phase system in which the currents are sinusoidal 
the line current is equal to 

2, sin (jrjn ) X phase current, 

and leads the currents in the phases connected to that line wire 
by angles of (^7r ~f~ rrJn) and {^rr — -rr/^) radians, as shown below. 

Proof. bet- the positive direction, of the currents in the phases and line 
wires be that marked in the circuit diagram of Eig. 104. Then, assuming 
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balanced loads, the phase currents are represented, in the vector diagram 
of Fig. 109, by the vectors 0.4, OB, for the two phases under consideration. 
The current in the line wire connected to these phases is equal to I x — X 2 , 
and is represented by the difference of the vectors OA and OB, i.e. -by the 
vector OC. 

Xov for a symmetrical and balanced system I x — I z — I, say. Hence, in 
Fig. 109, 0-4 = OB, and OC = BA = 2 0-4 sin £(2 tt/»)- Whence the line 
current ( = OC) — I x — / 2 = 2 I sin(7r/«.) — 2 sin(7r/?i) x phase current. 

The angle between OC and 0-4-i.e. the phase difference between the 

current in line wire -4, Fig. 109, and the current in phase I -is equal to 

i-(rr — 2rr/?t) — (i|-rr —tet (n) radians, or (90 — lS0/)a.°. Similarly, the angle 
between OC and OB is equal to (S-tc -f- tc/?i) radians. 

Power in a Balanced Polypliase System. The power in a balanced 
polyphase system is, at any instant, equal to the sum of the instan¬ 
taneous power in the separate phases. Thus if in an ti— phase 
system the several E.lVLFs. are given by the equations 

e x — iS7 m sin cot, e 2 — H 7 m sin(a>£ — 277 / 71 ), e s — i£ m sm {cot — 2 ( 2 - 77 - jn)), 

. . . e„ = E rn sin (cot -2rr(n- l)/?i), 
and the currents are given by the equations 

i % = I m sin {cot — cp ), 2 2 = J m sin {cot — cp — 2 - 77 / 72 ), 

2*3 = I m sin {cot — cp — 2{2rrjn) ), , . . 
the instantaneous power is given by 

V = 4- € 2 2 *2 4- e 3 H 4- - - . 4- e n i n 

— E, m I m [sin cot . sin (cot — cp) 4 - sin (cot — 2 tt Jn ) . sin {cot — cp —2 ttJ?i) 
-f* sin (oot — 4 z-tt jn) . sin {cot — cp — 4 - 77 -/ 71 ) 

= E rn I m i [cos cp — cos(2 cot — (p) -j- cos cp — cos (2 cot — cp — 477 Jn) 

4 - cos cp — cos (2cot — cp — 877 / 71 ) -}- . . . ] 

V — iC'W' cos cp — cos(2 oot — cp) — \ cos (2 cot — cp) . cos 477/71 

4 - sin( 2 o>£ — cp) . sin 4ctt Jn\ — J cos(2coj5 — cp) . cos 877/71 
4- sin (2cot — cp) . sin 8 77/71 ^ . . . ] 

= 2 E-mlm ,O cos cp — cos (2 cot - cp) \ 1 4 - cos /ti + COS 877 jn~\-.\ 
sin(2 cot — cp) J sin 477 jn 4- sin S 77 /?i -~j- . . . £ ] 

= COS Cp 

— n E I cos cp . . . . . . . _ (57) 

[ZSToxe.— 1 -f- cos 477/71 -j- cos 877/71 4- cos 1277 Jn = 0, 

sin 477/71 4- sin 877/71 4~ sin \2rrjn 4 - . . . =0, 

71 being an integer.] 

Hence the instantaneous power is expressed in terms of the 
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constant quantities E, 1 , n, cos cp. Therefore the total power in 
any polyphase system with balanced loads is entirely free from 
pulsation. 

Production of Rotating Magnetic Fields by Polyphase Currents. 

In addition to the above advantage a symmetrical polyphase 
system possesses the further advantage that a uniformly rotating 
magnetic field, of constant magnitude, may he produced by means 
of stationary coils. 

The general conditions to be satisfied for the production of a 
bi-polar magnetic field from an ??,-phase system are (1) the number 

1 Y ^ 

I /%£ 


G ~ \,Y'^ 

Col) (b) 

Fiq. 110. Sp^-ois ajstd Vectoe Diagrams for. ANAiYTicAi Proof 
of Theorem of Rotating Magnetic Field 

of magnetizing coils must equal the number of phases, (2) these 
coils must be similar and must be arranged symmetric ally with 
respect to a central axis, and (3) the angle between their magnetic 
axes, taken in order, must equal the mutual phase difference between 
the currents supplied to the coils (i.e. 360 jn degrees). 

The speed of rotation of the magnetic field is equal to the angular 
velocity of the supply currents, i.e. the speed in revolutions per 
second is equal to the frequency of the supply currents. 

When a multipolar magnetic field is required there must be n 
similar coils per pair of poles, and the' angle, measured in degrees, 
between the magnetic axes of the successive coils must equal 
(3Q0 j^np), where jp is the number of poles. In this case the speed 
of the field, in revolutions per second, is equal to //jp, where 
is the frequency of the supply currents. 

In all cases the magnitude of the rotating field is given by 

H = lnH rn , 

where H m is the maximum magneto-motive-force due to one coil. 

A. 7 xalyticaX JProof. Consider three coils arranged, as in Fig. 110, with their 
magnetic axes 120° apart. Let these coils be supplied from a symmetrical 
three-phase system, and let the instantaneous values of their M.IVLFs. be 
represented by the equations 

. — sin cot, . = sin(eo£ — §tc). 



h a ~ H ni sirt (cot — §tc). 
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These AT. M. Fs. have directions in space along the magnetic axes of the 
respective coils and they are each alternating at the frequency of the supply 
currents. 

The value of the resultant M.M.F., in space, due to the joint action of the 
coils may, at any particular instant, be obtained from a knowledge of their 
components, at "this instant, along two arbitrary axes perpendicular to 
each other. 

Thus, taking one axis (T) along the magnetic axis of coil A., and measuring 
space angles in the counter-clockwise direction from the positive or right-hand 
horizontal axis, we have for the sum of the components of M.M.Fs. along the 
vertical axis at the instant t 

U-y — sin 90° + /i B sin 210° -f- h Q sin 330° 

= H m [sin cot — &(sin {cot — f tc) — & sin(o>£ — %tc) ] 

= H jn [sin cot — l (sin cot.cos f — — cos cuf.sin §rc) 

— A (sin cot. cos £rr — cos cousin ^7r)] 

== H m — i ( --J sin toi — SA CO s a ><^—(^— 4 sin cot -\- cos cot^ J 


— sin oyt. 

Similarly, the sum of the components of M.M.Fs. along the perpendicular' 
axis (AT) at the instant t are 

/z x = h x cos 90° -4- cos 210° -f- h Q cos 330° 

= H m j^~ ^|sin (^oot - |tt ^ sin Qot - 

= ^-| H m P — ^sin cot . cos |-7r — cos cot. sin -|rc^) -f- ^sin cot . cos ~tz 


— cos cot. sin 




.(•+- | sir 


V3 . 1 . . , 

cos cot — ^ sin cot 


cos cot ^ 


in t~)] 


— -f- H cos cot 

Therefore the magnitude of the resultant M.M.F. at the instant t is given by 
h = y'(^ x 2 -r h~x~) — V {(§ II. m sin cot) 2 -f- (A cos cot) 2 } 

= 

i.e. the resultant M.M.F. is constant in magnitude and is equal to 3/2 
X maximum M.M.F. of on© coil. 

Let & represent the space angle which the resultant M.M.F. makes with 
the AT axis at the time t. 


Then 

i.e. 


t an 6 = ~ — 
6 — cot. 


3 H, m sin cot 
A H m cos cot 


— tan cot. 


Therefore the magnetic held rotates in the counter-clockwise direction 
with an angular velocity of co, and the number of revolutions per second is 
equal to the frequency of the supply currents. 

(Graphical proof. The construction for the graphical proof of the theorem 
is extremely simple for the case of two coils supplied with current from a 
two-phase system, the coils being arranged about a common centre with 
their magnetic axes perpendicular to each other. We shall, however, give 
the construction for the three-phase case. 

First, a time diagram is required showing the instantaneous values of the 
M.M.Fs. of the coils at successive instants of the period. This diagram may 
be drawn either in rectangular co-ordinates, as shown in Fig. Ill (a.), or in 
polar co-ordinates, as shown in Fig. Ill (6). 
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Second, a space vector diagram is required showing the directions of these 
M.M.Fs., as well as their magnitudes, in space. 

The space vector diagram for the three-phase case under consideration is 
shown in Tig. Ill ( c ), and contains three axes of reference, OZ1, O Y, OZ , having 
a mutual displacement of 120°. 

To obtain the direction and magnitude of the resultant M.M.F. at successive 
instants, the instantaneous values of the M.M.Fs. of the coils are obtained 


(a) 



Fig. 111. Time and Space Dia.g:r.ajyls foe Geaphical Peoof 
of Theoebm of Rota-Testg Magnetic Field 

from the time diagram and are transferred to the space vector diagram 
from which the resultant is obtained by constructing the vector parallelogram. 

For example, let the period he divided into twelve equal parts and the time 
intervals be numbered 0 to 12, as in Fig. Ill (u). At zero time let the M.M.F. 
of coil A. be zero and the M.M.Fs. of coils JB and G be represented by the 
ordinates b Q in Fig. Ill (a). Setting these quantities off as 0b o , Oc D , in 

the space vector diagram of Fig. Ill (c), we obtain, by constructing the vector 
parallelogram, the direction and magnitude of the resultant Or Q . Since 
b Q = — 0*866 and c Q — 0*866 the resultant Or 0 is equal to 

2 x 0*866 H m cos 30° = f 

When one-twelfth of a period has elapsed the M.M.Fs. of the coils are 
represented in the time diagram by the ordinates a x , b X7 c x ; and when these 
quantities are set off in their correct positions in the space vector diagram 
we obtain the resultant Or x . Since ct x — b x — — H m , c x = £H jn , the 

resultant Or x is equal to -f- 2 X : kH m cos 60° = |l? m - Moreover, the 

angle between Or Q and Or x is 30°, which is equal to the time angle (i.e. 

X 360°) between the points 0 and 1 in the time diagram. Similar results 
will he obtained for other points of the period. 
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Hence the magnitude of the resultant M.M.F. is constant and is equal 

t °T~he ? fo''US of the resultant M.M.F. vector is a circle, and the radius-vector 
makes one revolution during each period of the supply current. 

Application of Polyphase Systems. Of the various polyphase 
systems available the three-phase system is the one most extensively 
employed at the present day, firstly, because this system requires 
the minimum number (three) of line conductors of any polyphase 
system, and, secondly, because it is possible, by means of stationary 
transformers, to obtain otber polyphase systems such as the 
two, six, nine, and twelve-phase systems—from a three-phase 
system. 

COMMERCIAL POLYPHASE SYSTEMS 

We will now consider the three-phase and six-phase systems 
more in detail. 

Three-phase System 

In a symmetrical system the phase E.M.Fs. are represented by 
the equations 

e T = E m sin cot, e n == E m sin {cot — § 77 -), e lzl = E. rn sin (cot — -£ 7 r) 

Star-connected System. The circuit diagram for a star-connected 
system is given in Fig. 112 , in which the assumed positive directions 
for E.M.Fs. and currents are indicated by arrows. The instantaneous 
values of the terminal, or line, E.M.Fs. are therefore given by the 
equations 

v i - 2 — _ £n ‘ v 2 - 3 == ^ii ~ *hxi 

= E m [sin cot — sin (cot — § 77 - )] =E rn [sin (cot—^rr )—sill (cot~±7t)~\ 

= sin . cos (cot — ) = 2 E m sin -|-7r . cos (cot — 77 ) 

= y/3 - cos (cot — 3 - 77 ) — y/3 . E m cos (cot — 7 r) 

= y/3 . E m sin (cot -{- ) = y/3 . E m sin (ojt — ^ 7 r) 

^3 - 1 = ^irc ~ 

== E rn [sin (cot — 4 - 77 -) - sin cot ] 

— 2E m sin -J 77 - cos (cot — -^tt ) 

= y/3 . E m cos (cot —-Jtt ) 

= y/3 . E. m sin(coi 

Thus the line E.M.Fs. are equal to one another and have a mutual 
phase difference of 120 degrees, or |- 7 r radians. Also, the line E.M.Fs. 
have a phase difference (leading) of 30 degrees, or radians, with 
respect to the phase E.M.Fs. For example, the E.M.F. between 
lines 1 and 2 is 30 degrees in advance of the E.M.F. of phase I ; 
that between lines 2 and 3 is 30 degrees in advance of the E.M.F. 
of phase II ; and that between lines 3 and 1 is 30 degrees in advance 
of the E.M.F. of phase III. 
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The R.M.S. values of the line E.M.Fs. are 

V* - 2 = V& - E ; F 2 _ * = V3 . E ; F 3 _ x ^ +3 - E. 


The vector diagram for a star-connected symmetrical system 
with balanced loads is shown in Fig. 113, in which the vectors 
OE x , OE lly OE in , represent the phase E.M.Fs., and the vectors 
OV ! _ 3 , OV 2 _ 3 , OV 3 _ x , represent the line E.M.Fs. ; 0F X _ 2 being 
the difference between the vectors OE x and OE n ; OV 2 _ 3 , the 



difference between the vectors OE n and OE ni ; O V 3 _ l5 the differ¬ 
ence between the vectors OE in and OE x . These vector differences 
may also be represented by the sides of the triangle formed by 
joining the extremities of the vectors representing the phase E.M.Fs. 
For example, the side E n E l} taken in the direction E n — E x , is 
equal and parallel to OFj. 2 . Similarly, the sides E ni E X1 and E x E lu 
are equal and parallel to the vectors 0F 2 - 3 and OF 3 . x respectively. 
Hence in a star-connected system the line E.M.Fs. may be repre¬ 
sented by the triangle (or polygon, when the number of phases 
exceeds three) formed by joining the extremities of the vectors 
representing the phase E.M.Fs. 

The line and phase currents are shown, in Fig. 113, by the vectors 
OI x , OI 2 , OI. 4 , each of which has a phase difference of cp with respect 
to the phase E.M.Fs., <p being the power factor of each of the 
balanced loads. Hence the phase difference between the current in 
any line and the voltage across adjacent pairs of line wires may be 
( 3 O + 93 ) 0 , (150 + 9 ?)°, or (90 — 9 ?) 0 , according to the particular 

phase and line wires considered. For example, the phase difference 
between the current in line 1 and the voltage across lines 1 and 2 is 
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(30 4 - cp)° lagging ; that between the current in line 1 and the 
voltage across lines 3 and 1 is (150 + cp)° lagging ; but that between 
the current in line 1 and the voltage across lines 2 and 3 is (90 — <p)° 
leading, the appropriate line E.M.F. vector being considered as the 
vector of reference in each case. These phase differences are shown 
clearly in the vector diagram, which has been drawn for <p lagging. 
If q> is leading the phase differences become (30 — <p)°, (150 — cp), 
(90+ <p)°. 

Star-connected System with Neutral Wire. This system, which 
is shown diagramma tie ally in Fig. 114 and is called the three-phase 
four-wire system , is used in cases where unbalanced loads have to be 
supplied from a three-phase system. The principal application of 
the system in practice is for supplying single-phase lighting net¬ 
works from a three-phase system which also supplies a power load.; 
< * , and its advantage over the ordinary 

gj £ Y 9 a/ three-phase star-connected system 

4 ^——— ■ ; ' ■ ' l g T' ~ C V — without neutral wire (which is usually 

~ 'r ~' £ c 4 called the three-phase three-wire system) 

\ ¥ { 7 is that the power load may be supplied 

Fio. 114. Cmcurr Diagram of at a higher voltage than the lighting 

Three-phase, Fouh-wihe load, since the latter is supplied at 

, i, the w6 phase voltage, while the former 

may be supplied at the eC line voltage of the system. For 
example, if the lighting load is supphed at a pressure of 230 volts, 
the power load may be supplied at a pressure of 230 X a/ 3 = 
400 volts. 

The current in the neutral wire is equal to the reversed vector 
sum of the currents in the line wires. Thus when the single¬ 
phase loads are balanced there is no current in the neutral wire, 
since the vector sum of three equal quantities having a mutual 
phase difference 120° is zero. When, however, the single-phase 
loads are unbalanced the magnitude of the current in the neutral 
wire and its phase relations with respect to the line currents depend 
upon the manner in which the unbalanced loads are distributed 
on the system. Vector diagrams for a number of cases are shown 
in Fig. 115, and a worked example is given in Chapter XIX. This 
example shows also the maimer in which the voltage drop in the 
neutral wire affects the symmetry and balance of the voltages 
across the loads. 

Delta-connected System. The circuit diagram for a delta-con¬ 
nected* three-phase system is shown in Fig. 116 (a), in which the 

* The mesh connection of three-phase circuits is usually called, the ‘ 4 delta” 
connection, and is represented by the symbol A- 
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phases are drawn in the same relative positions as in the diagram 
(Fig- 112) for the star-connected, system. A comparison of the dia¬ 
grams will show what changes in connections are necessary to 
convert one system to the other. 



Fig. 115. Vector IDiagrajvcs Showing Metecod of Detebmining 
Current (I a ) tn Neutral Wire or Three-phase, Four-wire System 
OI 0 should he reversed in direction. 


The convential circuit diagram for the delta-connected system 
is shown in Fig. 116 (6), this form of the circuit diagram being used 
in practice in preference to that of Fig. 116 (a). In both diagrams 
the assumed positive directions for E.M.Fs. and currents are 
indicated by arrows. 



Fig. 116 Fig .*117 

Circuit an d Vector Diagrams or Three-phase, IDedta-connected 

System 


Tn the delta-connected three-phase system the line F.IVl.Fs. are 
equal to the phase F.MJETs., and their instantaneous values are 
therefore represented by the equations 

V x . 2 = = -&m Sm COZ ’ 

^2-3 = e,! = E^ si n{cot - §?r), 

v* _ , = . = F w sm(o><-^7r). 
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Hence the R.M.S. values of the-line E.M.Fs. are 
F a _ 2 = E; V 2 _ 3 =E; V 3 _ x = E. 

If the S 3 7 stem is balanced the instantaneous values of the phase 
currents may be represented by the equations 

i 1 = / w sin (cot — cp), i tI = I m sin {cot — §rr -cp), i 1XL = / m sin {cot — 4-tt ~cp ) 

and the instantaneous values of the line currents will then be 
represented by the equations 

H = H ~ hu = sin {cot cp) I m sixi (cot - |-vr - cp) 

— y'3.^ sin (m 2 — J 7 t — cp) 

i a — hi — h = I m sin {cot — §tt — cp) — I m sin (cot ~ cp) 

— -\/S.I m sin (cot ~%rr — cp) 

H = - 2 n = sin(co£ ~^rr - cp) - I m sin (m 2 - §77 ~ 99 ) 

= I m sin (m 2 —jsrr — cp) 

Thus the line currents are equal to one another and have a 
mutual phase difference of 120°, or §tt radians. Also the current 
in any line has a phase difference, lagging, of 30°, or radians, 
with respect to the current in the lagging phase connected to that 
line. Tor example, the current in line 1 (which is connected to 
the junction of phases I and III) has a phase difference of 30°, 
lagging, with respect to the current in phase I. Similarly, the 
current in line 2 has a phase difference of 30°, lagging, with respect 
to the current in phase II, and the current in line 3 has a phase 
difference of 30°, lagging, with respect to the current in phase III. 
The R.M.S. values of the line currents are 

I x = 7V3 ; Z 2 = IV3 ; Z 3 = IV 3. 

The vector diagram for a delta-connected system with balanced 
loads is shown in Fig. 117, in which the vectors OE 1} OE lls 0E ln 
represent the phase E.M.Fs.—and also the E.M.Fs. between the 
line wires OI x , OI n , OI ul represent the phase currents, each 
lagging cp with respect to the appropriate phase E.M.F., and 
CI 2 , OI ? represent the line currents. Observe that the phase 
difference between the current in any line wire, e.g. 1 , and the 
voltage across the adjacent line wires, e.g. 1 and 2 , is (30 -f- cp )°, 
and is lagging with respect to the line voltage. 

Therefore , the ‘phase relations between line currents and line voltages 
are the same for star- and delta-connected systems; and in every 
symmetrical and balanced system the line-voltage vectors are displaced 
from the line-current vectors by an angle of (30 d= 99 )°, cp being the 
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phase difference between the E.M.F. and current in each phase, the plus 
sign to be employed when cp is lagging and the minus sign when cp is 
leading. 

Conversion of a Balanced Star-connected Load into an Equivalent 
Mesh-connected Load and Vice Versa. In consequence of the above 
relationship between the line and phase currents and voltages, 
any symmetrical and balanced star-connected system may be 
replaced by an equivalent mesh-connected system, and vice 
versd. For example, a three-phase star-connected system in which 
the line voltage is V and the line current is I may be replaced 
by a delta-connected system in which the phase voltage is V and 
the phase current is I/-\/3. 

Similarly a balanced star-connected load for which the impedance 
of each branch is equal to Zjcp 0 may be replaced by an equivalent 



Fm. 118. Equivalent Star and Delta Giro cits 

delta-connected load for which the impedance per inhase is equal 
to 3 Zjqp°. These equivalent conditions are shown in the circuit 
diagrams of Fig. 118. 

Proof. Dot V = line voltage, I == line current, and Z^ = impedance per 
phase for the star-connected system. Then the phase voltage is equal to 
F'/'V / S, and the phase current is equal to I. "Whence Z Y — Vj( a/3.I). 

Now in the equivalent delta-connected system the line voltage and current 
must have the same values as in the star-connected system, and therefore we 
must have 

phase^ voltage == V, phase current = I j a/3, 

impedance per phase — Z^ = F/(//v'3) = a/3. VII — 3 Z^, 
since V/I = a/3 .Z^. 

Moreover, as the phase difference between the line voltage and line current 
must be the same in both systems, we must have, therefore, the same phase 
difference between the phase voltages and currents. Hence Z^ f rp° = 3 Z^ J cp°. 

The cases of unbalanced loads are considered in Chapter XIX. 

Incorrect Star Connections. Two cases of incorrect star connec¬ 
tions are shown in Fig. 119, and the vector diagrams are shown in 
Fig. 120. In one case. Fig. 119 {a), one phase has been incorrectly 
connected, and in the other case. Fig. 119 (b), two phases have heen 
incorrectly connected. In both cases the vector diagrams show 
that the line voltages are unbalanced and are not 120° apart. 
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Thus, with a symmetrical system the equality of the line voltages 
is an absolute check on the correctness of the connections. 

Incorrect Delta Connections. Two cases of incorrect delta con¬ 
nections are shown in Tig. 121, and the vector, diagrams are shown 
in Fig. 122. In both cases the resultant E.M.F. acting in the closed 
circuit is equal to twice the phase E.M.F. For example, if phase 



Fie. 119 Fig. 120 


CuicaiT asd Vector Diagrajvis or IncortitncT Stau Connections 



(CL) (b) (CL) (&) 

Fig. 121 Fig. 122 

Cie cmT and Vector Diagrams or Incorrect Delta Connections 


III is connected incorrectly, i.e. reversed, the resultant E.M.F. is 
given by 

e ~ 6j -f e XII = E m [sin cot sin {cot — § tt) — sin. {cot — f^rr) ] 

— E m [sin (cot — Jtt) — sin {cot — 4ttt) ] 

= E m [sill {cot — -g7T) H- sin (cot — ~^rr ~f- tt) ] 

= sin (cot — 

If phases II and III are reversed the resultant E.M.F. is given by 
e — — e xl — % = E m [ sixl coi — sin (col — f/r) — sin (of — ivr) ] 

=== 2 E m sin cot . 

Thus the correctness of the connections may be checked by 
leaving one of the junctions of the phases open and co nn ect in g a 
voltmeter between these phase ends. If the reading on the volt¬ 
meter is zero the phase ends to which the instrument is connected 
may be permanently connected together, hut if the reading is equal 
to twice the phase E.M.F. then the connections are incorrect. 
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With non-sinusoidal wave-forms, however, a reading will be obtained 
on the voltmeter, even if the connections are correct, but this 
reading will usually be less than twice the phase E.M.F. In such 
cases the non-sinusoidal E.M.F. results in circulating currents in 
the closed circuit, and the value of this current will depend upon 
the magnitudes and frequencies of the harmonic components of the 



Fig. 123 Fig. 124 

ClECUIT A.3STD VECTOR DIAGRAMS OB’ 2lGZAG CONNECTION OS’ 

Three-phase System 


E.M.F. wave, as well as the impedances of the closed circuit at these 
frequencies. A worked example is given on page 309. On account 
of this feature the A-connection is not usually employed in 
connection with alternators. 

Zigzag Star and Open-delta Connections of Three-phase Systems. These 
connections are modifications of the star and delta connections and are 
occasionally employed in connection with generators and transformers.* 

The zigzag-star connection (called also the “inter-connected-star” con¬ 
nection) is shown diagranxrnatieally in Fig- 123, and requires each phase of 
the generator, or transformer, to be wound in two equal sections, which are 
connected in the manner shown in Fig. 123 (a). 

The vector diagram for this connection is shown in Fig. 124, from which 
it follows that if the E.M.F- of each half-section of a phase-winding is equal 
to the phase voltage.of the system is equal to '>/3(^E7) == 0-S66E, and the 
line voltage is equal to -\/3(^JE7. -\/3) — 1*5jB7. Therefore, with this connection, 
the line E.M.F. is only 86*6 per cent of that which would be obtained from 
the same machine with the normal star connection. 

The vector diagram also shows that the vectors representing the phase 
voltages of the system have a phase difference of 30°, lagging, with respect 
to the vectors representing the induced E.M.Fs. ; and that the vectors 
representing the line voltages are in phase with the latter. Hence if <p is 
the phase difference between the phase E.M.Fs. and currents, the phase 
difference between the line E.M.Fs. and currents will be (30 -f- (p°), as in .an 
ordinary three-phase system. 

The zigzag-star connection therefore results in a reduction of the output of 
the alternator, or transformer, in which it is employed, and its use is restricted 
to cases where the ordinary star connection is inadmissible. For example, if 
the E.M.F. wave-form of an alternator is known to contain a component of 
triple frequency, this component may be eliminated from the phase E.M.F. 

* For other connections which are suitable for instrument transformers, see the Author’s 
Power Wiring Diagrams, Third edition (Pitman), p. 156. 
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hv employing the zigzag-star connection, as the triple-frequency components 
of the E.M.Fs. in the sections of the phases which are connected in series 
neutralize each other, due to these sections being 120° apart and reversed 
relatively to each other. 

The Open-delta Connection (called also the “V” -connection) is occasionally 
einpiovt-d in connection with transformers, but it is never employed with 


alt.-rii;tiers. Ii is obtained from the delta connection by removing one 


phase, as shown in the circuit diagram of Fig. 125. When equal E.M.Fs., 
having a phase difference of 120°, are induced in the remaining two phases. 



Fig. 125 


Fig. 126 


Circuit Vector Diagrams or Orien-delta, or V-connection 

of Thbeb-phase System; 


the E.M.Fs. between the line wires are equal and have a phase difference of 
120 °, as in a symmetrical three-phase system. 

The vector diagram for this connection is shown in Fig. 126. The E.M.Fs. 
induced in phases I and II are represented by the vectors 0 7^, and OV 2 
[Fig. 126 (a)], which also represent the E.M.Fs. between lines 1 and 2, and 
2 and 3, respectively. The E.M.F. between lines 3 and 1 is equal to the 
reversed vector sum of the E.M.Fs. induced in phases I and II, and is repre¬ 
sented by the vector OF 3 .j. Thus, the line E.M.Fs. are eqnal and have a 
mutual phase difference of 120 °. 

If a balanced load is connected to the line wires the line currents-will be 
equal to one another and will have a mutual phase difference of 120 °, as in a 
symmetrical three-phase system. The currents in the phase windings will 
be equal to the currents in the line wires. . Thus, if I B , I are the load 
currents (see Fig. 125), the current, I ± , in line 1 "is given by /i = /a : /c> 
that, JT 2 , in line 2 is given by I z — JT-g — / A ; and that, I a , m line 3 is given 
by J a — I c — / B - These currents are represented, in the vector diagram of 
Fig. 126(6), by the vectors OI ± , OI a , OI 3 ; and the currents in each phase of 
the load are represented by the vectors OI-g, OI 0 . 

The current in phase I ojf the transformer is equal to that in line 1, and is 
represented by the vector OI^ ; but the current in phase II is equal to the 
vector sum of the currents in phase I and line 2 , i.e. Ju — /i + /a — “ Ta- 

Hence the currents in the phases of the transformer have a phase difference 
of 60°, instead of 120° as in the normal delta connection. Moreover, the 
current in phase I has a phase difference of (30 -f- 95 )lagging, with respect 
to the voltage between lines 1 and 2 ; but the current in phase II has a phase 
difference of (30 — 9 ?) 0 , leading, with respect to the voltage between lines 
2 and 3. • 

The total power supplied by the two phases is, therefore, equal to 
VI eos(3G -f- <p)° VI eos(30 — qp)° — s/l&.VI cos <p. Thus the power sup¬ 
plied by each phase is equal to 4('V / 3. VI cos 9 ?) ; whereas, with the normal 
delta connection (i.e. with three phases) and the same phase currents, the 
power supplied by each phase is equal to VI cos <p. Hence the output per 
phase with the open-delta connection is only ^-y/3 = 0-866 of that obtainable 
with the delta connection and same phase current. In consequence of this 
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reduced, output) the open-delta connection is' employed only in cases wliere 
the saving of the cost of the third transformer is important, as in transformer- 
starting apparatus for polyphase motors. (See Power Wiring Diagrams, 
p. 104.) This connection, however, is useful in practice for obtaining a 
temporary (three-phase) supply from a group of three delta-connected 
transformers in the event of one transformer becoming defective. 

Power in Tliree-pliase Circuits. The power in a balanced poly¬ 
phase system has already (p. 180) been shown to be equal to 
nEI cos cp, where E, I, are the phase E.M.Ps. and currents, and cp 
is the phase difference between them. Hence in a balanced three- 
phase system the power is given by JP = 3EI cos cp. 

In the case of a star-connected system the line voltage, V, is 
equal to \/3E , and the power is given by JP = -\/3 . VI cos cp. 
Similarly, with a delta-connected system the line current {I') is 
equal to *\/3 . I and the power is given by JP — ->/3 . ET cos cp. 
Therefore, in general, the power in a balanced three-phase system 
is given by 

■\/3 X line voltage X line current x cos cp. 

In the case of an %inbala / ncecl system the total power must be 
obtained by taking the sum of the powers in the separate phases. 
Thus if the instantaneous values of the phase E.M.Fs. are given 
by the equations 

ei = E lm sin cot, e XI = E 1Im sin (cot - § tt), e m =D 11Irn si n(oot— 4 tt) ; 
and the instantaneous values of the phase currents are give - ‘ u ~~ 

t-^Tr-cp.D, hn =4 mmSin [coz- 3 7r-p 3 ) *, 

the instantaneous power will be given by 

P = e ih + e idn -h e m% 

= & lm I Xm sin cot . sin (cot -<p x ) + 

sin (cot - -|t r) . sin (cot - f tt - cp 3 ) + E lsJrn I 1TIm 
sin (cot — ^ 7 t) . sin (cot — 4^'ir — q> 3 ) 

= i- -27i m /i m [cos cp x — cos(2ct>£ -<p x )] + 

[cos cp 2 — COS (I cot -i'TT — cp z ) ]-[- 
[cos cp z — cos (2a>£ — -$7T — (p 3 ) ] 

= E l I 1 [cos (p ± — cos (2 cot — p ± ) ]+^ u / n 

[cos ~ cos(2 cot — ^tt) \ + sin cp 2 . sin(2co£ — -£ 77 -)] 

-f- Dniljxi [cos <p 3 £ 1 — cos (2cot — 77 -) | + si* 1 JPz * sin(2a>£ — tt) ] 

Hence the mean power is given by the mean value of the above 
expression taken over a period.. Thus 

JP = E I I 1 cos cp^ -h E^Zjj cos 9 ? a -j- E m I 1TX cos p 3 . . (58) 

since all terms of double frequency become zero when averaged 
over a period. 

14—(T.5245} 
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Tliere£oi*e the mean power in an unbalanced three-phase, or any 
polyphase, system is equal to the sum of the mean power in each 
phase. 

[Note. —The case for which the E.M.F. and current are non- 
sin u sold al is discussed in Chapter XIV.] 

Measurement of Power in Three-phase Circuits. With balanced 
circuits the total power may be measured by a single wattmeter in 
a number of ways.* For example, if the neutral point of the 
system is available the wattmeter may be connected as shown in 

^Load 
—N.RoP 

jLo<3g/ 

{CL) (b) 

Fig. 127. Methods of Measctriing Power in Three-phase, 
ST.4Ja-co3srisrECTED System: ajstd BaTjAjstced Loads 



Fig. 127, in which the current coil of the wattmeter is inserted in 
one of the line wires and the potential coil is connected between 
that line ware and the neutral point. The total power is equal to 
three times the power indicated by the wattmeter. When, however. 


this method is employed in practice it is customary to mark the 
scale of the instrument in terms of the total power instead of the 
actual power indicated by the instrument. 

If the neutral point of the system is not available, the total power 



Fig. 128. Method of Measuring 
Power est Balanced Three-phase 
System, with Isolated ISTe utral 
Fount 


may still be measured by means 
of a single wattmeter, but in this 
case it is necessary to impress on 
the potential coil of the wattmeter 
a voltage which is equivalent to 
the phase voltage of the system. 
With low-voltage circuits and the 
dynamometer type of wattmeter 
this equivalent phase voltage may 
be obtained by the use of a 
star-connected potential circuit. 


as shown in Fig. 12S, in which 
one branch consists of the potential coil of the wattmeter and the 


other branches consist of resistances equal in value to that of the 
potential coil. For extreme accuracy the inductance of each of 
these branches must equal that of the potential coil. Thus the 


* See Power Wiring Diagrams , Third. Edition, p. 158. 
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wattmeter indicates tlie true power in one phase of the system, as 
in the previous case. 

With unbalanced circnits the total power may be determined by 
measuring the power in each phase, by separate wattmeters, and 
adding the results. Such a method requires three wattmeters and 
is not used in practice because the same result may be obtained by 
means of two wattmeters, or a single wattmeter of the polyphase 
type (p. 381), connected in the manner shown in Fig. 129. The 
total power is then given by the algebraic sum of the readings of 
the wattmeters, when two instruments are employed. When a 
polyphase wattmeter is employed, the total power is given by a 
single reading of the instrument, and this feature renders this type 
of instrument very serviceable for commercial circuits. It should 
be noted that in each case the results are true, whether the system 
is balanced or unbalanced. 


The theory of the two-wattmeter method of power measurement 
is best developed by considering the case when two separate watt¬ 
meters are employed, as we are then able to show how the power 
factor of a balanced system may be obtained from the readings of 
the instruments. Moreover, since a polyphase wattmeter consists 
essentially of two single-phase instruments with a common moving 


system, the proof devel¬ 
oped for the case of two 
separate wattmeters may 
readily be interpreted for 
the case of the polyphase 
wattmeter. 

Theory of the Two-wattmeter 
Method of Measuring Power in 
Three-phase Circuits. Let the 

positive direction of E.M.Fs. 
and currents in the circuit be 
that marked by the arrows in 
Fig. 129. Then if the instan¬ 



taneous values of the currents 
in lines 1 and 2 (in which the 
current coils of the wattmeters 
Tiq, W 2 are - inserted) are 


Fig. 129. Circuit Diagram job Two- 

WATTMETEB METHOD OP MEASTJBINa POWER 
nr Three -phase System 


denoted by i x , respect¬ 

ively, the instantaneous power measured by wattmeter W 1 is equal to i x 
and that measured by wattmeter W 2 is equal to w^ 2 _ 3 . Observe that the 
positive directions for the E.M.Fs. impressed on the potential coils of the 
wattmeters are : for wattmeter TTy and v 2 - s for wattmeter TF 2 . 


The sum of these quantities is 


But if the phase E.M.Fs. of the system are esj, e n , e TTT , we have v 2 . 3 c — e ITI , 

x-s — e z — ejj-j-, and therefore 

-+- ^i^x-3 ~ ^ 2 ( e ix ~ e m) + h(ei — %) — H € i -+- ^a e u — e m ( 
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Xow in any three-phase three-wire system, whether the loads are balanced 
or unbalanced, the instantaneous sum of the currents must be zero, i.e. 
h -T- ^3 + *’s = 0 , or h -r 

Therefore the sum of the instantaneous quantities measured by the 
wattmeters is given by 

h e i 4- ■+• »Vm 

and is equal to the total power in the system. 

With a balanced system 

i x = I in sin(c ot — cp ), i 2 = sin(a>Z — cp — §tt) ; 
t’i -3 = E nz sin cot — E m sin(a>£ — %rc) 

= E m [2 cos £(2a>£ ^ 7 r).sin (£ X £tc)] 

== \/Z.E m sin(a)i — ire) 
v 2 _ 3 == sin(a>£ — §w) — -27 m sin(a>2 — ^tc) 

= -E7 7W [2 cos -l-(2a>£ — °Tr).sin (|- X fre)] 

= -y/3.E m sin (cot — £- 7 u) 

Hence the instantaneous power measured by wattmeter TF X is given by 
Pi = h«i -3 = V3-Vm sin(eo£ — -£ 7 r).sin(ft>« - cp) 

= lV 3 - E 'm J m[ eos (i Ti: — <P) ~ cos( 2 o>£ — &7V — 99 )], 
and the reading on this instrument is given by 

Pi = I VS.EnJm COS(&7T - cp) 

= ^/3.EI cos(30 - cp)° 

— VI cos(30 — 9 c) 0 ? where V is the line voltage of the system. 
Similarly 3 " the instantaneous power measured by wattmeter W z is given by 
p 3 = f 2 r a _ 3 — - x /3.E m Im sin(coi — ^7u).sin(co^ — frr — cp) 

= [cos(i7T + cp) - cos(2o)i - 7 tt cp )] 

and the reading on this instrument is given by 
E, = h^/3.E m Irn cos(J-rc + <p) 

= \/3.EI eos(30 -f- cp)° 

— "FT cos(30 -f- 9?) 0 


[Xote. If cp is leading instead of lagging, JP, = VI cos (30 -f- o?)°, and 
2 = VI cos(30 — 93 0 ).] 


Xow the ratio of the readings of the wattmeters gives 

P 2 VI cos(30 -f- <p)° cos 30°.cos cp — sin 30°.sin cp 

P x VI cos(30 — <p)° cos 30°.cos cp -|- sin 30° sin cp 

_ -A--\/3-cos cp — sin cp 

^ -\/3.cos cp -f- -i- sin cp 

Cross multiplying, we have 

PsCVS-cos cp -f- sin cp) = -P 1 (V'3.cos cp — sin cp). 

Whence 

(E x + -P 2 ) sin cp = -y/3(-Pi - P 2 ) cos cp 

Hence 


tan 9 ? 


= VS(M) 


^x + E, 

1 ± 


V3(A 


V(1 -E^/I\ -V(E z jI\V) 


JPjJJPx_\ 
e 2 /jp x J 


and cos cp = 


v ' (1 -f- tan 2 9 ?) 


(59J 
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Therefore the power factor of a balanced system may be obtained from 
the readings of the wattmeters without a knowledge of the volt-amperes 
A curve, calculated from equation (59), connecting power factor and the 
ratio of the wattmeter recdinrrs A driven in Fig. 130. 

Variation of Readings of Wattmeters with Variation of Power Faeter. Another 
interesting feature of the two-wattmeter method of power measurement, 
when applied to balanced systems and when two wattmeters are emplovech 
is the manner in which the readings vary when the power factor of the system 
is varied, the volt-amperes being constant. Thus, since one wattmeter, W 



Fig. 130 Fig. 131 


Vaeiation 03? Wattmeter Rea.di:n-gs (itt Two-wattmeter Method) 
with Power Factor (Balanced Loads ajmd Sinusoidal Cinrhentt 
and Pressure) 


measures the product VI cos(30 — p)°, and the other wattmeter, Tf'o, measures 
the product VI cos(30 4 - cp)°, equal readings will only be obtained on the 
instruments, with balanced loads, when cos(30 — p)° = eos(30 4~ p)°, i.e. 
when p = 0.* 

Under these conditions, 

JP X = VI cos 30° = 0-866 VI ,- P z = VI cos 30° = 0-S66 VI 
JP = S F 2 = 1-732 VI. 

For all other values of cp, except cp — 90°, the readings of the instruments 
will be unequal. 

For example. 


p = 30°, i.e. the power factor 
VI cos(30° - 30°) = VI l R n 
VI cos(30° 4- 30°) = 0-5 VI Y ~~ ^ 


jP 1 4- J P 2 = 1-5 VI( = 0 866 x 


When p — 60°, i.e. the power factor = cos 60° — 0-5, 


k =sees ^z r 66 *>==<> -- < - - *— 

When tp — 90°, i.e. the power factor — cos 90° = 0. 


I\ = VI cos(30° - 90°) = 0-5 VI > 
F 2 = VI cos(30° 4- 90°) = - 0-5 Vl\ 


P = JP X 4- F 2 = 0. 


* If p is leading instead of lagging, wattmeter W 1 measures the product VI cos (30 4- p}°, 
and wattmeter Wz measures the product VI cos (30 — 9 ?)°. In this case, assuming balanced 
loads, wattmeter Wo, Fig. 129, will show the larger reading (except in the snecial case when 
<b == 0 ). 
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A curve showing the manner in which -the readings of the wattmeters vary 
as the power factor is varied is shown in Fig. 131. 

Hence at unitv power factor equal readings, both positive, are obtained 
on the wattmeters ; at a power factor of S6-6 per cent the reading on one 
instrument is double that on the other ; at a power factor of 50 per cent one 
instrument reads zero ; and at zero power factor equal readings are obtained, 
but one is now positive and the other is negative. Moreover, at power 
factors above 50 per cent both wattmeters are reading positively, and the 
total power is therefore obtained by adding the readings. But at power 
factors below 50 per cent one wattmeter is reading in the negative direction, 
and the connections of its pressure coil, or, alternatively, the connections of 
its current coil, must be reversed in order to'obtain the reading. Hence, 
under these conditions, the total power is obtained by subtracting the 
readings. . 

Therefore, when using separate wattmeters for measuring power by the 
two-wattmeter method, it is very important to know whether the smaller 
read in g (-P 2 ) is positive or negative, as otherwise the total power cannot be 
computed." In cases where the polarity of the current and potential ter¬ 
minals is marked on the instruments, or where the manufacturer’s diagram 
showing the correct connections of the instrument is available, or where the 
power factor of the load is known to be above, or below, 50 per cent, there 
will be no difficulty in interpreting the readings of the wattmeters. But in 
other cases a test "will have to be made to ascertain the connections which 
give a positive reading on each wattmeter.* 

Measurement of Power in a Three-phase Four-wire System. The 

two-wattmeter method may also be adapted to measure the power 
in a three-phase four-wire system, but in this case it is necessary 
to supply the current coils of the wattmeters from current trans- 
formersj inserted in the principal line wires in order to obtain the 
correct magnitudes and phase differences of the currents in the 
current coils of the wattmeters, since in the three-phase four-wire 
system the instantaneous sum of the currents in the principal line 
wires, or 44 outers,” is not necessarily equal to zero, as is the case 
for a three-wire system. In general, in the four-wire system, the 
sum of the instantaneous currents in the 44 outers 99 is equal to the 
instantaneous current in the neutral wire, and the reversed vector 
sum of the It.M.S. currents in the 44 outers 99 is equal to the R.M.S. 
current in the neutral wire. 

* For example, each instrument is connected to a single phase circuit. 
Alternatively, if it is permissible to open-circuit the line wires (1 and 2, Fig. 
129) in which the current coils of the wattmeters are connected, single-phase 
power may be supplied to each instrument without disconnecting it from 
the circuit ; e.g. single-phase power may be supplied to wattmeter W x by 
open-circuiting line wire 2, and single-phase power may be supplied to 
wattmeter W 2 by open-circuiting line 1. 

f A current transformer is a special type of transformer designed to give 
a constant ratio between the currents in the primary and secondary windings 
when operated with a closed secondary circuit. The primary winding is 
connected in series with the main circuit, and the secondary winding is 
connected to the current coil of a wattmeter, ammeter, or other current¬ 
measuring instrument, which is therefore supplied with current proportional 
to that in the primary circuit. Instrument (current and potential) trans¬ 
formers are considered in detail in Chapter XVII. 
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The connections of the wattmeters and current transformers for 
measuring the power in a four-wire system by the two-wattmeter 
method is shown in Fig. 132. 

Assuming, for simplicity, the current transformers to have a ratio 
of transformation of unity, and neglecting the small phase dis¬ 
placement between the currents in primary and secondary windings, 
the currents in the secondary windings, which supply the current 
coils of the wattmeters, will be equal in magnitude to the currents 


S> up ply 

o 3 e i 



Fig. 132. Circuit Diagram you Two -wattmeter Method or 

MEASURING- POWER IN THREE -PHASE, FOUR-WIRE SYSTEM 

in the line wires to which the primary windings are connected, and 
the mutual phase difference between the secondary currents will 
be equal to the mutual phase difference between the primary 
currents. It is necessary to observe, however, that the secondary 
currents are reversed in direction relatively to the primary currents. 

If the instantaneous values of the currents in the secondary 
windings of the current transformers are denoted by i x , i 2 , the 
current in the current coil of wattmeter W ± is equal to i ± — i. 2i and 
that in the current coil of wattmeter W Q is equal to i 3 — i z . Hence 
if the phase voltages of the system are denoted by e,-, e^, e m , and the 
assumed positive directions are those shown by the arrows in Fig. 
132, the instantaneous power measured by wattmeter JY 1 is given by 
p x = e 1 (i 1 — i z ), and that measured by wattmeter TV 2 is given by 
p 2 = ejxj (i 3 — ). The sum of these quantities is therefore given by 

^ = h+P 2 — edh. - i*) H- e m<>3 ~ ^ 2 ) 

~ — ^2(^1 e m) 

— e i^i + e u^2 4“ e in^3> 

since, in a symmetrical system, ej -f- — — e n 
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But the expression (ep x + e IJt i 2 + represents the instan- 

taneous power in the system. Therefore two wattmeters, or a 
polyphase wattmeter, connected as shown in Fig. 132, will measure 
the total power in a three-phase four-wire system whether the 
loads are balanced or unbalanced. 

An extreme case of unbalanced loading occurs when a single-phase 
load is connected across two of the line wires. Thus, assume the 
load to be connected across lines 1 and 2, as in Fig. 133 (a), and 

0 3 2 1 O 3 2 1 



Fig. 133. Ciecuit Diagrams Showing Cuirrjen-ts in Wattmeter 
Coins with Single-phase Loads 


let i denote the instantaneous value of the line current. Then the 
current in the current coil of wattmeter W T is equal to 2i> and that 
in the current coil of wattmeter W 2 is equal to i. Hence the 
instantaneous power measured by wattmeter JV X is given by 
= 2ie x , and that measured by wattmeter W 2 is given byp 3 = ie ra . 
Whence the sum of these quantities gives 

V = Pi + &2 = 2ie r + ^ e m = i(2e ± + e m ) 

— i(e x -f- (e x -j- e m ) ) 

= — Cjj) 

where v x . a is the voltage between the line wires, 1 and 2, across 
which the load is connected. 

But the expression £v lm2 represents the instantaneous power 
supplied to the load. Therefore the sum of the readings of the 
wattmeters, or the reading on the polyphase wattmeter, when such 
an instrument is used, gives the power supplied to the single-phase 
load. 

Similarly, if a single-phase load is connected across lines 1 and 3, 
as in Fig. 133 (&), and i denotes the instantaneous value of the 
line current, the current in the current coil of. wattmeter TV 1 is 
equal to i 9 and that in the current coil of wattmeter W 2 * s equal 
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to — i- Hence the instantaneous power measured by wattmeter W 2 
is given by p x = ie x , and that measured by wattmeter W 2 is given 
by p 2 — Whence the sum of these quantities gives 

P = Px + Pz = ie i ~ i<hn = - e m ) 


“ ^1-33 

where ^ 1-3 is the voltage between the lines, 1 and 3 , across which 
the load is connected. Therefore, in this case also, the sum of 
the readings of the wattmeters gives the power supplied to the 
single-phase load. 

Again, if the load is connected between one of the principal line 
wires and the neutral wire (e.g. between lines 1 and 0 ), the current 
i circulates only in the current coil of wattmeter W L . The power 
measured by this wattmeter is, therefore, given by p = e x i, and 
that measured by the other wattmeter ( W 2 ) is zero. 

When the load is connected between lines 2 and 0 the current i 
circulates (in the negative 

direction) in the coils of i 3 2 


both wattmeters, and 
accordingly p ± = — ie 2L , p 2 
= ~ie 3 ; p 2 -hP2 = -i(e i + e 3 ) 

Hence in general two 
wattmeters, or a poly¬ 
phase wattmeter connected 
according to Fig. 132, may 
be employed for measuring 
the power in any three- 
phase system, whether 
three-wire or four-wire, 
under any condition of 
loading. In the case of 



Fig. 134. Ciecuit X>xa.orajvi of Polyphase 
Wattmeter with; Instrument 
Transformers 


the three-phase three-wire 

system, however, the connections, when current transformers are 
necessary,* may be simplified to 'those shown in Tig. 134, for 
which only two current transformers are required. 

Reactive Power in Three-phase Circuits. In Chapter V (p. 71), 
the reactive power in a single-phase circuit was defined as : the 


* Current transformers are necessary with, all high-voltage systems in 
order to avoid the direct connection of the instrument to the high-voltage 
circuit. In such eases the potential coils of the instruments are supplied 
from potential transformers. Current transformers are also necessary in 
cases where the line currents are larger than those for which the current 
coils of instruments can be conveniently wound. Further details of the uses 
of current transformers are given in Chapter XVII. 
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product of the impressed E.M.F. and the component of the current 
which is perpendicular to it, i.e. the product El sin cp. This 
definition may be extended to include polyphase circuits under 
conditions of balanced loads. Thus the reactive power in a poly¬ 
phase circuit of n phases is given by the product nEI sin 9 ?, where 
E, /, denote the E.M.Fs. and currents of each phase. Hence for 
a balanced three-phase system the reactive power is given by 
P x — 3EI sin cp = V 3 * VI sin 92 * 

As in the case of single-phase circuits, the reactive power in a 
polyphase circuit represents the rate at which energy must be 
supplied to the circuit to maintain the magnetic and electrostatic 
fields, i.e. the rate at which energy is stored in the circuit ; but in 
the polyphase circuit with balanced loads the stored energy is con¬ 
stant and does not surge between the generator and the circuit. 

Measurement of Reactive Power. In a balanced three-phase 
circuit the reactive power may be measured directly on a single 

wattmeter by so connecting the 
current and potential coils that at 
unity power factor the currents in 
them have a phase difference of 
90°. For example, if the current 
coil of the wattmeter is connected 
in one line wire, No. 1 , and the 
potential coil is connected across 
the other line wires. Nos. 2 and 
3, as shown in Fig. 135, the reading on the wattmeter will represent 
the product VJ cos (9Q _ <?) o = VJ sin ^ 

and therefore the reactive power in the system will be given by 
\/3 times the reading on the wattmeter. 

When, however, the two-wattmeter method of power measure¬ 
ment is employed, and separate wattmeters are used, the reactive 
power may be obtained from the readings on the wattmeters. 
Thus, if _P l5 P. 2 , are the readings on the wattmeters, then 

•Pa. = VI cos (30 -<p)°, . P. 2 = VI cos (30 -f- <p)° 

Whence, 

P x ~Eo = FT [cos(30 - cp)° - cos (30 + <p)°] 

= FT [cos 30°. cos cp -f- sin 30°. sin cp — cos 30°. cos cp 
+ sin 30°. sin 99 ] 

— VI sin cp 

Therefore the reactive power in the system is given by -\/3 times 
the difference of the readings on the wattmeters. 



Fig. 135. Coinistectiozsts of a 
Wattmeter to Measure the 
Reactive Power in a Three- 
phase System 
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Six-phase System 

In a symmetrical system the phase E.M.Fs. are represented by 
the equations 

% = E m sin cot, e ri = E m sin (ojt - -Jtt), e llt = E m sin (cot - -f rr), 

ej V — E m sin (cot — rr), = E rrl sin (cot — Err), = E m sin (cot — rr) 
Star-connected System. With a star-connected system the line 
E.M.Fs. are equal to the phase E.M.Fs. (since the E.M.F. between 
any two adjacent line wires is equal to the vector difference of the 
E.M.Fs. in the phases to which these lines are connected), and the 
line E.M.F. vectors are displaced 60° (leading) with respect to the 



(Circuit diagram.) ( Vector diagram) 

Fig. 136. CmcuiT .and Vector Diagrams fob Six-phase 

STAJEt-COISnSTECTEO SYSTEM 

[Note. The vectors OE j, OE^j, . . . represent the phase E.M.Fs., and the vectors OF r2 , 
OF 2 . 3i . . . (which are coincident with OT? VI , OE x , . . .) represent the line E.M.Fs. Observe 
that the line E.M.Fs. may toe drawn in the form of a regular hexagon.] 

phase E.M.F. vectors, as shown by the vector diagram of Fig. 136, 
and also by the equations 

v 1 . 2 = Cj — e 12 = E m sin cot — E m sin (cot — iyr) 

= 2E, m [cos (cot - Jw) . sin ] = E m sin (cotP lTr) 
^2-3 = e n - e IU = E m sin (cot - \tt ) - E m s cot - %rr) 

= 2E m [cos (cot - -|-77) .sin ^ = E m sin cot , 

^ 3-4 = ^111 - e XV = sin (cot - §tt) - E m sin (cot — rr) 

— 2E m [cos {cot — %rr). sin ^rr ] =E m sin (cot — ~^rr). 


etc., etc. 



204 


ALTERNATING CURRENTS 


The R.M.S. values of the line E.M.Fs. are equal to those of the 
phase E.M.Fs. Thus 

x _ 2 = E, F 2 . 3 = F 3—4 = 

where E is the R.M.S* value of each of the phase E.M.Fs. 

The line currents are equal to the phase currents, and the phase 
difference between the line-E.M.E. vectors and the line-current 
vectors is equal to (60 -f- <p)°, lagging, where cp is the phase 
difference between phase E.M.Fs. and currents. 

Mesh, or Ring-connected System. With balanced loads the line 
currents are equal to the phase currents, and the line-current 



Fig. 137. Circuit Vector Diaorajms for Si3c-pha.se 

Me SH-C OIST3STE CTJS 33 SYSTEM 

vectors are displaced 60 degrees, lagging, with respect to the phase- 
current vectors, since the current in any line is equal to the vector 
difference of the currents in the phases connected to that line, as 
shown in the vector diagram of Fig. 137. Thus the phase difference 
between the line E.M.Fs. and the line currents is equal to (60 -j- cp) 
degrees, lagging, where cp is the phase difference between the phase 
E.M.Fs. and currents. 

Applications of Six-phase System. The six-phase system is not 
used for general power distribution, as it possesses no advantages 
over the three-phase system for power supply to motors, and h?s 
the great disadvantage of requiring double the number of line wiret 
of a three-phase system. 

For supplying rotary converters, however, the increased number of 
phases of the six-phase system is an advantage, as a larger outpu 4 
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can be obtained from a given size of armature than when the supply 
is three-phase, due to the lower resultant I 2 2Z losses in the former 
case, other conditions being equal. 

The six-phase system is also advantageous for the power supply 
to mercury-arc power rectifiers, as the larger number of phases and 
anodes compared with a three-phase, three-anode rectifier result in 
a smoother output voltage and a larger output from a given size of 
bulb or tank. 

In the majority of cases where the six-phase system is used in 
practice the six-phase current is obtained from a three-phase 
system by means of static transformers as shown below. IBut in 



Fig. 138. Circuit and Vector Diag-rams fob the Star Method 
of Supplying a Six-phase Load from a Three-phase Transformer 

(a) Transformer Connections; (6) Circuit Diagram showfncr Directions of Currents in 
Secondary Windings and Load; (c) Vector Diagram oi K.M.L-'s.; (cl) Vector Diagram 

of Currents 

special cases (e.g. when a large amount of power in the direct- 
current form is to be generated, using steam turbines as prime 
movers) the generators are wound to supply six-phase current 
directly to the rotary converters, which are located close to the 
generators, thus minimizing the disadvantages of a six-wire 
distribution. 

Methods of Obtaining a Symmetrical Six-phase System from a 
Three-phase System. A symmetrical six-phase system may be 
obtained from a symmetrical three-phase system by means of a 
three-phase transformer, or, alternatively, three single-phase 
transformers, provided with double secondary windings. !Both the 
star and mesh methods of interconnecting the secondary windings 
may be employed, the interconnections for the star connection 
being shown in Tig. 138, and those for the mesh connection being 
shown in Fig. 139. With both methods the line voltage is equal 
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to the phase voltage (i.e. the voltage at the terminals of each of 
the half-sections of the secondary windings), and the line current 
is equal to the phase current. Moreover, with balanced loads, the 
line-current vectors are displaced (60 -f- <p)° > lagging, with respect 
to the line-voltage vectors. 

With the star connection the E.M.F. between any pair of line 
wires is equal to the vector sum of the E.M.Fs., or the reversed 
E.M.Fs., as the case may be, in the two half-sections of the secondary 
windings to which these lines are connected. For example, if the 
E.M.Fs- in the double secondary windings are represented by 
the equations 

e x = j E m sin cot, e lx = E m sin (cot — fvr), e m = E m sin {cot — £ 77 ), 
the line E.M.Fs. are given by the equations 

V1-2 = e i + An (cot -j- ^rr), v 2 _ 3 = - e u - e IXJ = E m sin cot, 

v 3 -± = e 1 -f- e u = E m sin (cot - $tt), 

%5 = - - e xn sin (cot — §7T), v 5 -e = en+^m = E m sin (cot - 77); 

i-6-1 = - h ~ e n = E m sin (cot - l T 7 r). 

The vector diagram is shown in Fig. 138 (c), in which the vectors 
OE j, OE lx , OE ni represent the E.M.Fs. in the half-sections of the 
secondary windings, and the vectors OV x . 2 > OV z . 3 , . . . repre¬ 
sent the E.M.Fs. between the line wires. 

If the six-phase load is balanced, the currents in the secondary 
windings will be balanced, and may be represented by the vectors 
Olj, OI xl , OI JXI [Fig. 138 (<£)] and the equations 

h = I™sin(eo2 — 9?) ; 

i lt = I ffl sin (cot — §77 — cp) ; i tll = / m sin (cot — ± tt — cp) 

The currents in the line wires 1, 2, 3 . . . are equal to t x , — i m , 
i 1I& — i 1It , —i tl , as shown in the circuit diagram (6). 

The currents in the branches of the load are given by 

«a. = i x -b i IXI — IA An (cot — cp) -f- sin(a>Z — ^77 — 99)] 

= J, m sin(a>£ -f- \rr — cp) 

h = - - h x === - i™[sin(oo£ - ^77 — 9?) + sin ( 00 1 - §77 - 93)] 

= / m sin(o>i - 95) 

and so on. They are represented in the vector diagram. Fig. 138 (d), 
by the vectors OI A , OI B , ... 

With the mesh connection the line E.M.Fs. are equal to the 
E.M.Fs. in the half-sections of the secondary windings, and by 
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interconnecting these sections in the manner shown in Fig. 139 
a phase difference of 60° is obtained between the E.M.Fs. of 
adjacent series-connected sections, as shown in the vector diagram 
of Fig- 139 (c). 

For example, 

v x . 2 — e r = E m sin cot 

v 2 - 3 = - e IXI = - E m sin (cot - irr) = E m sin (cot - rr) 
v 3 _ 4 = e TI = E m sin (cot - §tt) 

and so on. These EJMLFs. are represented in the vector diagram 
Fig. 139 (c)] by the vectors OV ± . 2 > OV 2 _ 3 , O V- 3 _ 4 , . . . , the 
_~y., 


(£7 (d) 

(Circuit diagrams ) ( Vector diagram s) 

Fi g. 139. CntctJiT aistd Vectoe TDiA.dtA.Ms eok tee Mesh Method 
of Supplying a. Six-phase Load prom a Three-phase Transpormep. 

(a.) Transform or Connections: (6) Circuit IDiagram T> 5 rections of Currents in 

Secondary Winding.- ami Toad; (c) Vector Diagram »' ll.M.i'-.; (rf) Vector IDiagram 

of Currents 

E.M.Fs. in the secondary windings being represented by OE t , 

OB n , OE„ x . 

With a balanced system, i.e. with equal currents in each of the 
sections of the secondary winding, the current in any line ware is 
equal to the vector sum of the currents, or the reversed currents, 
as the case may be. in the sections to which that line is connected. 
For example, if the currents in the secondary windings are 

i x = Im sin cot , i lx = I m sin (cot - -§7 t), i ITI = I m sin {ojt - *7 t), 

the line currents are given by the equations 

i x = i x 4 - i ljL = I m sin {cot — £ 77 -), i 2 = — -%i=f TO sin (cot — §tt) 
h ===: hi A~ ^nx :== sin {cot — vr), 

= — i x — i u = I m sin (cot — ), i 5 = + f m — sin {cot — %-rr), 

i 6 I m sin cot ; 
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and the load currents are 

i K = — i 2 — J w [sin(cai — J-tt) — sin(co£ — -§tt)] = J m sin coi 

= i 2 — i 3 = / m [sin (cot — §7r) — sin(co£ — tt)] — I m sin (ojt — J-77-) 

and so on. 

Fig. 139 (cZ) is a vector diagram of currents. The vectors OI t% 
GI , OI represent the currents in the secondary windings, and 
are shown lagging (p° with, respect to the corresponding E.M.E*. 
vectors in the diagram (a) ; the vectors OZ l3 OI^, * * * represent 
the line currents ; and the vectors 0/ A , OI B , - . • represent the 
load currents. 

Alternative Connections . When the transformer windings supply 
a balanced mesh-connected load, as for example the armature of a 



Fig. 140 Fig. 141 

Trans forme r Connections for the X>ia.iviete.ioax, and Double¬ 
delta Methods or Sltpplyin& a. Six-phase Load hirom a. Three- 
phase Transformer 

INote. With the double-delta method (Fig. 141) the line wires are connected to the top 
terminals of the upper and lower sections of the secondary windings in the order (left to right) 
1, 3, 5 for the upper windings and 6, 2, 4 for the lower windings.] 

rotary converter, the connections of Figs. 138, 139, may be replaced 
by those shown in Figs. 140, 141 respectively, which possess the 
advantage, over those of the former figures, of a higher line voltage 
and a smaller cross-section of line wire for a given power in the 
two cases. 

The connection of Fig. 140 is called the “ diametrical ” connection 
and does not require double secondary windings on the transformers. 
With the load open circuited, the secondary windings are not inter¬ 
connected and their E.M.Fs. are equivalent to three equal single¬ 
phase E.M.Fs. having a mutual phase difference of 120°. Tut 
when the windings are connected to the load the currents in the 
phases of the latter have a mutual phase difference of 60°, and a 
60° phase difference exists between the E.M.Fs. across successive 
pairs of line wares, so that a six-phase system is produced. These 
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conditions are represented in the circuit and vector diagrams of 
Fig. 142. 

If the E.M.Fs. in the secondary windings are 

e z = 2E m sin cot, e TI = 2 E m sin (cot ~ f-rr), e IXJ = 2E m sin (cot - j.rrr) 
the voltage across phase A of the (balanced) load is 
v ± . 2 = i “I” e Ixl ; = n/ m L sin coc -t- sill(Ct)C — -SttU 
— sin(co£ -j- £? t) 
that across phase J5 of the load is 

v$- 3 = “ i( e n + e ni) = - E m [sin(cat - § 7 r) + sin (cot - 4 77 -)] 

== E m sin co/ 
and so on. 



Fig. 142. Circuit ajstd Vector Diagrams for “Diametrical” 
Method of Supplying a. Six-phase System 


In Fig. 142 ( b ) the E.M.Fs. in the secondary windings are repre¬ 
sented by the vectors OE x , OE XJ , OE xll , and the voltages across the 
load are represented by the vectors OV 1 - 2 , OV 2 . a . . . 

If the currents in the secondary windings are represented by 
the equations 

i-L = Im sin cot, hi = Im sin {cot — § tt), i lxl — I m sin (cot — 4tt), 
the current in phase A of the load is given by 

= i x - j- i 1TI — I m [sin cot -f- sin (cot—fTr) ] = I m sin (cot + 3 ^ )• 
Similarly, the current in phase B is given by 

= - i ix - i llx = - I m [sin cot - %tt) + sin (ojt - ) ] = I m sin col, 

the current in phase C by 

i 0 ~ i x 4 - i u = I m [sin cot + si n(cot — %tt) = I m sin (cot — -J-tt), 
and so on. 

15—cr.5345) 
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Ill Fig 142 (c) the vectors OI v OI IT , OI xxx represent the currents 
in the secondary windings (which are shown lagging <p° with 
respect to the corresponding E.M.3T. vectors in the diagram (a) ), 
and the vectors 0/ A , OT B , - . - represent the load currents. 

The connection of Tig. 141 is called the “ double delta connection : 
it requires double secondary -windings on the transformers as in the 
six-phase connections of Tigs. 138, 139. This connection, so far 
as the secondary windings of the transformer are concerned, is 
equivalent to two three-phase delta connections displaced 180 m 
relation to each other, as represented in the conventional diagram 

of Fig. 143. ^ ^ 

If the currents in secondary windings are represented by the 

equations 


i x = J m sin cot, i n = I m sin (cot - Jtt), 
the currents in the line wires are given by 


= I m sin (cot 


i x = z ' r _ i m = I m [sin. cot - sin (cot - Lit) ] = sin (cot - Jtt), 

1 2 = i lx — i lu =I m [sin (cot — §7 T )—sin (cot — ) ] = V 3 - ^m sirL (<nt—|-7r), 

1 3 = 2 .^-^ == I m [sin (cot - f.TT) - sin cot ] = V3 .I m sin (coi 

i i — £ m — = J m [sin (o>£ — 477-) — sin cot ] = ^3.1 m sin (cot — -%7r). 


and so on. , . 

The currents in the phases of the mesh-connected load are given by 

= i ± - i. z = ^/3.1 m [sin(cot - %tt)~ sin (cot - Jtt) ] 

= V 3J m sin (cot -f- & r), 

z B = i 2 - i 3 = V3.1 m [sm(o)i - Jtt) - sin (cot - |tt) ] 

= sin(co£ - Jtt), 

£ c = z 3 - z' 4 = ^/3.I m [sin(cot - ft it) - sin (cot - r) ] 

— sin(eai — ivr), 

and so on. 

The vector diagrams are shown in Fig. 143. In the vector 
diagram of currents, the vectors OI x , OI TI , OI xxl represent the 
currents in the secondary windings—these vectors heing shown 
lagging cp° with respect to the corresponding E.M.F. vectors OE x , 
OE lx , OE m —the vectors OI x , OI z , . . . represent the line cur¬ 
rents, and the vectors OI K , OJ B , . . . represent the load currents. 

The determination of the voltage across each phase of the load 
is not so simple as the determination of the load currents, and is 
best effected by replacing the two delta-connected circuits hy 
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equivalent star-connected circuits. Thus considering the delta 
circuit I a , II a > HI a* the E.M.Fs. of the secondary windings are 
represented by the vectors OE x , OE xx , OE XXI and by the vector 
triangle shown in full lines. The phase E.M.Fs. of the equivalent 
star-connected circuit are represented by the vectors OE al OE b , 
OE c , which, have a phase difference of 30°, lagging, with respect to 
the vectors OE x , OE xl , OE xxx . Observe that in the upper diagram 
OE a , OE h , OE c are drawn from the centre, O, of the triangle 
formed by the vectors E x , E xx , E xxx . 

For the delta circuit I h , II b , III b > the E.M.Fs. of the secondary 
windings are represented by the vectors OE x , OE xx , OE lxx and by 
the vector triangle (shown dotted) formed by the vectors E x , 



Circuit Diagram Vector Diagrams <*F EMFs. Vector Diagram of Currents 

Fig. 143. Ciecuit and Vectoe JD ea.ojecajvts foe “Double-delta” 
Method or Supplying a. Six-pease System 


E xx \ E xxl '* The phase E.M.Fs. of the equivalent star-connected 
circuit are represented by the vectors OE ar> OE b , OE c in the lower 
diagram and by the dotted vectors drawn from the corners to the 
centre, of the triangle E x , E IX ', E xxx . 

Hence if the neutral points of the equivalent star circuits are 
connected together, the conditions are equivalent to Fig. 138. 
Thus the voltages across the phases of the load are equal in 
magnitude to the phase voltages of the star system, and are repre¬ 
sented by the vectors O V ± . 2 » OV 2 - 3 * ... in Fig. 143. Observe 
that Fi - 2 + F 2 - s = Fs - 4 +- F 4 - a = and so on. 

*•* This triangle is reversed relatively to the triangle E r , E x j, as the 

intereonneetions of the two sets of secondary windings are reversed relatively 
to each other. 
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To obtain analytical expressions for the load voltages, let the 
E.M.jFs. in the secondary windings be given by 

e x = E m sin ojt , e n = E m s in(cot - Itt), e Ixl = E m si n(cot - fvr) 
Then if the E.M.Fs. of the equivalent star circuit are denoted by 
we have 

=== ==: &xx 3 e <z == ®nr 

Hence, since ej -f- e IX -f- e Iri = O, the solution of these equations gives 
= &K - e,n>> = i(«u - «i)= = 4 <Aii - e„) 

The voltage across phase A of the load is then given by 

V 1 - 2 = e a -h e c = i( e i - e n) = -I4[sin cot - sin(ct>2 - §tt-)] 

= sin + i 77 ) 

that across phase B is given by 

V 2 - 3 — ~ e b — e c — i( e i — e iJT ) — cot — sin (u>£ — ;j 7T ) ] 

1 „ 

= 77=-®m sin(o>i - J-rr) 
and so on. N d 

The voltage, E t , at the terminals of any half-section of the 
transformer winding for the double-delta connection is equal to 
the vector sum of the voltages across the two phases of the load 
to which that section is connected. Since the latter have a phase 
difference of 60°, therefore, E t = \Z3.E z , where E z is the voltage 
across each phase of the load, the voltage drop in the line wires 
being neglected. 

With the diametrical connection, however, the voltage across 
each phase of the secondary winding of the transformer is equal to 
the vector sum of the voltages across three phases of the load, and 
since these have a mutual phase difference of 60°, the secondary 
voltage is equal to 2E Z , where E z is the voltage across each phase 
of the load and the voltage drop in the line wires is neglected. 

But whereas the VA.-output from each delta-connected group of 
windings in the double-delta connection is one-half of the total VA. 
supplied to the load, the VA.-output from each winding in the 
diametrical connection is one-third of the total VA. supplied to the 
load. Hence the line currents will be the same for both connections. 

Measurement of Power in Six-phase Systems. Although very 
few cases occur in practice where the measurement of power in 
six-phase circuits is required, since this measurement is usually 
effected on the three-phase system from which the six-phase power 
is obtained, we shall consider briefly some methods by which 
the power in six-phase systems may be measured. 
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Fi«. 144 Double Two-wattmeter Method or 
Measuring Power, in - .a. Six-phase System: 
(Polyphase Wattmeters) 


bojlitjpha.se cxjmuents and systems 

If the system is bcilctncecl the total power may Ibe measured by a 
single wattmeter, as in a balanced three-phase system, by inserting 
the current coil in one line wire and supplying the potential coil 
with a voltage equivalent to the phase voltage of the system. For 
example, if the neutral 

point of the system is \ 3 5 2 4 €> 

available the potential 
coil is connected be¬ 
tween the neutral 
point and the line 
wire in which the cur¬ 
rent coil of the watt¬ 
meter is inserted 

If the neutral point 
is not available, a 
number of alternative 
connections are pos¬ 
sible. For example, if 
the current coil is in¬ 
serted in line JSTo. 1, 
the potential coil may 

be connected across line wires 2 and 3, since the voltage between 
these lines is equal to, and is in phase with, the phase voltage of 
phase I (see vector diagram Fig. 136). 

Alternatively, a star-connected potential circuit for the watt¬ 
meter, similar to that shown in Fig. 128, may be employed. In the 
present case the potential branch containing the potential coil 
must be connected to the line wire in which the current coil of the 
wattmeter is inserted, and the other branches must be connected 
to line wires which have a phase difference of 120° from that con¬ 
taining the current coil. Thus, if the current coil is connected in 
line 1, the end of the potential coil must be connected to this line 
and the other ends of the star-connected potential resistances must 
be connected to lines 3 and 5. 

In all the above cases the wattmeter measures the power in one 
phase of the system, and the total power is therefore given by six 
times the reading of the wattmeter. 

If the system is unbalanced the double two-wattmeter method, 
using two polyphase wattmeters connected as shown in Fig. 144, 
may be employed. The total power in the system is then given 
by the sum of the readings of the wattmeters. Thus, denoting 
instantaneous values of the phase voltages by 

e ii5 e rv> 
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line voltages by 

^1-2? V Z~3> y 3-4> ^4-5’ V 5- 6> y 6-l> 

and line currents by 

2*15 ^45 

the instantaneous power measured by wattmeter T W x is given by 
Li ~ l 1 V 1- 5 4 " ^3 V ‘S- 5 > 

and that measured by wattmeter _PIF 2 is given by 

jP 2 ~ ^4^4-2 4“ ^6 V 6-2* 

Now iq.s — Cj — e v , ^ 3-5 = Cm — e v , V 4-2 = e iv “ v 6-2 — e vi _ e n- 

Hence, 

JPi 4~ Ip2 — H V 1-5 4~ ^3 V 3-S 4~ ^4^4-2 4“ ^6^6-2 

= ®l( e i~ ^v) 4“ ^a( ^TTT — «v) 4“ *4.(®IV e ii) 4- H( e vi — e n) 

— 4- ^3 e ui" : 4 4- ^6®vi“ e v(^i 4- ^3)’ e n('^'4 4~ ^e) 

But, since i x , i 3> i 5 have a mutual phase difference of 120° 

*TL 4" ^3 =* “ ^5 

and, since i a , ?* 4 , i 6 also have a mutual phase difference of 120 ° 

^4 4“ == ^2 » 

Therefore, 

;Pi 4” 2 ?% ? 4 e i 4~ 4~ 4~ 4~ ^s e v 4“ '^e e vi> 

which is equal to the total power in the six-phase system. 

Two-phase System 

Independent Two-phase System. The independent, or four-wire, 
two-phase system has already been considered in connection with 
the simple polyphase alternator (p. 175). This system, however, 
may be obtained from a four-phase, star-connected system by 
disconnecting the neutral point and connecting alternate phases 
in series, as shown in Fig. 145. In this manner two equal E.M.Es., 
having a phase difference of 90°, are obtained. 

Interconnected Two-phase System. The two-phase system may 
be interconnected, so that only three line wires are necessary, 
by joining one end. of each phase to a common line wire as shown 
in Big. 146, this interconnected system being called the two-phase 
three-wire system. The common line wire is called the neutral 
wire and the other line wires are called the 4t outers." 

The vector diagram for this system is shown in Big. 147, from 
which we observe that in a balanced system tbe E.M.E. across the 
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“ outers ” is equal to the vector difference of the phase E.M.Fs., 
and is numerically equal to V 2 (== 1*414) times the phase E.M.f! 
Moreover, the E.M.F. across the 44 outers ” has a phase difference 
of 45°, leading, with respect to the E.M.F. of phase I. 

The current in the neutral wire is equal to the reversed vector 
sum of the currents in the ec outers,” and with balanced loads the 



former is equal to v' 2 times the current in each 44 outer.” Moreover, 
the current in the neutral has a phase difference of 135° with respect 
fco the current in the 44 outers,” being leading with respect to the 




CracTTiT a.nj3 Vector Diagrams tor Two-phase, Three-wirb 

System 

current in one 64 outer,” and lagging with respect to the current in 
the other 44 outer,” as shown in Fig. 147. 

Due to these large phase differences between the currents in the 
neutral and 44 outers ” of a two-phase three-wire system the voltage 
drop in the neutral wire will have large phase differences with respect 
to the voltage drops in the 44 outers,” and therefore when these 
voltage drops are compounded with the phase E.M.Fs. to obtain 
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the voltages at the load, the latter will, in general, be unequal and 
will not have a phase difference of 90°. Thus, the two-phase three- 
wire system becomes unsymmetrical when loaded, and for this 
reason the system does not possess much practical value for power 
transmission. 

Comparison of Two-phase and Three-phase Systems. The two- 
phase system is not so advantageous as the three-phase system 
for power* snpply, as four line wires are necessary to maintain a 
symmetrical two-phase system, whereas only three wires are 
necessary in the case of a three-phase system. The two-phase four- 
ware system, however, is used to some extent in this country and 
abroad for mixed lighting and power loads, the lighting load being 
single phase and the power load being two phase. 

The majority of these installations were originally single-phase 
systems supplying lighting loads, and were converted into two- 
phase systems for the purpose of enabling a power load to be 
supplied in addition to the lighting load. For modern installations, 
however, the three-ph^se four-wire (star-connected) system is 
employed for mixed loads, as with this system the lighting portion 
of the" load is supplied at the phase voltage of the system, and the 
power portion of the load is supplied at the 44 line ’* voltage of the 
system, which is ^/3 times the phase voltage. Moreover, a two- 
phase supply may be obtained from such a system by means of 
transformers connected in the manner described in Chapter XIII. 



CHAPTER X 

TRANSMISSION CIRCUITS AND THEIR CONSTANTS 


In this chapter we shall determine the constants (resistance, induct¬ 
ance, capacitance) for simple transmission circuits and discuss some 
factors (such as comparison of systems of transmission, equivalent 
circuits, voltage drop, etc.) concerned with such circuits. 

Resistance. Eor the usual sizes of conductors employed in power- 
transmission circuits, the resistance under working conditions may 
be calculated from the usual formula —JR — Ipja , where R is the 
resistance in ohms ; l, a, the length and cross-section respectively, 
and p, the resistivity, all of which must he expressed in the same 
system of units. Rut with large solid conductors (above 1 in. in 
diameter) the resistance under working conditions will be higher 
than that calculated from this formula owing to the skin effect, 
which has already been explained (p. 48). 

The increase in resistance due to the sTcin effect can be calculated 
by the method explained in Chapter XV, but for ordinary power 
frequencies the general equation may be replaced by a simple 
approximate expression. Thus the resistance, JR a , under working 
(i.e. alternating-current) conditions is given by 
„ _ ( 1 / coa y 1 / coa \ 4 ) 

Ra — R I 1 + 12 ( p i09) 180 ( pl09 ) ) ' ' (SO) 

where JR is the resistance calculated from the formula (JR = lp/a), 
co = 2-tt X frequency, and the factors a , p, denote the cross-section 
and resistivity respectively in centimetre units. Tor round copper 
conductors of diameter d cm., and resistivity =1-7 X 10 -6 O per 
cm. cube, equation (60) reduces to 

JR a = JR$ 1 + 0*7(/cZ 2 /1000) 2 - 0*4(/d 2 /1000) $ . . . (60a) 

Inductance of Single-phase Transmission Dine. The inductance 
of two parallel conductors forming a simple single-phase trans¬ 
mission line is given by 

L = (0*92 log 10 Z>/r + 0*1) X 10~ s henries 
per cm. of the line, or by 

f = 12 x 5280 X ,2*54(0*92 log 10 D/r + 0-1) X 10- 8 H. 

= 1-61(0*92 log 10 J>/r + 0*1) mH. . - - - (61) 

per mile of line, where r is the radius of each conductor and D is 
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the spacing of the conductors, which is assumed to be large in 
comparison with r. 

Proof. To calculate the inductance of two parallel conductors, we must 
first determine the flux linked with unit length of the conductors when the 
current in the circuit is 1 A. We assume that (1) the current is distributed 
uniformly over the cross-section of each conductor; (2) the conductors are 
non-magnetic and surrounded by air. 

Thus, considering the magnetic effect due to a current of z amperes in one 
conductor, the magnetic force (or density of magnetic field in lines per cm. 2 ) 
at a point jp. Fig. 148, external to the conductor, distant x cm. from its axis is 

_ 0-2i 

X 2 7ZX X 


or, when i — 1, 

H x = 0-2/x. 


The magnetic force at a point inside the conductor, distant y cm. from its 
axis, is 

far*) A .«w (V \ 

-- 0 2t A) 

or, when i — 1, 


H v = 0 - 2 ( 2 //r 2 ) 

where r — radius of the conductor. 

The variation of the magnetic force in the plane perpendicular to that 
containing the axes of the conductors is shown in Fig. 148, curve X. 



Fig. 148 . Parallel Cylixubical Conductors and their, Associated 
Magnetic Fields 


The effect of the current in the other conductor is represented by the 
curve XI, Fig. 14S. Hence when both conductors are carrying current the 
resultant magnetic force in the space between them is represented by the 
sum of curves X and XI, and is shown by curve III. The area between this 
curve and the abscissa axis is therefore proportional to the flux linked with 
each cm. length of the circuit when both conductors are carrying current. 
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The external flux in the space between the conductors is, per cm, length of 
circuit and per ampere, 

fJD—r /*jD —r 0*2 r~ —1 TO—r 

<E> e =2 J r x 1 )dcc = 2j r ^ dec = 2x0-2 [log e 

= 0-4 1og s [(£>-r)/r] 

= 0-4 x 2-3 log 1Q D jr 
when D is large in comparison with r. 

The internal flux per cm. length of each conductor, due to unit current in 
it, is, for an element dy distant y from the axis, 

d = H y (dy X 1) = 0‘2(y jr z )dy 

This flux is linked with the portion rcy z of the cross section of the conductor. 
Whence the linkage is 

<#<&* X Tcy z /tct z = 0-2(2/ 3 /r 4 )dy 

Hence the total linkage for each conductor due to the internal flux is 
f T 0-2(2/ 3 jr*)dy — j'* y 3 dy «= 0*2/4 == 0-05 

Therefore the inductance per cm. of circuit is 

L = {(0-4 X 2-3 log 10 _D/r) + 2 x 0-05} X 10' 8 
= {0-92 log 1Q Z>/r -f- 0-1} X 10~ 8 henry. 

Inductance of Three-phase Lines. The coiidixctors of a three- 
phase line may be arranged either symmetrically, e.g. at the corners 
of an equilateral triangle, or parallel to one another in the same 
plane. With the symmetrical arrangement of conductors, the in¬ 
ductance per line, or per phase, has the same value for each line, 
and is one-half of that for a corresponding two-wire line. Thus 

L = 1-61(0-46 log 10 Z>/r + 0-05) nxH. . . . (62) 

per conductor per mile of line, where D is the spacing of the con¬ 
ductors and r is the radius of each conductor. 

Proof. Let the actual three-conductor system he replaced by an equivalent 
six-conductor system, in which the three return conductors are arranged 
along the neutral axis of the original three-conductor system, as indicated, 
in Fig. 149- Thus the current in conductor A' is equal and opposite to that 
in conductor A, and so on. The sum of the currents in A', J3', G' is zero at 
every instant, and. if these conductors are assumed to have zero resistance 
and to he coincident with the neutral axis of A, B, O, their presence will not 
affect the constants of the original circuit. 

In calculating the inductance of a phase-loop (e.g. A A ) of this system, 
the effect of mutual inductance from the other phase-loops, e.g. BB' and CO', 
must be taken into account. Thus, let L' denote the inductance of each 
phase-loop when. isolated and M the mutual inductance between a pair of 
phase-loops. Then considering a symmetrical system and. denoting the cur¬ 
rents in A, B, G by i x — I m sin cot, £ 2 = I m sin(co£ — §tt), % — I m &in(cot — ^7r),- 
the total linkages in the loop A A' due to these currents is equal to 

L'i x — _Zkf£ 2 — ikT?' 3 = L'l m sin cot — MI 7)l sin(eo£ -|tt) - MI rn si n(cot — 

— (2/ + M)I m sin cot — (Lr' M)i x . 
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Hence the inductance of each phase-loop when forming part of the three- 
phase system (i.e. the inductauee %)&r phase) is L = B' + M. 

Xow L can be expressed in terms of the inductance of a, loop formed by 
anv pair of the original line conductors, e.g. AB. Thus, if the phase-loops 
A A' and BB' are connected in series and are supplied with single-phase cur¬ 
rent_the currents in A' and B' flowing in opposite directions-then the 

inductance of this double loop, when isolated, is equal to B' -f- 2iH -f- B' 
__ 2 (Z/ -f- 3/) = 2 B. But since the magnetic effect of the currents in A' and 



3 C 


Fig. 149 Fig. 150 

Arrangement of Conductors fob. Cajlcttbations of Inductance 
(Fig. 149) and Capacitance (Fig. 150) of Three -phase Transmission 

X.INES 


B' now cancel, the inductance of the double loop A.A.'B'B will be the same 
as that of the loop AB when isolated and carrying single-phase current. 

Hence the inductance per phase, or per line, of a three-conductor three- 
phase system, with symmetrically spaced conductors, is one-half of that of 
an isolated pair of tb - id:e .-on< meters. 

With the semi-symmetrical, or eo-planar, arrangement of con¬ 
ductors and a symmetrically-loaded system, the inductance of the 
middle line has the same value as that of one of the lines of a two- 
wire line—-viz. L = 1*61(0-46 log 10 Z)/r -{- 0*05) mfi. per mile—but 
that of each of the outer lines has a higher value, viz. 

X = 1*61(0*46 log 10 2 Dir -f- 0*05) 

= 1-61(0*46 log 10 Z)/r -f- 0*19) mid. per mile. 

In practice, with the semi-symmetrical arrangement of con¬ 
ductors and transposed lines, it is sufficient to calculate the induct¬ 
ance on the assumption that the lines are symmetrically spaced 
with an equivalent spacing equal to the geometric mean of the 
actual spacings. Thus the inductance per line, or per phase of the 
system, per mile of conductor, is given by 

X = 1*61(0*46 log 10 [(-v''X> 12 X> 23 X> 31 )/r] + 0*05) mH. . (63) 

where X> 12 , X> 23 , Z> 31 denote the actual spacings of the conductors 
taken in the order 1—2, 2—3, 3—1. 

Inductance of Concentric Cables. Although a concentric cable 
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produces no external magnetic field, tlie internal magnetic field, 
due both, to the separation of the conductors as well and their 
dimensions, causes inductive effects which may require to be taken 
into account in long cable lines. The linkages due to the magnetic 
field internal to the inner conductor, and also the linkages in di¬ 
electric separating the conductors, can be calculated by the same 
principles as were applied to parallel cylinders if the current is 
assumed to be uniformly distributed over the cross-section of the 
conductors. The calculation of the partial linkages due to the in¬ 
ternal field in the outer conductor is a little more difficult, although 
the same fundamental principles are involved. 

The inductance per mile of cable at ordinary power frequencies 
on the assumption of uniform distribution of the current is given by 

L = 1-61[0*46 logi 0 (rjr) + 0-05 + xV/rJ mH. . . (64) 

where r is the radius of the inner conductor ; r l9 t y the internal radius 
and thickness respectively of the outer conductor, and t is small in 
comparison with r. 

Inductance of Two-core and Three-core Cables. For unarmoured 
cables, the inductance of a two-core cable is obtained by the 
application of equation (61), and the inductance of a three-core 
cable is obtained from equation (62). The effect of armouring is to 
increase the inductance, but as the calculation of the inductance 
is now somewhat involved, and as the values so obtained may not 
be very accurate, it is better to rely upon manufacturer's data. 

Capacitance of Single-phase Transmission Lines. The capacitance 
of parallel cylindrical isolated conductors has already been deduced 
on p. 57. The results can be applied directly to single-phase trans¬ 
mission lines as normally erected, as the height of the conductors 
above earth is such that the proximity effect of the earth may be 
ignored. Hence the capacitance per mile of the two-conductor fine 
is given approximately by 

C = 0*0195/log 10 (Z>/r) t uF .(65) 

where r is the radius of each conductor, and D is the spacing of 
the conductors (i.e. the distance between their centres), which is 
considered to be large in comparison with r. 

Capacitance of Three-phase Lines. With symmetrical spacing 
(i.e. triangular arrangement) of the conductors, the capacitance of 
each conductor with respect to the neutral axis, O (Fig. 150), i.e. 
the capacitance per phase (called also the star capacitance ), is given 
approximately by 

C = 0*039/log 10 (Z>/r) juF . 
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per mile of line, where D is the distance between the centres of the 
conductors and is considered to be large in comparison with the 
radius r. 

Proof Consider a symmetrical system. Let e = JEJ m sin cot denote tlie phase 
voltage'of conductor at the instant t, q± = Q m sin cot the charge on this 
conductor, and q n = Q m sin(cot - § -n), q c = Q m soo(cot - i rr) the charges on the 
other conductors JS and G at this instant. Then the work done on unit positive 
cluargo when ii is xnovcdl from th© neutral o/xis "fco coxiducfcoi* -4. is 

2 Q m [sin cot 1 .og*(Z> x /r) + siix(cot — £«-) log e ( DJD) 

-f- sin(toi — %tt) logeCDi/D)] 

= 2 Q m sin cot log s (X>/r), 

where U x is the distance between the neutral axis and the axis of each con- 

Whence the capacitance per cm. length of conductor 

= Q m sin cotjZQ m sin cot log e (-D/r) = 1/ [2 lo gs(JDJr) ] electrostatic units. 

Capacitance of Cables. (1) Concentric Cable. The capacitance of 
a concentric eahle has already been deduced on p. 56, and is 
given by 

C = Q-OS^/logioCfr/r) /IE. per mile . . . (67) 

where k is the dielectric constant of the dielectric, r the radius of 
the inner core, and r ± the internal radius of the outer core (Tig. 151). 



Fig. 151. Cross-sections or Cables Showing Dimensions 
Required dor Calculation or CAPACiTANfOB 

If the cable is lead sheathed, and the sheath is earthed, the 
capacitance between the outer conductor and.the sheath is 

C — 0-039/c/log 10 ( r 3 /r 2 ) /IB', per mile . . . (68) 

where r 2 is the external radius of the outer core and r 3 is the inner 
radius of the sheath (Tig. 151). 

(2) Single-core Cable. Assuming a homogeneous dielectric and a 
lead sheath, the capacitance per mile is given by 

C — 0*039/c/log 10 (r 3 /r) /IE. . . . . (69) 

(3) -core Cables , Conductors of Circular Cross-section. The 
capacitance of multi-core cables should preferably be obtained 
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from manufacturers’ data (which is based upon measurements* of 
the capacitance of completed cables), as the calculation of the 
capacitance from fundamental principles is complicated by the 
close proximity of the sheath to the conductors and by the close 
spacing of the conductors themselves. 

The following empirical formula is used by cable-makers for 
calculating the approximate star capacitance of three-core paper- 
insulated cables with conductors of circular cross-section— 

C — OT33/log 10 (r 3 /r) flE. per mile . . . (70) 

where r is the radius of each conductor and r 3 is the inner radius of 
the sheath. 

Equivalent Star and Delta Capacitances of a Three-core Cable 
Transmission System. The equivalent circuit of the capacitances of 



Fig. 152. Eqxjivalent Cajpaciiive Circuit of Three-phase Cable 
( a ), Aisro the Equivalent Delta. (6) and Star (c) Capacitances 


a three-core cable is shown in Fig. 152 {a), which consists of a delta- 
star arrangement of condensers, the delta-connected condensers, 
C c , representing the capacitances between the cores themselves, 
and the star-connected condensers, C Sf representing the capacitances 
between each core and the sheath. The circuit of Fig. 152 (<z) may 
be replaced either by a group of delta-connected condensers, 
(Fig. 152 (6) ), or by a group of star-connected condensers, C Y 
(Fig. 152 (c) ). Thus, 

<?A = O c -j- %C S ; = 3C c + <? s . 

The capacitances of the equivalent condensers C e , C s , are obtained 
from two capacitance tests on the cable. Thus (1) measure the 
capacitance between two cores, with the third core and sheath free; 
(2) connect two cores to the earthed sheath, and measure the 
capacitance between these cores and the other core. The capac¬ 
itance obtained from the first test is C x = C c -f* ^ C c -j- ^G s — ^(30 c 
H- O s ), and that obtained from the second test is C* 2 = -f- C s . 

Whence C c = 2 C x - <7 2 ; C s = 3<7 2 - 4 C x . 
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Charging Current of Three-core Cable Transmission System. The 

charging current (I c ) is easily obtained when the equivalent star 
capacitance, C^, is known. Thus 

I c = coC^V/VS = oj(3C c + C S )V/V 3 - co(2C x )V/V3, 

where V is the line voltage of the system. 

Observe that the equivalent- capacitance (O y ) for this calculation 
may be obtained from a single measurement of the capacitance of 
the cable, viz. test (1) above. 

Equivalent Tr ansmis sion Circuits. With short overhead trans¬ 
mission lines capacitance effects can be ignored. Hence the equiva¬ 
lent circuit for such a line is a simple series circuit containing resist¬ 
ance and inductance. The general vector and load diagram for 



fa) Equivalent Circuit; ( b ) An^vr’nto Err-ivnlp-it Circuit (T); (c) Approximate 

v.'.lviiL C in -.li; i'LL> 


this type of circuit is given in Chapter VII, and a worked example 
is given on pp. 129—131. 

With long overhead lines and all cable systems, however, capaci¬ 
tance effects must be considered. In the actual line or cable, the 
resistance, inductance, and capacitance are uniformly distributed 
over the whole length of the line, and the closest approximation to 
the actual conditions is given by an equivalent circuit of the com¬ 
plex series-parallel type shown in Fig. 153 (a), which, so far as the 
currents and voltages at the extreme ends of the line are concerned, 
can be simplified to the equivalent circuits shown in diagrams (6) 
and (c), Tig. 153. The latter are called the equivalent T and II 
circuits, and the values of the equivalent impedances are deduced 
on p. 230. 

For appro x i m ate calculations, the values of the equivalent 
impedances are calculated from the lumped values of the resistance, 
inductance, and capacitance, and the equivalent circuits in which 
these quantities are used are called the nominal II and nominal T 
circuits. Thus in the nominal n circuit, one-half of the total 
capacitance is concentrated at each end of the line, and in the 


Load end 
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nominal T circuit tlie whole of the capacitance is concentrated, at 
the mid point of the line. 

Voltage Drop. The voltage drop can be easily calculated for the 
simpler equivalent circuits when the vector diagrams are drawn. 

Thus for a short overhead line, in which the effects of capacitance 
can be ignored, the vector diagram is shown in Tig. 154, in which 
OI represents the current; O F 2 , the voltage at the load end of the 
line; V 2 aV ± , the impedance voltage triangle for the line ; and OF x , 



Fig. 154. Vector Diagram for Short Transmissiois' Tuste 

the voltage at the generating end of the line. The voltage drop— 
i.e. the arithmetic difference between the voltages at the generating 
end and the load, or receiver, end—is given by 
F x — F 2 = -\Z[(V 2 + -fR cos cp -j- IX. sin cp ) 2 

~b (IX cos cp — IR sin g?) 2 ] — F 2 . . (71) 

If cp is leading instead of lagging, 

F x — F a — vT (T 2 -f- IR cos <p — IX sin 9 c ?) 2 

-f- (IX cos cp + IR sin g?) 2 ] — . (72) 

where F x , V 2 are the voltages at the generator and load ends of 
the line respectively, I the current, and cp the phase difference 
between the load voltage and the current. 

Tor cable transmission , in cases where the inductance can be 
ignored, the voltage drop is given by equation (72) when the load 
power factor is lagging, and by equation (71) when the load power 
factor is leading. 

Tor a long overhead line, or any line in v r hich the effects of capaci¬ 
tance must be considered, the vector diagrams for the nominal H 
and T equivalent circuits are shown in Tigs. 155, 156, from which 
the voltage drop can be readily calculated. 

In drawing the vector diagram (Tig. 155) for a nominal II line, 
the charging current, OI c2 , at the load end of the line is combined 
vectorially with the load current, OI, to obtain the line current, 
OJi,. The impedance voltage triangle, F 3 «F X , is then drawn with 
reference to this current (Oil), and the voltage (<9F X ) at the gen¬ 
erating end of the line is determined. The current, OI G , at this end 

16—(T.5245.) 
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of” the line is the vector sum of the line current and the charging 
currents 0 / cx . at the generating end of the line. 

In drawing the vector diagram (Fig, 156) for a nominal T line, 
the impedance voltage triangle, F 2 aF M , for the load-end half of the 
line is compounded with the load voltage, OV 2 , to obtain the volt¬ 
age, OF Mj at the mid point of the line. The charging, current, OJ c , 
is° then calculated and is compounded with the load current to 
obtain the line current, OI G , in the generating-end half of the line. 
The impedance voltage triangle, F M 6F X , for this portion of the line 



Vector Diagrams for II axd T Equivaxent Circuits of Lo:nu 
TrajstsjMISSIOtst Lushes 

is then compounded with the mid-point voltage to obtain the 
voltage, OV x , at the generating end. 

Example. A three-phase line, 50 miles long, has a resistance of 22 £t. per 
line, an inductance of 95 mH. per line, and a star capacitance of 0-75 juE. 
Calculate the voltage at the generating end to supply a load of 10,000 kVA. 
at 132,000 V., 0-9 power factor (lagging), 50 cycles. 

Approximate Solution for a. JSfonvinal T Equivalent Circuit — 

Line current at load 

= 10,000/( v 3 X 132) = 43-7 A. 

Actual voltage drop due to resistance of load-end half of line 
= 43-7 x 4 X 22 = 4S0 V. 

Actual voltage drop due to inductance of load-end half of line 
= 43-7 x A X 0-095 X 314 = 652 V. 

Voltage at mid-point of line 

= v'3v {[( 132,000/\/3) + 480 X 0-9 + 652 x 0-435] 2 
-h (652 x 0-9 - 480 X 0-435) 2 } 

— y'3 A 1(76,100 + 432 4- 284) 2 4- (587 - 209) 2 ] = 133,245 V. 

(This calculation shows that the angle between the vectors OF a and OV M , 
Fig. 156, is so small that it need not be taken further into account.) 

Hence-, charging current 

= 314 x 0*75 X 133,245/(^/3 X 10 6 ) = 18-1 A. 

Line current at generator end of line 

= A [(0-436 x 43-7— 1S-1) 3 4" (0-9 X 43-7) 2 ] = '39-3 A. 

Phase difference between OV M and OI G is approximately zero. 

Voltage at generator 

133,245 4- \/3 X 4S0 X 39-3/43-7 = 133,995 V. 
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Weight of Line Conductors for Single-phase and Polyphase Trans¬ 
mission Systems. In comparing the weight of copper required for 
the line conductors of single-phase and polyphase systems, it is 
essential to base the comparison upon similar conditions in each 
case. Thus the total power, the power factor, and the distance 
over which the power is transmitted must obviously be the same 
for the several cases under consideration. Other conditions which 
must be co-related are : the efficiency of the transmission, the 
percentage drop in voltage, the current density in the line wires. 


Tt/n 


CC> (h) ' (c) 

Fig. 157. Circuit Diagrams of Polyphase and Single-phase 
Transmission Systems with; Earthed Neutral Point 

the voltage between the line wires, and the voltage between each 
line wire and earth. Some of these conditions are independent of 
one another, while others are inter-dependent. For example, in 
systems in which the neutral point is earthed the voltage between 
line wires depends upon the number of phases and the phase 
voltage. Hence, if the voltage between any line wire and earth 
(i.e. the phase voltage of the system) is fixed, the voltage between 
the line wires of a given system will depend upon the number of 
phases in that system. 

Again, if the reactance of the line is neglected the percentage 
drop in voltage in the transmission system is equal to the TR loss 
in the line wires expressed as a percentage of the total power 
transmitted, and since the efficiency of transmission is given by 
[1 — (power expended in line wires/total power transmitted)], the 
percentage drop in voltage and the efficiency of transmission are 
inter-dependent. 

Case I. Star-connected Systems with Earthed Neutral Roint 
(Fig, 157). 

Let n = number of phases, JP = total power supplied to the 
transmission lines, E — phase voltage, cos qp = power factor. Then, 
assuming sinusoidal E.M!.Fs., the voltage between adjacent line 
wires, taken in order, is equal to 2 E sin tt jn. Also with balanced 
loads the power transmitted by each phase is equal to JP fn , and 
the current in each wire is equal to JP } (nE cos 9 )). Hence the TR 
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loss in each line is given by R V (P jnE cos 92 ) 2 , where R^ is the resis¬ 
tance of each line. If the efficiency is to be the same for each case 
the loss in the line wires must bear a fixed ratio to the power 
transmitted, and therefore 


j R v (JP/nE cos 92) 2 


— 1 — rj — £, a constant. 


where r} is the efficiency of transmission. 

Xow R# —'pi ja, where p is the specific resistance of the material 
of the conductors and l, a , are the length and cross section, 
respectively, of each. Hence 

r . _L 

* E 2 cos 2 cp ' na 

i.e. the product na is a constant. But na is proportional to the 
total weight of the line conductors. 

Thus the amount of copper required for the line wires for the 
transmission of a given power under similar conditions is the same 
for all star-connected polyphase ' systems with earthed neutral 
point. Since, however, the three-phase system gives the lowest 
overall cost when insulators, poles, towers, labour, etc., are con¬ 
sidered, this system is always employed in practice in preference 
to other polyphase systems. 

Comparison with Single-phase System. To obtain a com¬ 
parison with the single-phase system under similar conditions, we 
shall consider the case in which one terminal of the generator is 
earthed (Fig. 157 ( b ) ). The line current = P/E cos cp, and the PR 
loss in line wires — 2R S (P/E cos 99 ) 2 , where R s is the resistance of 
each line. 

Hence for the same efficiency of transmission as in the polyphase 
systems we must have 


2 RAPJE cos cp ) 2 _ R v (P/nE cos cp )* 

T ~ P/n 

Whence 2R S = R v /n, 

i* e - a s — 2na X) , 

where a s , <x v , are the cross-sections of the line conductors for 
single and polyphase systems respectively. 

Hence 


the 


Weight of line conductors f or single-phase system 
Weight of line conductors for polyphase system 
2c& £ 2 x 




na, 


= 4 , 



TRANSMISSION CIRCUITS 


229 


i.e. the weight of the line conductors for a single-phase system with 
one terminal earthed is four times that for a star-connected poly¬ 
phase system with earthed neutral point. 

The current density in the conductors of the single-phase system, 
however, is only one-half of that in the conductors of the polyphase 
system. 

Tor the special, and unusual, case in which the mid-point of the 
generator winding is earthed (Tig. 157 (c) ), the weight of the line 
conductors is the same as that for a polyphase system. 

Case II. Non-earthed Systems (Tig. 158). The comparison will 



(ou) C2>) 


Fig. 158. Circuit Diagrams or Polyphase and Single-phase 
Transmission Systems with Insulated Neutral Point 


be based upon equal line voltages in all cases, the other governing 
conditions being the same as before. 

Considering star-connected systems for convenience, let V — line 
voltage. Then the phase voltage, JBJ, of an ^-phase system is equal 
to V12 sin 7 t/ 7i 9 and the line current is equal to 
JPjnE cos qp — (2 P sin tt/ti)/( nV cos cp). 

If R v f is the resistance of one line, the I 2 R loss in each line is given 
by R v ' [ (2P sin tt/w ) / (n V cos cp )] 2 . Hence for the same efficiency of 
transmission as before we must have 


whence 
where a, 


Rp' [(2JP simr/n)/(nVcosqp)] 2 y 

FM = C, a o, 

. sin _ r 

* 71 ' F 2 COS 2 99 *** 

4sin 2 tt jri Ppl 

na v ' V 2 cos 2 cp ’ 

naj — 4sin 2 tt/ti X a constant, 

== cross-section of each line conductor, 


£, a constant, 


Now 71 a'rp is pi’oportional to the total weight of the line conductors. 
Hence in this case the weight of the line conductors varies with the 
number of phases, becoming smaller as the number of phases 
is increased. 
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The decrease in weight of the line conductors due to the increase 
in the number of phases results in an increase in the current density. 

Comparison with Single-phase System. In the single-phase 
system., the line current is given by R/V cos 99, and if the resistance 
of each line is R s " the total line I 2 R loss is 2 R/' (R/V cos cp) z . 



Fig. 159 Fig. 160 

Circuit Diagrams for ISTominax T and Nominal II Transmission 

Lintes 


Hence for the same efficiency of transmission as in the polyphase 
systems, we must have 

2 R" S (R/V cos <p) 2 sin 2 7 r/w- R 

R ~~ ?z ' F a cos 2 (p 

Whence R s " = (2R/ sin 2 'njiv)fn 
and 2 a/' — na//sin 2 Tr/rt, 

Weight of line conductors for single-phase system 1 

Weight of line conductors for polyphase system sin 2 rr/n 

Therefore for non-eartlied systems and equal voltages of trans¬ 
mission the weight of the line conductors for the single-phase 
system is 1*33 times that of the line conductors for the three-phase 
system. 

The Constants of a Long Transmission Line Having Distributed Resistance, 
Inductance, and Capacitance. Consider a single-phase, or two -wire, line, and 
let i?, L, C denote the resistance, inductance, and capacitance per mile of 
Line. Then for an element, dec, of the line, the incremental values of the series 
and shunt impedances will be (R -f- jtoJLi)doc and — jcoCdec respectively. 

Hence, if distances are taken in the direction from, the generator to the 
load, and if the current in the element is Jf, the voltage drop or decrease of 
voir age across the element will be given by dV == I(R JcoLyicc. Similarly, 
if I is the voltage at the generator end of the element, the decrease of line 
current will be given by dl = — F (jcoO)dee. In both cases the assumption is 
made that I and F are constant over the infinitesimal length dec. 

Whence dVjdx = - I{ 11 4 - jcoL) 

dll dec = - YijcoC) 


Load end 
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By diff erentiation and. substitution, we obtain 
! = VjoiG{JR. + jcoL) 

= IjcoG{R 

tli© solutions of which are 

F : ^h ..... (73) 

I — (yL a fZ 0 ) cosh fix — jA. x }Z 0 sinh fix .... (74) 

where A*, -A a are constants of integration, the values of which depend upon 
tlie terminal conditions of the line, fi{ = -\/[jcjoC(JFi 4- jcoL)~\) is called the pro¬ 
pagation constant of the line, and Z Q ( = 4b jooL) jjmC\) is called the 

characteristic impedance (or surge impedance') of the line. [Note. When It 
can be neglected Z Q = *\/(LfC).'] 

At the generator end of the line we have x = 0, V — V x , I = whence 
— Fi and A. 2 — “ -J-iV n * 

Substituting these values in equations (73), (74), we have 

Fa; — Fx cosh fix — I X Z Q sinh fix . . . . . (75) 

I a = I x cosh fix — Fi/^o sinh fix ...... (76) 

where Fa and I^ are the voltage and current respectively at a distance x 
miles from the generating end of the line. 

Hence the voltage and current at the load end of a line, of length l miles, are 
Fa = Fx cosh fil — I X Z Q sinh fil ...... (77) 

> 2 = I x cosh fil - \y x /Z Q ) sinh fil ..... (78) 

If the load voltage (Fa) and current (_Z 2 ) are known and distances, x\ are 
measured from, the load end of the line, then 

Vfi = Fa cosh fix' -J- JToFo sinh fix' ..... (79) 

iy = /a cosh fix' -h Fa'/Fo sinh 0*'.(SO) 

Constants of Equivalent T and II Lines. From the circuit diagram, of 
Fig. 159, we have 

Vx = IxZx' + (/i - f^)Zy ; Fa = (/x - / a )^a' ~ /aFi', 
from which we obtain 

/a — Ad 4- ^x7-?V) - Fi/4V- 

For this expression to be identical with (78), we must have 

(1 -f- zyfzy) = cosh £Z and (1 /^ 2 ') — (l/^ 0 ) sinh fil. 

Whence iSF = Fo sinh £/?Z and .S5 2 ' = ^ 0 /sinh fil . . . . (81) 

From the circuit diagram of the equivalent II circuit (Fig. 160), we have 
Fx = (/x - /)^ 2 " ; Fa == (/ - /a)^ 2 "; T2x" = (/x - /)4V' ~ (l ~ 

Whence / 2 *= / x (l 4~ Z x "!Z a ") - Y X {Z X " 4- 2F 2 ")/^a" 2 
For this expression to be identical with (78), we must have 

Z x " = Z Q sinh fil; Z z " = Z 0 ( 1 4- cosh £Z)/sinh fil = Z a coth 4 fil . 


( 82 ) 



CHAPTER XI 

ALTERNATORS—SINGLE-PHASE ANI> POLYPHASE 

Practical Forms of Alternators. The elementary method of gener¬ 
ating alternating E.M.Fs. by rotating a conductor, or a system of 
conductors, in a stationary magnetic held is, in practice, only 
employed for alternators of very small output, because of the 
difficulties involved in the design and construction of the windings, 
and the collection of current by sliding contacts, in large machines. 

These diffi culties are avoided when the alternative method-with 

stationary conductors and a rotating magnetic field-is employed. 

All alternators for outputs above about 10 kW. are now, therefore, 
built with stationary armature conductors and rotating field magnets. 

The stationary armature conductors are located in slots in the 
inner periphery of a ring of alloyed-steel laminations built into a 
frame of either cast iron or welded steel plate, the whole arrange¬ 
ment being called the stator. 

The revolving field magnets, known as the rotor , may be built 
either in the form of salient poles, each with its exciting coil, fitted 
to a central hub on a shaft, or in the form of a cylinder of forged 
steel, with slots in the outer periphery for the excitation, winding. 
The latter form of construction is employed in machines of large 
output, which are direct-coupled to steam turbines. With both 
forms, the exciting current is supplied to the winding by means of 
slip-rings and brushes, but as only relatively small currents at low 
voltage are required., these shding contacts present no difficulties. 

Number of Poles, Speed, and Frequency. In an alternator with 
two poles, one cycle of E.M.F. is produced at each revolution, and 
therefore the frequency is equal to the number of revolutions per 
second. If the number of poles is doubled, the frequency will be 
equal to twice the number of revolutions per second. Hence, in 
general, if p — number of poles, f = frequency, n = revolutions 
per second, then / = bpn, or n — f/bp. 

For the standard frequency of 50 cycles per second, the operat¬ 
ing speeds, in revolutions per minute, corresponding to different 
numbers of poles are as follows— 


Xumber ox poles .{ 2 _4_6 S 10 12 14 16 IS 20 22 24 

Speed, r.p.rn. -j 3000 1500 1000 750 600 500 428 375 333 300 272-7 250 
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Conductor E.M.F. The E.M.F. generated in a single conductor 
when cut by a magnetic field is, at any instant, given by e = Blv 
X 10" s volts, where JB is the flux density hr which the conductor 
is situated at the instant under consideration; l, the active length 
of the conductor, and v, the speed of the magnetic field relative 
to the conductor. 

Now, in an alternator working under normal conditions, l and v 
are constant, so that e oc E. Hence the instantaneous value of the 
E.M.F. is directly proportional to the actual value of the flux 
density sweeping past the conductor at that instant. Since one 
cycle of E.M.F. corresponds to the movement of two magnetic 
poles (i.e. two-pole pitches) past the conductor, the wave-form of 
the E.M.F. will be similar to that of the space distribution of 
the flux. 

For example, a flat-topped flux distribution curve due to a uni¬ 
form air gap will result in a flat-topped conductor-E.M.F., and a 
sine-wave flux distribution over the pole pitch will result in a 
sine-wave E.M.F. 

With salient poles, therefore, the pole shoes should be shaped or 
chamfered so as to give an air gap which is a minimum at the 
centre of the pole face. With a cylindrical rotor, an approximation 
to a sine-wave flux distribution is obtained with a uniform air gap 
by distributing the turns of the exciting winding over the pole 
pitch which is slotted for this purpose. 

Coil E.M.F. Since alternator windings are always of the drum 
type, the two coil-sides of a full-pitch coil wall always be situated 
in flux densities of the same magnitude, but of opposite sign, because 
of the symmetrical construction of the field magnets. The instan¬ 
taneous E.M.Fs. in the coil-sides will, therefore, be equal in mag¬ 
nitude ; and since these E.M.Fs. act in the same direction round 
the coil, the coil-E.M.F. will be equal to twice the conductor-E.M.F., 
and the wave-form of the coil-E.M.F. will be the same as that of 
the conductor-E.M.F. 

R.M.S. Value of Coil-E.M.F. for Full-pitch Coil. Eet the coil 
consist of one turn of full pitch, and let <3> denote the flux per pole ; 
p } the number of poles ; ti, the revolutions per second ; /, the fre¬ 
quency. Then during one revolution, each conductor will be cut 
by a flux ^p<E>. Hence the mean value of the E.M.F. in the coil will 
be given by 

E a — 2jp<3>«. X 10 s 
= 4<$/ X 10~ s 
since pn = 2/. 
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If E denotes the R.M.S. value of this E.M.E., and K f denotes 
the form factor (i.e. K f = E/E a = R.M.S. value/mean value), then 

E = 4 ^ 0 / X . .( 83 ) 

For a sine wave K f = = l‘H> so wi *en 

the flux distribution is sinusoidal, 

E = 4 - 440 / X 10~ 8 

Effect of Coil Pitch. With a fractional-pitch coil, for which the 
pitch = 6 electrical degrees, the E.M.Fs. in the two coil-sides, or 
conductors, will have the same wave-form, but will not have equal 



Fig. 161. Wave-sokms of CoNnvcTOR-E.M.:Fs. (A., B) and Coil-E.M.F. 

(C) for Feactional-pitch Coil of Alternator. 

numerical values at the same instant. These E.M.Fs. may, there¬ 
fore, be represented by two similar wave-forms displaced from each 
other by the angle {nr — 0 ). The eoil-E.M.F. will, therefore, be given 
by the sum of these wave-forms, as shown in Fig. 161. 

If the conductor-E.M.Fs. are sine waves, the coil-E.M.F. will he 
of sine wave-form, but its maximum. value will be less than twice 
that of each of the conductor-E.M.Fs. If, however, the conductor- 
E.M.Fs. are not sine waves, the wave-form of the coil-E.M.F. will 
differ from that of the former, and Avail approximate closer to a 
sine wave when the difference between the pole pitch and the coil 
pitch is small. 

In the special case when the conduetor-E.M.F. consists of a 
fundamental and a harmonic of the nth order, the coil-E.M.F. will 
be a sine wave if the coil pitch = rr — ir/n = 7 r{n — l)/h., i.e. the coil 
pitch is 17jn less than the full pitch. For example, if the third 
harmonic is present in the eonductor-E.M.F., the coil-E.M.F. will 
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be sinusoidal when, the coil pitch is §tt or 120°. Similarly, if the 
fifth harmonic is present in the conduct or-E.M.F., the coil-E.M.F. 
will be sinusoidal when the coil pitch is -f 7 t or 144°. A little investi¬ 
gation into these cases will show that the harmonic components of 
the E.M.Fs. in the two coil-sides have a phase difference of 180° 
and, therefore, cancel out in the coil-E.M.F. 

Effect of Spread of Coil Side. Consider two full-pitch coils, each 
of one turn, with the coil-sides spaced a° apart. If these coils are 
connected in series, the E.M.E. in the double coil will be repre¬ 
sented by the sum of the wave-forms of the E.M.Es. in the indi¬ 
vidual turns, i.e. by the sum of two similar wave-forms displaced 
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Fig. 162. Oscillogeams of No-load E.M.F. of Three-phase 

ALTBB.ISrA.T01E, SHOWING EFFECT ON WAVE-POEM OF WlNTDESTG 
Distribution antd I niteb- coisnsrE ctiotst (Stab) of Phases 

The machine has four poles, and the stator winding is of the half-coiled type, with 
three coils pv'r of pr;.-= per phase 

For the vnr'..r=r- of obtaining the «-' L , : the coil-E.M.Fs., the ends of the 

::«■ ■■ b- of a coil-group of one phase were brought out to separate terminals, 
so that wave-forms could he obtained of the E.M.F. of (a) one coil, (i<) two coils in 
series, (c) three coils in series 

The oscillogram of the phase voltaeo was obtained from another phase of the 
winding with the full number of coils in circuit 


a° from each other. The conditions are, therefore, similar to those 
obtaining in a fractional-pitch coil having a pitch ( 7 r — a)- 

Similarly, if three one-turn coils, with the coil sides displaced 
uniformly from one another, are connected in series, the E.M.E. in 
the triple coil will be represented by the sum of three similar wave¬ 
forms displaced uniformly from one another. 

If the angle of displacement is small and the eonductor-E.M.E. 
is non-sinusoidal, the resulting wave-form will more nearly approx¬ 
imate to a sine wave than that of the E.M.E. in the individual 
turns. This is illustrated in Eig. 162 by the reproductions from 
actual oscillograms of the coil-E.M.Fs. of an alternator. 

Winding Distribution Factor. If, in the preceding case, the 
E.M.Fs. in the individual turns are sinusoidal, the E.M.F. of the 
coil-group can easily he calculated, since the R.M.S. values of the 
former may be added vectorially. Thus, for the case of a two-coil 
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*oup, the vector diagram for which is shown in Fig. 163, if the 
31. F- in each turn or coil is denoted by E c and that in the coil- 
roup by E, then E = 2 E e cos 

iSTow 2E C is the arithmetic sum of the coil E.M.Fs. Hence the 
ratio EI‘2E C C (i.e. vector sum of E.M.Fs. /arithmetic sum of E.M.Fs.) 

Ec £ 


Fig. 163. Space Diagram (a) for Two Full-pitch: Coils, and 
Vector Diagram (6) op E.M.Fs. 

— COS which is called the winding distribution factor or breadth 
coefficient, and is denoted by E b . 

For a three-coil group, K b = -|-(1 + 2 cos a), and for a four-coil 
group, K b = i(cos \cx cos 2a), where a is the angle between 

o 


A 

(a) (6) 

Fig. 164. Space Dligram (a.) op Distributed Wnsronsro, atshd 
Vector Diagram: (6) op E.M.Fs. 

adjacent turns or coil-sides of the individual coils. These values 
can readily be checked by drawing the vector diagrams. 

If a vector polygon and its circumscribing arc are drawn, as in 
Fig. 16-1, for a group of q coils {q — number of slots per pole per 
phase), each side of the polygon can be expressed in terms of the 
radius, r, of this arc. Thus E c — r sin Jet. The chord, which re¬ 
presents the coil-group E.M.F., E, is given by E — r sin \qa . 
Whence, 






K b — E/qE c = sin \qa.jq sin -|-a 


(84) 
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In the special case when the conductors of a coil-group side are 
packed closely together so as to be uniformly distributed over an 
angle @ (which is called the phase'spread , or, shortly, the spread, of 
the winding), the vector polygon for the individual E.M.Fs. can be 
considered to be a sector of a circle subtending an angle j3. Hence, 
for this case, 

K h — chord/arc = sin . . . (85) 

Analytical Deduction of Winding Distribution Factor. Since the E.M.Fs. in 
the individual coils are equal in magnitude but have a mutual phase differ¬ 
ence of a, they can be expressed in terms of the E.M.F. in coil Xo. 1, which 
may be considered as a reference quantity. Thus E C1 = _E7 c eJ0 ; E c n = E c e3 a ; 
E o3 = Esr2a; ... 

Hence the coil-group E.M.F. is 

J3 = F7 cl -f- E o2 -f~ E cb -j- . • . = -EJ C (1 eja ei2a -+• . . . ) 

— E c {e5act _ l )/(«** _ i) 

= j© c [(cos qa — 1) + j sin 2 a]/[(cos a — 1) + j sin a]. 

Whence E — E c VI [(cos qa — l) 3 -J- sin a ga]/[(cos a — l) 2 -f- sin-a]} 

= E c (sin |c?ct)/sin 

and K b = EjqE c — sin ^qa/q sin -l a. . ., . 

In the special case of a uniformly-distributed winding with a spread of 
a approaches zero, and the value of K b cannot be evaluated from this expres¬ 
sion. Since, in this case, — qa , the denominator (q sin ia) can be written 
in the form /3 sin -|-a/a.; and if both numerator and denominator are differ¬ 
entiated with respect to a, we can determine the values in the limit when 
a = 0. 

Thus d(fi sin %a)/da — cos &a, and dal da = 1. 

Hence in the limit when a = 0, /? sin -J-a/a = 1-/?. 

Therefore, for a uniformly-distributed winding, 

K h = sin / 

Coil Pitch Factor and Winding Distribution Factor for Non-sinusoidal E.M.Fs. 

In Chapter XIV it is shown that a non-sinusoidal E.M.F- can be represented 
by a series of sine-wave E.M.Fs. having frequencies 1, 3, 5, 7, . . . times the 
frequency of the non-sinusoidal E.M.F. (which is called the fundamental 
frequency). The triple-frequency component is called the third harmonic; 
the quintuple-frequency component is called the fifth harmonic ; and so on. 

With the usual (symmetrical) construction of the field magnets, only odd 
harmonics can occur in the wave-form of the flux distribution when this is 
not a sine wave, and, therefore, in this case the wave-form of the conduetor- 
E.M.F. may be represented by e = E lm sincotf -f- E 3m sin 'Scot -f- E 5m sin acot 
-f- . . . Hence a time-angle, cot, taken with reference to the fundamental 
becomes ncot when taken with reference to the nth harmonic. Therefore a 
coil having a pitch of two-thirds of the pole pitch, or 120°, is, so far as the 
third harmonic of the flux wave-form is concerned, equivalent to a coil having 
a pitch of 3 X 120 = 360°; and so far as the fifth liarmonic of the flux wave¬ 
form is concerned, this coil is equivalent to one having a pitch of 5 x 120 
= 600°. 

Thus the coil pitch factor fox' any particular harmonic-e.g. the nth—is 

given by 

K vn — sin n%0 

where d is the pitch of the coil. 

Similarly, the winding distribution factor for the nth harmonic is given by 
K bn — sin \nqafq sin ka 
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Winding Distribution Factors for Three-phase and Single-phase 
Machines. In a uniformly distributed winding for a three-phase 
alternator, the maximum value of ft is 60°, and. for a single-phase 
alternator the maximum value of (3 is 180°- The corresponding 
values of K b are 0*955 ( — sin 30° /^tt = 3 /it) and 0*637 ( — 2 /tt) 
respectively. These values show that if the whole of the stator 
periphery is utilized in the two eases, the utilization factor will be 
much lower for the single-phase alternator than for the three-phase 
machine. 

Values of the winding distribution factor for three-phase and 
single-phase machines for sinusoidal E.M.Fs. and different numbers 
of slots per pole are as follows— 


Xumber of slots per pole . ' 

1 1 

2 3 

4 

6 

9 

12 

15 

18 

oc 


i Xo. of slots per pole 
i per phase (g) 

| _ 

— 1 

_ 

o 

3 

4 

5 

6 

oc 

S 1=5 

i s ’■ - : v.-'Vf. !' 

__ 

_ _ 

_ 

30 

20 

15 

12 

10 

_ 


W::■ .11 ri i : iSrr:hiiti* >n 
factor (K b ) . . i 

1-0 

— — 

— 

0-966 

0-96 

0-958 

0-957 

0-956 

0-955 

■ 

' Xo. of slots per pole ! 
per phase (r/) .! 

1 

2 3 

4 

6 

9 

_ 


oc 

oc 


‘ -oh S 

_ 

20 20 

20 

20 

20 

— 

— 

_* 

—1 


w:: ■.;! _■ i-tr:i:- i*. 
factor (K b ) . . { 

1-0 

0-985 0-96 

0-925 

0-832 

0-64 



0-637 

0*827 


* ISO 3 spread. t 120° spread. 


Relative Outputs of Uniformly-distributed Three-phase and Single- 
phase Windings. Consider a given stator wound (1) as a single- 
phase alternator, (2) as a three-phase alternator, the flux per pole, 
the frequency, and the total number of conductors, z, being the 
same in each case. Then the E.M.F. of the single-phase machine 
will be proportional to JsiT &g , or to \z x 0*637, and the phase 
E.ZM.F. of the three-phase machine will be proportional to J(i \^)N bt , 
or to ^ x i tz X 0-955. If the permissible current per conductor is 
I in each case, the VA. output in the single-phase case will be pro¬ 
portional to hzl x 0*637, and that in the three-phase case will be 
proportional to 3 X | X \zl X 0*955. Whence the outputs are in 
the ratio of 0*637 to 0*955 or 1*0 to 1*5, i.e. the output as a three- 
phase machine is 1*5 times that as a single-phase machine. In 
practice, owing to armature reaction and other effects, the ratio of 
outputs will be greater than this value. 

General E.M.F. Equation. Let <E> denote the flux per pole ; /, the 
frequency; JY, the number of turns in series per phase ( = |- 
X number of conductors in series per phase) ; K f , the form factor; 
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K P , the coil-pitch, factor ( — sin J 0 , where 0 is the coil pitch) ; K b) 
the winding distribution factor ( — sin iqafq sin -|ct). 

Then the ft.M.S. value of the E.M.F. per phase is given by 

E = 4,K f K„K h <$>Nf x 10-8.(86) 

Example. The stator of a three-phase, 50-cycle, 16-pole alternator has 96 
slots, and each slot contains 12 conductors, connected in series. If the fins: 
per pole is 5 megalines and is sinusoidally distributed, calculate the no-load 
E.M.3T. if the phases are star-connected and the coils are of full pitch* 

The total number of conductors — 96 x 12 — 1152, 
and the number of turns per phase = -i- x h X 1152 — 1 92. 

The number of slots per pole == 96/16 == 6. 

H ence each coil-group consists of two 12-turn coils, and the angle between 
adjacent coil-sides is £ w or 30°. Whence 
= cos £ x 30° = 0*966. 

Therefore the E.MJET. per phase 

= 4 x 1*1 X 1*0 X 0*966 X 5 X 10 e x 192 x 50 X 10~ s 
= 2060 V. 

and the terminal voltage = v 7 3 X 2060 — 3570 V. 

Effect of the Stator Slots and Teeth on the Wave-form of the 

E.M.F. In a salient-pole alternator with the poles shaped so as to 
give a sine-wave flux distribution with a smooth (i.e. unslotted) 
stator core, the E.M.F. generated in the conductors will be a sine 
wave. But if the conductors are located in slots, the E.M.F. wave¬ 
form will now show ripples and may be somewhat similar to that 
shown in Fig. 201 (p. 298). 

The cause of these ripples is easily explained by considering the 
physical conditions under which the E.M.Fs. are produced. Tims 
with a slotted core the flux tends to concentrate in the teeth, and 
when the pole moves relatively to a slot, the lines carried by one 
tooth swing across the slot to the adjacent tooth, and cut the con¬ 
ductors in the slot at relatively high speed compared with the 
movement of the pole and flux as a whole. This ‘‘flux swinging, 5 * 
therefore, will produce E.M.Fs. in the conductors, but these E.M.Fs. 
will be of relatively low amplitude and high frequency compared 
with the E.M.E. produced by the main flux. Hence the former will 
be superimposed upon the latter in the form of ripples in the wave¬ 
form. 

With machines having nearly closed slots and a relatively large 
number of slots per pole, the ripples will usually be small and may 
not be objectionable in practice. But in machines having open 
slots or relatively wide slot-openings, the ripples may be practically 
suppressed by skewing either the slots or the pole faces by an 
amount equal to the slot pitch. Alternatively, the stator may be 
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built with an odd number of slots per phase. With such an arrange¬ 
ment of slots and a suitable winding, the equivalent of a uniformly- 
distributed winding is obtained in so far as E.M,F. harmonics are 
concerned, and the ripple effects practically cancel out. 

Stator Windings. Although closed-circuit lap and wave windings, 
such as are employed in direct-current machines, are applicable 
also to A.C. machines, they are not, however, employed for the 




Fig. 165. Dugeams Showing Grouping or Coils in Half-coiled 
(Left) and Whole-coiled (Right) Windings fok Four-pole, 
Single -phase Alternator 

stator windings of alternators, which are invariably of the open- 
circuit type. 

The conductors are located in slots, and although, for single- 
phase machines, windings with one or two slots per pole are pos¬ 
sible—and, in fact, were employed in early single-phase alternators 
—such windings would not be permissible in modern machines, 
because of the large ripples wthich would occur in the wave-form of 
the E.M.F. due to flux swinging and pulsation. In modern three- 
phase alternators, the number of slots per pole varies from 6 to 36 
according to the design, the smaller number being employed in 
medium-size machines having a relatively large number of poles, 
and the larger number fox' large turbo-alternators having two poles. 

The coils formed by the conductor's occupying a group of slots 
corresponding to one phase and one pair of poles may be arranged 
either in a single group or in two groups, as indicated diagram - 
matically in Tig. 165, which-refers to single-phase windings. The 
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former arrangement is called half-coiled , or hemitropic, and the 
latter arrangement is called whole-coiled. 

A whole-coiled winding possesses the advantages, over the corre¬ 
sponding half-coiled windings, of shorter end-connections and a 
lower leakage reactance ; hut three tiers or ranges are necessary 
for the end connections of a single-layer, three-phase winding with 
concentric or hairpin coils, whereas only two tiers are necessary 
for a half-coiled ‘winding. This disadvantage, however, does not 
exist in double-layer windings. 

In practice, whole-coiled three-phase windings (single-layer and 
double-layer types) are used principally for large turbo-alternators, 
as such windings are more suitable for these machines than half- 
coiled windings on account of the large number of slots per pole. 
For the ordinary type of salient-pole three-phase alternator, how¬ 
ever, the winding is usually of the half-coiled type, a single-layer 
winding being employed for hand-wound and hairpin coils in semi- 
closed slots, and a double-layer or barrel winding for former-wound 
bar-conductor coils with diamond-shaped end connections. 

Method of Connecting-up. In connecting-up the coil-groups of 
half-coiled and whole-coiled windings, it is important to remember 
that the connections must be such that a current passing from 
terminal to terminal of a given phase circulates in the same direc¬ 
tion around every coil of a half-coiled winding (i.e. the coils would 
produce consequent poles if excited with direct current), and in 
alternate .directions around the coils of a whole-coiled winding. 

The method of connecting-up three-phase windings, half-coiled 
and whole-coiled, is shown in the development diagrams of Fig. 16(5. 
No difficulty will be experienced in working out the connections for 
a three-phase winding if it is remembered that the terminal con¬ 
nections must be taken from coil ends of the same polarity or sense 
which are two-thirds of a pole-pitch (i.e. 120°) apart relative to 
one another. 

Voltage Drop in Stator Winding. When an alternator is loaded, 
the voltage drop in the stator winding is due to the effects of— 

(1) resistance of the stator winding, 

(2) inductance or leakage reactance of the stator van ding, 

(3) armature reaction. 

The internal E.M.Fs. due to the effects of resistance and induct¬ 
ance (or leakage reactance) of the stator winding can be calculated 
when these quantities are known or have been determined.* 

* For the method of calculating the inductance and leakage reactance of 
stator windings, consult JPa'pers on the Design of Alternating Current JMLachinery 
by Hawkins, Smith, and Neville. (Pitman.) 

* 7 — (T.5345) 
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a magneto-motive force which., in a symmetrically-loaded polyphase 
machine, rotates synchronously with the field magnets, and is there¬ 
fore stationary relative to the field poles. 

In a single-phase alternator, however, the armature M.M.F. is 
stationary in space and alternates at the frequency of the current. 
But this alternating M.M.F. can he considered as the resultant of 
two equivalent rotating M.M.Fs.* one (called the forward M.M.F.) 
rotating synchronously with 
the field magnets, and the 
other (called the backward 
M.M.F.) rotating at synchro¬ 
nous speed in the opposite 
direction to the field 
magnets. 

The forward M.M.F. is 
analogous to the armature- 
reaction M.M.F. in a poly¬ 
phase alternator, i.e. this 
M.M.F. is stationary relative to the field magnets and, therefore, 
it reacts with the M.M.F. of the latter. 

The backward M.M.F., however, is rotating, relative to the field 
magnets, at twice the normal speed of the machine ; and, as this 
M.M.F. is unopposed, it induces in the pole shoes and adjacent 
parts (including also the field coils) E.M.Fs. having a frequency 
double the normal frequency of the machine. The resulting double¬ 
frequency eddy currents, if unrestricted, would cause losses and 
heating which would be detrimental to the performance of the 
machine. Hence, in practice * the pole shoes are fitted with damper 
(i.e. short-circuited) windings to provide a definite path for these 
currents. 

Armature Reaction in Polyphase Machines. Since in a symmet¬ 
rically-loaded polyphase alternator the M.M.F. due to the armature 
currents is stationary relative to the field magnets, the armature 
and field M.M.Fs. will react with each other in a manner somewhat 
similar to the armature reaction in a direct-current generator. 
Thus when the current is in phase with the generated E.M.F., the 
axes of the armature M.M.F. coincide with the neutral axes of the 
field magnets, and the armature M.M.F. has a cross-magnetizing 
effect on the field poles, corresponding to the cross-magnetizing 
effect in a direct-current machine when the brushes are in the 
neutral position. 

Again, when the phase difference between the current and 
generated E.M.F. is 90°, the maximum value of current in a given 



!Fig. 167. Vector Dl4.grajm for Deter¬ 
mining- Internal E.M.D. 
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phase will occur when the axes of the field poles coincide with the 
magnetic axes of the coils of that phase. Hence, in these cases the 
magnetic axes of the armature M.M.F. will coincide with the poles, 
and the armature M.M.F. will have a direct-magnetizing effect, 
magnetizing the poles when the current is leading, and demagnet¬ 
izing the poles when the current is lagging. 

For a phase difference ip, the armature will produce both direct- 
and cross-magnetizing effects, the direct-magnetizing effect being 
proportional to sin ip and the cross-magnetizing effect being pro- 



Fig. 168. Vector Diagbam for 
Determining Excitation 
Ampere -turns 


portional to cos ip. Observe that 
the angle ip is the phase difference 
between the generated E.M.F. 
and the current, and is therefore 
called the internal phase difference 
or the internal angle of lag or 
lead. It is determined from the 
vector diagram of Fig. 167. 

Determination of Field Excita¬ 
tion. The resultant excitation on 
the field magnets which is neees- 


sary to ootam a given generated 
E.M.F. may be determined by compounding the M.M.F. due to 
armature reaction with the M.M.F. required to produce the requisite 
flux in the magnetic circuit. The vector diagram is shown in Fig. 
168, hi which the vector OE represents the generated E.M.F. eorre- 
sponding to a terminal voltage OV , and a current OI; OE repre¬ 
sents the M.M.F. necessary to produce the flux Od>; OG the field 
equivalent to the armature M.M.F., and OH, the resultant 
M.M.F. to be produced by the field winding. 

The vector OG is drawn with a phase difference of 90° lagging 
from the vector of the current, in order that the component vectors 
UJ * yr’ representing the. direct- and cross-magnetizing effects 
respectively of the armature M.M.F., may have their, correct posi- 
tions m relation to OF. For example, the component representing 
the direct -magnetizing M.M.F. must be proportional to sin w, and 
must act m direct opposition to the field M.M.F. vector OF when 
ip is agging Similarly, the component representing the cross- 
magnetizing M.M.F. must be proportional to cos ip and must be 
perpendicular to the field M.M.F. vector OF. 

The magnitude of OG represents the field M.M.F. equivalent to 
M “’ both expressed in ampere-tons per 

p e 1 his quantity may be conveniently determined from the 
short-circuit characteristic of the machine. 



ALTERNATORS : SINGLE - AND POLYPHASE 245 

Short-circuit Characteristic. This characteristic shows the rela¬ 
tionship between the excitation and the armature or stator current 
when the stator terminals are short-circuited and the machine is 
run at normal speed. The characteristic is a straight line for stator 
currents up to about twice full-load current, and in some machines 
this proportionality may extend to higher currents, but usually for 
these currents the characteristic bends over slightly towards the 
excitation axis. 

The excitation necessary to pass full-load current through the 
short-circuited stator windings may be from about one-third to 
one-half of the excitation required to give normal voltage at full 
load at the rated power factor of the machine (usually 0-8, lagging). 

Under the conditions of proportionality between the excitation 
and the short-circuit current, the field ampere-turns are expended 
almost entirely in neutralizing the armature ampere-turns, since 
under these (i.e. short-circuit) conditions the E.M.1T. generated in 
the stator winding simply balances the impedance voltage, and 
therefore the flux in the machine has a very low value. Moreover, 
the phase difference between the generated E.MJF. and the current 
is almost 90° lagging, and therefore ma xim um current occurs when 
the axes of the poles coincide with the magnetic axes of the stator 
winding. Hence, with low-reactance machines the excitation (i.e. 
the field ampere-turns per pole) required to obtain full-load current 
will be a close approximation to the equivalent armature-reaction 
ampere-turns per pole (i.e. the maximum value of the armature- 
reaction ampere-turns per pole). But with high-reactance machines, 
the approximation will not be so close owing to the excitation 
required to produce the higher flux under these conditions. 

Leakage Reactance and Inductance of Armature. This quantity 
cannot be determined by a direct method, such as by passing a 
current of normal frequency through the stator winding and 
measuring the applied voltage, as the results obtained from such a 
test will not represent the leakage reactance under normal working 
conditions, owing to the different flux densities and the different 
flux distribution in the two cases. 

An approximation to the actual value of the leakage reactance 
may be obtained from the open-circuit characteristic and the load 
characteristic for zero power factor (which is a curve showing the 
relationship between voltage and excitation for full wattless load 
—i.e. full-load current—in the armature and a power factor of zero). 

Alternatively, if the winding is star-connected and the neutral 
point is available, the leakage reactance may he determined by 
taking two short-circuit tests, one with only one phase of the 
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armature winding short-circuited,, and the Other with all (three) 
phases of the armature winding short-circuited. ifrom the results 
of these tests the armature reaction and the leakage reactance may 
be calculated,* but the value of the leakage reactance so obtained 
is only an approximation to the true value oil account of the 
magnetic saturation in the teeth not being normal. 

Voltage Regulation. The voltage regulation (expressed as a per¬ 
centage) of an alternator is defined as the percentage rise in voltage 



above normal when full load is thrown off, the excitation remaining 
constant at the full-load value and the speed remaining constant 
at its normal value. Thus if V is the normal voltage at full load 
and V 0 is the no-load voltage when full load is thrown off under 
the above conditions, the voltage regulation is given by 


Calculation of Voltage Regulation. To determine the voltage 
regulation without actually loading the machine, it is necessary to 
have a knowledge of (1) the open-circuit characteristic ; (2) the re¬ 
sistance and the leakage reactance of the stator windings ; (3) the 
equivalent field ampere-turns corresponding to the maximum 
armature-reaction ampere - turns. 

* “ Experimental Analysis of Armature Reaction.* 4 Paper by X>r. Gfisbei 4 * 
K-app. Jovtm, IJB.E ., Vol. 42, p. 703. 
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The procedure is as follows : (1) Calculate tlie voltage drops dire 
to resistance and leakage reactance ; (2) compound these voltages 
with the terminal voltage to obtain the internal or generated E.M.F., 
OE , Fig. 169 ; (3) determine from the open-circuit characteristic the 
corresponding excitation, OC ; (4) determine from the vector dia¬ 
gram the internal phase angle y> (i.e. the phase difference between 
the generated E.M.F. and the current) ; (5) set off from O the 

equivalent armature reaction ampere-turns at the angle yj from a 
perpendicular erected at O (these ampere-turns are represented by 
GD)i and add these ampere-turns to the excitation ampere-turns 
OC, thus obtaining the full-load excitation, OF ; (6) determine the 
open-circuit voltage V Q corresponding to this excitation. Whence 
the voltage regulation == 10O(F o — V)/V. 

When the calculation is made for a three-phase machine, the 
open-circuit characteristic is plotted in terms of the phase E.M.F., 
and all calculations of voltage drops, E.M.Fs., and voltages are 
made on the basis of phase quantities. 

In cases where the armature-reaction ampere-turns are not given, 
it is necessary to have available the short-circuit characteristic. 
The equivalent maximum armature-reaction ampere-turns, AE 
(Fig. 169), are then obtained by subtracting from the excitation 
ampere-turns, OE, required to circulate full-load current the 
ampere-turns, OA , necessary to produce the flux to generate the 
requisite E.M.F. (i.e. the impedance voltage). 

Synchronous Impedance. This quantity is defined as the ratio : 
(open-circuit E.M.F./short-circuit current), both corresponding to 
the same excitation. It is, however, a fictitious impedance, as 
armature reaction is considered as having an effect similar to that 
of inductance or reactance. Moreover, in modern alternators the 
synchronous impedance is not a constant quantity beeanse the 
open-circnit characteristic is not a straight line. Thus, although 
formerly the quantity was used in calculations of voltage regulation 
and parallel working, nowadays such calculations are usually 
made by the above methods in which the effects of reactance and 
armature reaction are considered separately. 



CHAPTER XII 

THE POLYPHASE INDUCTION MOTOR 

Tars polyphase induction motor is a machine in which the torque 
is produced by the interaction of a rotating magnetic field—pro¬ 
duced by a stationary member, called the primary or stator —and 
polyphase currents induced, by this field, in a rotatable member, 
called the secoiidary or rotor. The rotating magnetic field is an 



Pig. 170. Longitudtn at. Views (Paht Elevation and Paet 
Section) of Three -phase Sr.ir-K.nsrG Induction Motor 
(JSletropolitan-VicTcers JBlectrical CoS) 


essential feature of all induction motors, and. it enables energy to 
be transferred from the primary to the secondary by electromagnetic 

induction—whence the name 4 e induction 5 ’ motor-so that no 

electrical inter-connections between primary and secondary are 
necessary. 

In virtue of the rotating magnetic field and the polyphase cur¬ 
rents induced in the secondary, the torque is Steady and free from 
pulsation. Moreover, a large torque at starting can be obtained, 
if desired. 

The Stator. The primary member, or stator, consists of a lam¬ 
inated core—built of annular or segmental silicon-steel laminations 
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—the inner periphery of which is slotted and wound with a poly¬ 
phase winding suitable for the supply system. In motors for indus¬ 
trial purposes, the core laminations are fitted and clamped into a 
frame which is fitted with end shields and bearings for the shaft 
carrying the rotor. Kg. 170 shows longitudinal views of a typical 
industrial motor. 

The slots are usually semi-closed, and the winding is usually of 
the half-coiled type, the number of poles depending upon the speed 



Fig. 171. Wound Statoe or Three-phase Induction Motor 
Showing Bar Winding and Axiad Ventilating Soles 
(Metro&olitan-VicTcers Electrical Co.) 


required and the frequency of the supply system. A typical stator 
is illustrated in Kg. 171. 

The Rotor. The secondary member, or rotor, consists of a cylin¬ 
drical laminated core mounted on a shaft. The outer periphery of 
the core is slotted for the rotor winding, which may consist either 
of a permanently short-circuited winding or a polyphase star-con¬ 
nected winding with the ends brought out and® connected to three 
slip-rings mounted on the shaft. 

A rotor having a permanently short-circuited winding is called a 
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squirrel-cage rotor , and one having a polyphase winding connected 
to slip-rings is called a slip-ring rotor. The object of the slip^rings 
is to enable resistances to be inserted temporarily in the rotor Circuits 
for the purpose of controlling the torque and Current at starting * 
Rotor Windings, The permanently short-circuited form of rOtor 
winding consists of solid conductors (one per slot) with the ends 
short-circuited by. Solid eiid-riiigs. Except for the Smallest Sizes, 
the conductors and end-rings are of copper, aiid the ends of the 
conductors are welded to the end-rings to obtain a joint of low 



(«) (&) 

Fig. 172. Squireel-cage ( a ) and Slip-hhmg (6) Rotors eor 

InJD OCTI 03 ST MOTORS 

{Metropolitan- Vickers Electrical Co. and British Thomson.-Eouston Co .) 

electrical resistance. A typical rotor is illustrated in Tig. 172 ( a ). 
In the smallest sizes, however, which are manufactured in large 
quantities, the conductors and end-rings are of aluminium, which 
is cast by a special process in the completely-assembled core. 

The polyphase star-connected rotor winding—usually a three- 
phase winding—has the same number of poles as the stator Winding, 
but usually fewer turns per phase. The number of turns per phase 
is arranged to give a maximum voltage between slip-rings (which 
occurs when the slip-rings are open-Circuited with the rotor sta¬ 
tionary and the stator excited) of about 100 V. or less for small 
motors, increasing, with the size of the motor, to values of about 
1000 V. or more* The choice of rotor voltage is at the discretion of 
the designer, and usually involves a compromise between a robust 
winding on the one hand, and, on the other hand, rotor currents 
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which will not involve too costly slip-ring brush-gear and starting 
rheostats. A typical rotor is illustrated in Fig, 172 ( b ). 

Adtion—Rotor Circuits Open* Consider a slip-ring motor with 
the rotor stationary, the slip-rings open-circuited, and the stator 
winding excited from the supply system. The magneto-motive 
force due to the magnetizing currents in the stator winding pro¬ 
duces a rotating field which cuts the turns of both stator and rotor 
windings. Hence, E.M.Fs. of supply frequency are induced in the 
rotor winding, and the action is similar to that of a transformer, 
except that in the present case the field is rotating instead of 
alternating. 

Rut due to the air-gap between the stator and rotor (which causes 
magnetic leakage), the flux cutting the rotor conductors will be 
slightly less than that cutting the stator conductors, and in con¬ 
sequence the ratio of the induced E.M.Fs. per phase will not be 
exactly equal to that of the turns per phase. Moreover, on account 
of the relatively high reluctance of the air-gap, the magnetizing 
current will be relatively large compared with that for a corre¬ 
sponding transformer. 

If a voltmeter is connected across a pair of slip-rings and the 
rotor is slowly turned by hand, the reading of the voltmeter will be 
practically constant for all relative positions of rotor and stator, 
the slight deviations from the constant value being due to varia¬ 
tions of the leakage and reluctance of the magnetic circuit . But if 
the phase difference of this voltage relative to the supply voltage 
is measured, the value obtained will vary with the position of the 
rotor and will undergo a total variation of jpu radians for one 
revolution of the rotor. 

Hence, under these conditions the motor acts as a polyphase 
phase-shifting transformer and has practical applications for this 
purpose (e.g. in the testing of supply meters), and also as a booster 
transformer for regulating the voltage in three-phase circuits. 
When used in this form the apparatus is called an induction regulator. 

Action-—Rotor Circuits Closed. For this case we may consider a 
motor with either a squirrel-cage rotor or a slip-ring rotor, with the 
slip-rings short-circuited or alternatively connected to external 
resistances. 

Currents. When the stator is excited, the E.M.Fs. induced in the 
rotor winding will now produce currents in each of the phases,* the 

* Tlie huinber of phases in. a squirrel-cage rotor winding is equal to tlie 
number of conductors per 1 pair of poles. Such. a winding is equivalent to a 
multiple-circuit polyphase half-turn winding, the number of parallel circuits 
being equal to the n um ber of pairs of poles. Each phase consists of one 
conductor and the portions of the end-rings corresponding to two pole-pitches. 



252 


ALTERNATING CURRENTS 


magnitude of the current being determined by the phase E.M.F. 
and impedance- The phase difference between the current and 
E3I.F. in each phase is determined by the ratio (reactance/ 
resistance). 

If the rotor is held stationary, the conditions, so far as rotor and 
stator currents and M.M.Fs. are concerned, are similar to those in 
a transformer with short-circuited secondary, but with the impor¬ 
tant differences that (1) the stator, or primary, current is relatively 
small in comparison with the short-circuit current (at normal volt¬ 
age) of a corresponding transformer ; (2) the ratio of stator and rotor 
currents is not equal to the ratio of the turns per phase in the stator 
and rotor windings. These differences are, of course, due to the 
larger magnetic leakage and leakage reactance of the induction 
motor. 

Torque—Rotor Stationary. Since the rotor currents are produced 
by a rotating field, the direction of the currents in relation to the 
field will be such as to produce a torque, the magnitude of which 
will be proportional to rotor current X flux x cosine of the phase 
difference between current and flux, i.e. * 

torque oc <J>/ 2 cos 

where / 2 denotes the rotor current, O the flux, and cp % the phase 
difference between current and flux. 

Thus for a given flux and current the torque is proportional to 
cos 9 ? 2 , i.e. the power factor of the rotor circuit. A highly inductive 
low-resistance rotor circuit is therefore very undesirable for the 
production of torque and is, in consequence, always avoided in 
practice. 

Torque—Rotor Running. If the rotor is free to rotate and the 
torque produced exceeds the load torque, the rotor will run up to 
speed in the same direction as the rotating field. During this 
running-up period the relative speed at which the flux cuts the 
rotor conductors progressively decreases, which results in a corre¬ 
sponding decrease in both the rotor E.M.F. and the rotor frequency. 
The speed will become steady when the torque produced is equal 
to the retarding torque, and at this speed the E.M.F. induced in 
the rotor winding must be just sufficient to produce the current to 
give this torque. 

At no-load the speed of the rotor will be nearly equal to that of 
the rotating field (which is called the synchronous speed) and, in 
revolutions per second, is equal to 

supply frequency/number of pairs of poles. 
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If load is applied gradually, the speed will drop progressively, 
the change in speed being proportional to the change in torque. 
But with industrial motors, the percentage drop in speed from no 
load to full load is very small, being about 2 per cent in large motors 
and from 4 to 6 per cent in small motors. Thus an induction motor 
is practically a constant-speed machine, and its speed-torque char¬ 
acteristic resembles that of a shunt-wound direct-current motor. 

If the load is increased beyond about twice full-load torque, the 
speed will drop Rapidly and at about 2^ times full-load torque the 
motor will break down, i.e. the torque exerted will be incapable of 
driving the load and the rotor will come to rest. 

Rotor E.M.F., Slip, and Frequency. The E.M.F. (E 2 ) induced in 
each phase of the rotor winding at standstill is calculated, by means 
of equation (86), p. 239, in the same manner as the E.M.F. of an 
alternator. Thus, 

E 2 = ±K f K v K h <$>N 2 f x 10- 8 , 

where <£> is the flux per pole, which is linked with the rotor con¬ 
ductors ; N 2 , the number of turns per phase ; /, the supply frequency 
K f , the form factor, and K h , the pitch factor and winding 

distribution factor respectively for the rotor winding. 

At standstill the flux cuts the rotor conductors at a speed of n a 
revolutions per second [^ s = //Jp, where p = number of poles]. 
Hence, when the rotor is running at a speed of n r.p.s., the flux 
cuts the rotor conductors at a speed of n s ^-n r.p.s. "Whence the 
E.M.F. induced in the rotor at this speed (n) is given by 

Ep n = E 2 (n s - n)/n s = sE 2 ..... (86) 

where s = (n s — n) Jn s , and is called the fractional slip, or, shortly, 
the slip. 

The frequency of the induced E.M.F. (E 2n ) at the speed tv is 

fz = ip ( n s -n) = ipn a (Us — =/s - . (87) 

7V S 

Hence, if, at full load, the slip is 5 per cent, the frequency of the 
E.M.Fs. and currents in the rotor will be 0*05 x supply frequency; 
or, if the motor is running on a 50-cycle supply system, 24 cycles 
per second. 

Rotor Current and Power Factor. The impedance per phase of 
the rotor circuits at standstill = \/(R 2 2 + A7 2 2 ), where R 2 denotes 
the resistance per phase and X 2 the standstill reactance per phase. 
Observe that AT 2 corresponds to the supply frequency, /, since 
s = 1-0. 
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Hence the rotor current (per phase) at Standstill is 


L = EJV&J* 4- A a 2 ) 


When the rotor is running with a slip s, the reactance becomes 
sN. 2 , and the impedance becomes -y/ (i? a a 4- -s 2 Ar a 2 )- Herice the current 
is now 

I 2n = E, JV(N^ 4 - = sE 2 /s/{M 2 * 4 - 

The power factor of the rotor circuits at standstill is cos g? 2 
= MJy/(JEi^ 2 4- NA), which, when the slip is s, becomes cos cp 2n 

= JBLJViX** + ^ 2 2 )- 

Since at the normal running speed of the motor, the slip, s, is 
very small, the power factor of the rotor circuits at this speed will 
be almost unity. 

Starting Torque. At standstill the torque (cT 0 ) is proportional to 
<J>/ 2 cos cp 2 . Substituting for J 2 and cos <p 2 and introducing a con¬ 
stant of proportionality, K, we have 


where 


= A'Oh cos <p 2 = 
AVD 2 


K<S>E^R 2 


N 
(A 2 /A 2 ) 


3 2 4- A" 2 


(1 

= KE 2 . 




kq>e 2 / ejx 2 \ 

x 2 U+iw/ 


( 88 ) 


Observe that : (1) when the ratio A 2 /_5T 3 is fixed, the starting 
torque is inversely proportional to the reactance of the rotor circuit; 
(2) for a given value of Jl 2 in a given machine, the starting torque 
will increase as J? 2 increases until JR 2 — X 2 ,* when further increase 
of i? 2 will give a decreased torque ; (3) for fixed values of and 
JT 2 , the starting torque is proportional to the square of the flux. 

jNTotv, the flux is approximately proportional to the voltage 
impressed on the stator winding. Hence, if this voltage is reduced 
for the purpose of reducing the starting current, the starting torque 
will he reduced in proportion to the square of the reduction in volt¬ 
age (e.g. if the voltage is reduced to one-half of normal, the Starting 
torque will only be one-quarter of that corresponding to normal 
voltage). 


* This relationship is obtained, by differentiating (88) with respect to R z , 
equating to zero and solving for JK 2 . Equating the differential coefficient to 
zero, we have 


Whence R z jIK z = 


•x* 0 

1*0, i.e. R z 


(t)°) 


Rj, _ 

‘ JXT 2 


O, 
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Herein, then, is one of the advantages of a slip-ring rotor over a 
squirrel-cage rotor, as, at starting, external resistances may be con¬ 
nected to the slip-rings to reduce the starting current. Thus the 
motor may be started with normal flux and, if the resistance per 



Fig. 173. Torqxjb-slip (a) and Speed-torque (6) Curves poe 
Slip-rust g ilsrEUCTioisr Motor 


phase is made equal in value to the standstill reactance of the rotor, 
maximum torque will be obtained. 

Running Torque. When the rotor is running with a slip s corre¬ 
sponding to a rotor current jT 2n , the torque, assuming the flux to be 
unchanged, will be 


& n = K<$?I 2n cos <p 2 , n = 


R* + s 2 X 2 * 


KQ>E 2 / sRJX 2 \ 
X 2 \s* + Rfjx**) 


(89) 


The torque now varies with the slip and, if R 2 is variable, the maxi¬ 
mum torque may be obtained at any desired slip. Thus the slip 
corresponding to maximum torque is given by s — R 2 /X 2 , i.e. maxi¬ 
mum torque occurs at the slip for which the rotor reactance is equal 
to the rotor resistance. For example, if R 2 — 0*1 X 2 , the slip corre^ 
sponding to maximum torque is 0*1 or 10 per cent ; if R 2 = 0*5X 2 , 
the slip required for maximum torque is 0*5, or 50 per Cent; if" R 2 
= X 2 , maximum torque occurs at standstill (s = 1*0). 

The curves of Fig. 173 (a) show the manner in which the torque 
varies with the slip for a given machine when the resistance of the 
rotor circuit is adjusted to give definite values for the ratio i? 2 /X 2 . 

Speed Control* If the torque-slip characteristics of Fig. 173 (a) 
are converted into torque-speed characteristics (Fig. 173 (6) ), we 
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observe that, it is possible to control the speed of a slip-ring induction 
motor at a given torque by inserting resistances in the rotor circuits. 

But this feature of controllable speed by means of adjustable 
external resistances connected in the rotor circuit has its disad¬ 
vantages. Thus (10 the slope of the speed-torque characteristic is 
increased, so that the method is suitable only for drives requiring 
approximately constant torque at all speeds ; (2) the efficiency is 
reduced almost in proportion to the reduction in speed ; (3) a large 
amount of heat may have to be dissipated in the external resistances. 

Tn practice, therefore, speed control, by means of resistances 
connected in the rotor circuits, is employed only when a temporary 
reduction in speed is desired, i.e. the motor is to run at the reduced 
speed for short periods only. 

When speed control at high efficiency and with £< shunt” charac¬ 
teristics is desired, it must be obtained either by pole-changing (i.e. 
by so arranging the stator winding that two or more numbers of 
poles may be obtained by changing certain external connections) 
or by means of a commutator machine connected to the rotor cir¬ 
cuits of the induction motor. In the former case, speed control at 
high efficiency is limited to definite speeds only (e.g. 2, 3, or 4, 
according to the possible numbers of poles) ; but, in the latter case, 
continuous adjustment of speed, at high efficiency, is possible over 
the whole speed range (which may be 1 : 3 or more). The function 
of the commutator machine (which may form part of the induction 
motor itself) is to convert into mechanical energy the energy which 
w^ould be dissipated as heat in the rheostatic method of speed control. 

Power Developed by Rotor—Mechanical Output. If cT is the torque 
developed by the rotor and n is the speed (r.p.s.), the gross mechan¬ 
ical power developed is Now for a three-phase motor, cT 

— N(p<&) (3-Z"oA~o) cos q ? 2 , and since <E> = K£E 2 /pN 2 n s , we have 5“ 
= -5T 2 (3 ENo c ° s <JP 2 / n s)> where JK 2 = NK ± . 

Whence Hn/R.-, = P M == 3E 2 I 2 cos qp 2 n s (l — s)Jw- s 

= 3E Z I Z (1 — s) cos <y 2 (90) 

Therefore 3E 2 I 2 (1 — s) cos <f z may be considered as representing the 
mechanical power developed by the rotor. 

Rotor I 2 R Toss. When the rotor is running at a slip s, the current 
in the rotor winding (per phase) is equal to &E 2 /\/(R£ -+- 
and the total I-R loss in the rotor circuits (assuming a three-phase 
winding) is 

-Pn = 3R£sE z fV(& 2 z + * 2 -X2 2 )] 2 

= 3(s.S? 2 ) tsE z /V(^ + * 2 ^ 2 2 )] [-R 2 /V(-^2 2 + s 2 ^2 2 ) J 

= 3 sE 2 I 2 cos < p z . 


( 91 ) 
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Whence 

iV-^M = */a - 

i-e. Hn = Hn /(1 /& — 1 ) . . . . . . . (92) 

Electrical Efficiency of Rotor. The electrical input power (H 2 ) to 
to the rotor is 

H z = H m: -f~ H r = 3E 2 I 2 cos 9? 2 . . . (93) 

Hence, rotor efficiency = P M /P 2 == 1 - s . . . . ( 94 ) 

Also P R /P 2 = s 

i-e. Hk = sH 2 ...... ( 95 ) 

Relationship Between Starting Torque and Full-load Torque. 

Let cT f> s f denote the torque and slip respectively, at full load, 
and cT s the torque at standstill. Then, from equation (S9), 
S'/ — ATO/ 2/ cos <p 2f . Multiplying and dividing the right-hand 
side by s f /E 2i substituting RJ^/iR^ -f- ^ 2 AT a 2 ) for cos cp 2f , and 
replacing s f EJ*\/{R 2 * + «S/ 2 AT 2 2 ) by P 2/ , we obtain 
§T/ = E<I>I 2 f 2 R 2 /s f E z 

— -^i-^2jr 2 -^2/ s f> 

where jK t = E<& /Eo : 

and I zf3 cos <p zf9 denote the full-load rotor current and power factor 
respectively. 

Similarly, U s — PC 1 P 2 s 2 -^ 2 > where I 2s is the rotor current at stand¬ 
still. 

Whence U s /U f = (P 2s // 2/ ) 2& f 

or cf s = cT /(-P 2 s/ -P 2 /) 2 *^/ ..... (96) 

Now if the magnetizing current is ignored, the ratio of the rotor 
currents is the same as that of the stator currents, so that, approx¬ 
imately, 

ST, = SrAI x JI„)*s f .(96 

Methods of Starting Squirrel-cage Motors 
F our methods are available: (1) Switching the motor direct on 
to the supply ; (2) inserting resistances in the stator windings ; (3) 
regrouping the stator windings (Y for starting, A for running) ; (4) 
applying reduced voltage to the stator wind in gs by means of a 
transformer. The methods are called: (1) direct starting; (2) pri¬ 
mary resistance starting; (3) star-delta starting; (4) transformer 

starting. 

Direct Starting. This method involves starting currents of the 
order of six to eight times full-load current, and is, therefore, 
usually restricted to small motors of about 2 to 3 h.p. "With these 

is—(T.5345) 
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motors, the starting torque is about twice full-load, torque. Hence 
the starting period is of only a few seconds’ duration, and the 
starting current is not harmful to the motor. 

Resistance Starting. In this method the starting current is re¬ 
duced by inserting resistances in the stator circuits. But, as equa¬ 
tion (96) shows, the starting torque is reduced in proportion to the 
square of the reduction in starting current, Bor example, if with 
direct starting the starting current is six: times full-load current and 
the starting torque is twice full-load torque, then if the current is 
reduced to twice full-load current by inserting resistances in the 
stator circuits, the starting torque will be (2/6) 2 X 2 full-load torque 
= 0-22 x full-load torque. The method is, therefore, only suitable 
for small motors which can be started light. 

Star-delta Starting. This method requires the stator winding to 
be delta-connected for normal running and to be provided with 
six terminals (i.e. the phases must not be interconnected). At start¬ 
ing, the windings are connected in star, and when the motor has 
run up to speed, the connections are changed to delta, the change¬ 
over being made rapidly by means of a suitable switch. 

The starting current will be one-third of that (i.e. the line current) 
for direct starting, and the starting torque will also be one-third of 
that obtained with direct starting. For example, if these (direct 
starting) values are equal to six times full-load current and twice 
full-load torque respectively, then with star-delta starting the 
starting current will be J x 6 = 2 x full-load current, and the 
starting torque will be ^ x 2 = 0*66 X full-load torque. 

Proof. Let A denote the (line) starting current with direct starting (i.e. 
delta connections). Then the direct starting current per phase = I s /\/3. 
lienee when the windings are star-connected, the starting current for the 
same line voltage will be (I s j \/ 3) / V 3 = a A- 

If I f denotes the full-load line current (delta connections), the current per 
phase = If? 3, and the ratio — [starting current per phase (Y)/full-load 
current per phase (A)] = &I m )/(I f fV 3) = (1/V3) (JT./X,). 

JEienee applying equation (96a), we have 


Starting torque = Full-load torque X 


/ starting current per phase \ 2 


V.full-load current per phase / 
= i(l s fl f )~ X full-load torque, 

— X starting torque with direct starting. 


Transformer Starting. -The limitations of star-delta starting are— 

(1) A six terminal motor is necessary, the stator windings of 
which are designed for delta connections. 

(2) The starting torque has a fixed value relative to that with 
direct switching, being about §- x full-load torque for small motors 
to about J x full-load torque for medium size motors. Those limita^ 
tions do not occur with the transformer method of starting* 
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Since low ratios of transformation are required, an auto-trans¬ 
former is employed. In some cases a three-phase auto-transformer 
is used, and in other cases two single-phase V-connected trans¬ 
formers are used. In all cases, however, three or four tappings are 
provided per phase, in order that a suitable starting voltage may 
be selected, for the particular starting conditions. When three 
tappings are provided, the starting voltages which can be obtained 
are approximately 55, 65, 75 per cent of the line voltage. 

If K is the ratio of transformation of the auto-transformer, the 
starting current taken from the supply system is approximately 
(1/if) 2 X direct starting current, and the starting torque is approx¬ 
imately (1/if) 2 X direct starting torque. 

Proof. Let J s denote the (line) starting current with direct starting, and I f 
the fall-load current. Then, with the transformer, if V denotes the line 
voltage, the voltage applied to the motor = VjK, and the current taken by 
the motor = I S (VfIC)/V — I S IK. Hence, ignoring magnetizing current and 
losses in the transformer, the line current = (1/K) (I s /J£) = J s /iv 2 . 

Hence applying equation (96a), we have 

, -c, .. . . , /motor-starting currentN 

Starting torque = Tull-load torque X ( - y , =— - ) 

V full-load current J 

■ Tull-load torque X 

= (lfK)~ x Starting torque with direct starting. 

Equivalent Circuit and Circle Diagram 

Equivalent Circuit. The equivalent circuit of the polyphase in¬ 
duction motor is obtained in a similar manner to that for a corre¬ 
sponding transformer, phase quantities only being considered. At 
standstill the conditions are the direct equivalent to those of a 
transformer, but when the rotor is running, the frequency in the 
rotor circuit differs from that in the stator circuit. To obtain the 
equivalent conditions in this case, we must bring the rotor to rest 
and insert resistances in the rotor circuits to obtain the same rotor 
current and power .factor as when running. Thus the rotor current 
at slip ^ is I 2n — sEJ\Z{R^ + s 2 X 2 2 ). Hence for this current to be 
the same at standstill (when the voltage is 27 2 and the reactance is 
A 2 ), we must have sE 2 /\/(R z 2 -f- s 2 A 2 2 ) == -f- P) 2, ~h -2fo 2 l* 

Whence R = i? 2 (l — s)/s. 

The equivalent circuit is therefore represented by a series-parallel 
circuit of the type shown in Fig. 174, which for approximate pur¬ 
poses can be reduced to the simpler type of circuit shown in Fig. 175. 
Due, however, to the relatively large magnetizing current of the 
motor compared with that of a transformer, the circuit of Fig. 175 
cannot be reduced to a simpler form as was done for the transformer. 
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Circle Diagram. The deduction of the no-load and short-circuit 
and the load diagrams for the circuit shown in Fig. 174 is given in 
Chapter XXII. For the present we shall concern ourselves only 
with the method of constructing the diagram from no-load and 
short-circuit tests, and the use of the diagram for predetermining 
the performance of the motor. 

The no-load test is taken with the motor running light at normal 
voltage and frequency, the slip-rings, if any, being short-circuited. 

The short-circuit test is taken with the slip-rings short-circuited, 
but with a low voltage (at normal frequency) applied to the stator 



Fig. 174 Fig. 175 

JE QinvAiENT Circuit Diagrams for Induction Motor 


to give approximately full-load current. In both tests the current, 
voltage, and power are measured. 

The stator resistance is measured and, if the machine has slip- 
rings, the rotor resistance is also measured. The values obtained 
directly from the readings of the instruments will give the resist¬ 
ances between terminals or slip-rings, as the case may be. These 
values must be converted to “per phase” values. Since slip-ring 
rotor windings are always star-connected,* the rotor resistance per 
phase will be one-half of the value obtained from the instrument 
readings. The stator windings, however, may be connected either 
in star or delta, and if the method of connection is not known, the 
stator I 2 R loss per phase can be calculated as ^T 2 R r , where I is the 
line current and R r is the resistance as measured between any pair 
of terminals. T 

Construction for Determining Centre of Circle. In Fig. 176, the 

* In some small rotors a two-phase L-connected winding is employed. 
This fact is readily ascertained by measuring the resistances between suc¬ 
cessive slip-rings. 

f tf R = resistance per phase, and. R' = resistance between any pair of 
terminals, then R' = 2R for the star connection and f \R for the delta connec¬ 
tion. Hence if I = line current and I = phase current, 

I~R loss per phase for star connection = -^I' 2 R', and 

1~R loss per phase for delta connection — I vJ f(j^R') = R'- 
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reference vector OE represents the terminal voltage, OI 0 the no- 
load current, and OI s the short-circuit current at normal voltage.* 
Join I 0 I s , bisect, and draw a perpendicular PQ. From I a draw a 
parallel to OE, intercepting OI s at A. Bisect I 0 A, and draw JBQ at 
right angles to cut PQ at Q , which is the centre of the circle, the 



circumference of which passes through the no-load point, I Q , and 
the short-circuit point, I s . 

Datum Lines. The horizontal axis, ON, is the datum line for the 
power input. 

The line, I 0 , I s , joining the no-load and short-circuit points is 
the datum line for power output. 

The datum line for the torque is obtained as follows— 

(1) Draw the vector OI 00 representing the current input at 
synchronous speed. [This is obtained by separating out the core 
loss from the no-load losses, the ordinate at I QO representing the 
core loss.] The point 1 00 , therefore, corresponds to zero torque, and 
the torque datum line passes through this point. 

(2) Draw the ordinate I S G at the short-circuit point. Divide this 
at H, such that I $ H : HG : : rotor HR loss at short-circuit : stator 
HR loss at short-circuit. Join H to O and produce to cut the 

* The short-circuit current (X s ) at normal voltage is obtained, from the 
measured values of current Os') and. voltage ( V') on the short-circuit test. 
Thus I s =» 1/(VjV'), where V = normal voltage. 
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circumference at K (which is a point corresponding to a slip of 
infinity and zero torque). Join I 00 K, which, is, therefore, the torque 
datum line. 

Scales. The current scale (e.g. 1 cm. = p amp.) is fixed when the 
diagram is drawn and the vectors drawn from O to the circum¬ 
ference represent line currents. The equivalent rotor current is 
represented by vectors drawn from I OG to the circumference. A 
vector such as I OQ I represents the equivalent rotor current per phase 
corresponding to the line current Cl. 

The power scale is 1 cm. — ^/ZpE watts, where E is the line 
voltage. 

The torque scale is obtained by determining the torque ordinate 
corresponding to full-load output and using this as a unit. 

The slip scale is obtained by (1) drawing from I s a parallel, I S M, 
to the torque datum line : (2) drawing a tangent from the point I OQ 
to cut this line at 31; (3) dividing the portion 311 s into 100 parts 
with, the zero at 31. The per cent slip corresponding to the current 
OI is given by the scale reading at which the rotor-current vector 
cuts the slip scale. 

Performance Summary. Current input, OI ; power input, IC ; 
power output, ID ; torque, IL ; slip, ; total losses, DC\1 Z R losses 
(total), DN ; friction and windage loss, NE; core loss, EC] ; effici¬ 
ency, ID JIG ; power factor, cos /_EOI; starting torque, rotor short- 
circuited, I S I1. 

Operation of Polyphase Induction Motor as Generator. An in¬ 
duction motor connected to a supply system and driven mechan¬ 
ically at speeds above synchronism (i.e. the slip is negative) operates 
as a generator, the power (within the limit of the maximum output) 
increasing as the slip increases. The frequency is determined by 
the supply system to which the induction machine is connected and 
which supplies the magnetizing current. The performance as gen¬ 
erator may be predetermined from the circle diagram constructed 
from the no-load and short-circuit currents of the machine operating 
as a motor. The portion of the circumference below the point I OQ 
(synchronous speed) and the horizontal axis ON is the locus of the 
stator current vector; the horizontal axis is the output datum line ; 
the line I 00 K is the torque datum line ; and the line I 0 I S is the input 
datum line. The slip scale is extended to the left of the zero point, 
and the slip is given by the scale reading at which the line, produced, 
joining I OQ and the extremity of the current vector OI g cuts the 
slip scale. 



CHATTER XIII 

THREE-PHASE TRANSFORMERS 

When a transformer is required for a three-phase system, either 
three single-phase transformers, suitably interconnected, or a single 
three-phase transformer, may be employed. The latter arrangement 
is more economical than the former, and is, therefore, always adopted 
in practice, unless special conditions require the use of three single- 
phase transformers. 

Arrangement of Core and Windings. Three-phase transformers are 
of the “core” type. The primary and secondary windings of each 
phase are arranged as concentric coils on separate cores which are 
united magnetically by yokes. The drawings in Figs. 177, 17S show’ 
the general arrangement of the core and windings for the smaller 
sizes (50 to 500 kYA.) of transformers for distribution circuits. 
The drawings show also the mounting of the transformer in the 
bank, the cooling tubes, and the terminals. 

The cores of very large transformers, however, are usually built 
with five limbs. The primary and secondary windings are arranged 
on the three inner limbs, and the two outer limbs are without wind¬ 
ings. This construction is employed in order to obtain a lower 
overall height for the yokes, together with a better balance betw T een 
the reluctances of the several magnetic paths, than is possible with 
a three-limb core. The diagrams in Fig. 179 show’ the flux distribu¬ 
tion in the magnetic circuits of three-limb and five-limb trans¬ 
formers at the instant corresponding to maximum flux in one core. 
In the transformer with three limbs, the maximum flux has to be 
carried by portions of the yokes as well as the core, but in the 
transformer with five limbs the yokes carry only one-half of the 
maximum core flux. Hence, for equal fluxes and flux densities in 
the two cases, the yokes of the five-limb transformer will only be 
one-half of the height of those of the three-limb transformer. 

Windings. The core type of magnetic circuit lends itself naturally 
to the use of circular coils for the windings. This (circular) type of 
coil is not only cheaper to wind and insulate than the rectangular 
type, but is mechanically stronger than the latter, and its shape 
will not distort under the large electro-mechanical forces which 
may occur wdth short circuits. 

The lorn-voltage minding is wo mid, in one or more layers, directly 
on a cylinder of insulating material, which is arranged adjacent to 
the core when the transformer is assembled (see Fig. 178). 
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The higJi-voltage winding is subdivided into a number of coils of 
relatively small height (see Fig. 178). When practicable, the indi¬ 
vidual coils are wound directly on a cylinder of insulating material, 
and radial spacers of insulating material are placed between the 
coils to provide ducts for the cooling oil. 

The windings on each core occupy symmetrical positions rela¬ 
tively to each other, so that the ampere-turns of each are distributed 
over the same length of the core. When tappings are required. 
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_Fig. 179 . Alternative Arrangements of Magnetic Circuits of 
Three -phase Transformers (Core-tyre) 

Tlie arrows and numbers in the cores and yokes represent the directions and 
magnitudes of the fluxes at a particular Instant 


they are arranged on the coils occupying central positions on the 
core (see Fig. 177). 

Interconnection of Windings. Transformers for supplying three- 
phase loads may have the secondary windings inter connected either 
in star or delta, but when the loads are supplied on the four-wire 
system only the star connection is permissible. Alternatively, the 
interconnected-star or zigzag connection may he used in cases 
where the ordinary star connection is undesirable (e.g. transformers 
for supplying three-phase mercury-arc rectifiers and three-phase 
rotary converters having a three-wire direct-current load). 

The primary windings may also he interconnected either in star 
or delta, but in transformers for extra-high-voltage (66 kV. to 
220 kV.) circuits the star connection is ahvays employed, because 
the windings of each limb have then to be designed for only 5 i * / 

( = 100/V 3 ) P er cent of the terminal or line voltage. In consequence, 
fewer turns and less insulation are required than if the windings 
were designed for the full-line voltage. Moreover, if the neutral 
point of the winding is earthed, the insulation on the high-voltage 
windings can he graded and still further economies obtained in con¬ 
struction. The graded insulation, however, cannot be applied to 
the individual turns, as the voltage per turn is constant throughout 
the winding.* 

* The insulation on the turns adjacent to the high-voltage line terminals 
has to he specially reinforced to withstand surges due to switching and lane 
disturbances. 
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Another advantage of a star-connected high-voltage winding, 
with earthed neutral point, is that the transmission system may be 
better protected against earth faults than is possible with an un¬ 
earthed system. Also the voltage to earth at all parts of the system 
is limited to the phase voltage. 

Rules for Connecting-up. In making the star or delta connection, 
the rules given on pp. 177, 179 must be rigorously followed. The 
matter, however, is not so simple as that of connecting up the 



Fig. ISO. Co^'ection Diagbams Showing Alternative Methods or 
Mahitstg Star antd Delta Connections in Three-phase Transformers 
The terminal markings and the windings are in accordance with 

. s A-'fv s ! > pecifications 

In the diagrams marked -m .■<•-. primary and secondary windings are 

shown in the relative which thry -■ccnr.y or- the cores. In the “Schematic 

Connections,” these v. Ir: .;■•■■■- r. ,, n : ..r;-.;- :! I* order that the interconnections 

::».sy he ::smn- -v-..-iiy i ?d 

windings of a three-phase alternator as, with three-phase trans¬ 
formers, four combinations are possible for the primary and sec¬ 
ondary windings (considering only the ordinary star and delta con¬ 
nections), and two further combinations (involving phase sequence) 
are possible for the connections to the supply system. 

Connecting-up Combinations for Star and Delta Connections. Of 
the four combinations of coiinections for the windings, two refer to 
the methods of making the star connection and two to the delta 
connection. These methods are shown diagrammatically in Tig. 180, 
and in the diagrams all the coils are assumed to be similar in so 
far as direction of winding and assembly on the core are concerned. 
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In the diagrams (a), (b), which refer to the star connection, the 
neutral-point connection in one case ( a ) is made by connecting 
together al] the lower ends (e.g. the starting or inner ends of the 
coils), and in the other case (6) this connection is made by con¬ 
necting together all the upper ends (e.g. the finishing or outer ends 
of the coils). 

In the diagrams (c), (d), which refer to the delta connection, in 
one case, (c), the delta is obtained by connecting the lower end of A 
to the upper end of B, and so on; and, in the other case, (d), the 
delta is obtained by connecting the upper end of A to the lower 
end of B , and so on. To provide a ready means of distinguishing 
and identifying these alternative methods of connection, it is 
convenient to use the letters Z and hT, as the slope of the inclined 
portion of the letter then indicates the slope of the intermediate 
connections in the conventional diagram. 

Combinations of Connections for a Star-star* Transformer. The 
neutral-point connections of each winding may be made according 
to either of the methods (a) or (6), Fig. 180. Although four com¬ 
binations are theoretically possible, two of these give polarities 
which are identical with those of the other two combinations, so 
that we need only consider the combinations which give opposite 
polarities. Thus one combination is obtained by making the neutral- 
point connections at the same ends of the coils of both primary and 
secondary windings, and the other combination is obtained by 
making the neutral-point connections for the secondary winding at 
the opposite coil-ends to those used in making this connection 
for the primary winding. These combinations may be represented 
conventionally by A A and AY. 

The connection and vector diagrams are shown in Fig. 181. 
Observe that in the connection diagrams a given coil or terminal 
of the primary windings is connected to the same line wire. Hence 
the phase sequence for the secondary voltages is the same for the 
two combinations, as will be seen from the vector diagrams. 

If the connections between two of the primary terminals and the 
line wires are reversed, the phase sequence of the secondary voltages 
will be reversed, as is shown by the vector diagram (/), Fig. 1S1. 

Combinations of Connections for a Delta-delta Transformer. In 
this case, as in the star-star case, the combinations of connections 
reduce to two, viz. (1) similar interconnections (1ST or Z) for both 

* The designation star-star denotes that both primary and secondary 
windings are star-connected. The first word of the designation refers to 
the interconnection of the primary windings and the second refers to the 
interconnection of the secondary windings. 
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windings; (2) dissimilar inter connections, e.g. 1ST or Z for the pri¬ 
mary, Z or FT for the secondary. These combinations may be repre¬ 
sented conventionally by A A and A V ■ The connection and vector 
diagrams are shown in Fig- 182. 

The vector diagrams should be compared with those for a star- 
star transformer. This comparison will show that the diagrams for 



^ 4^ 5 


Fig. 181. Connections ajsti) vector Diagrams eor Three-phase 
Trahspormer 
Star/Star Connections 

the AA and A A combinations are similar, and those for the AY and 
AV combinations are also similar, but the latter differ from the 
former, as there is a phase difference of 180° between the vector 
groups of the secondary voltages. Hence parallel operation is 
impossible between A A and AY, or A A and AV transformers. 

Combinations of Connections for a Star-delta Transformer. Four 
combinations are possible for the windings, viz. (1) AA,<2) AV, (3) 
Y A, (4) YV • With the same connections between primary terminals 
and line wires in all cases, however, the vector diagrams are of two 
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forms, similar diagrams being obtained for the X A and YV com¬ 
binations, and similar diagrams for the and yA combinations, 

as shown in Fig. 183. 

The two groups of vectors representing the secondary voltages, 
however, have a phase difference of 180° relative to each other, 
and phase differences of 30° (leading in one case and lagging in the 



Fig. 182 . CoiisnsrECTioisr Vector Diagrams tor Three-phase 

Transformer 
T)elta/Delta Connections 


other) relative to the vector group (Fig. 181) for a normal star-star 
connection. The 30°-phase displacement between the star-delta 
and star-star (or delta-delta) vector diagram is a characteristic 
feature of the star-delta connection, and it applies also to the 
delta-star connection. 

Combinations of Connections for a Delta-star Transformer. Four 

combinations are possible for the windings, viz. (1) AA> (2) AY 3 (3) 
Vi, (4) Vy. But, as in the star-delta case, with the same connec¬ 
tions between primary terminals and line wires, the vector dia¬ 
grams are of two forms, as shown in Fig. 184. If, however, the two 
sets of vector diagrams are compared, it will be found that the 
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Fig. 1S3. Coinkectioin- asstd Vector Diagrams for Three-phase 
Transeormer 
Star/Delta Connections 

Thus, as will be shown later, parallel operation of star-delta and 
delta-star transformers is possible.* 

Interconnected-star or Zigzag Connection. This connection, which 
has already been considered in detail on p. 191, is nsed for the 
secondary winding of a three-phase transformer in conjunction with 
either a star or a delta connection for the primary winding. But 

* In order to obtain parallel operation when the primary connections are 
arranged as shown in Figs. 183, 184, tire secondary terminals in Fig. 183 
should be marked in the order 6, 4, 5, instead of 4, 5, 6. 
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on account of tlie reduced kVA. rating of such a winding compared 
with a normal star-connected winding, the use of the zigzag 
connection is restricted to special cases where the ordinary star 
connection cannot he employed. 

Thus (1) in a, three-phase mercury-arc rectifier installation the 


Fig. 1S4. Connection and Vectok Diageams for Three -phase 
Tr A^srsr OBIpIEH 
Delta/Stai* Cormectioiis 


direct current returns to the neutral point of the transformer, and 
the zigzag connection of the secondary winding is necessary in order 
that no magnetization of the core may result from the circulation 
of this current. 

(2) In a three-phase rotary converter supplying a three-wire 
direct-current system, the„ middle wire of this system is connected 
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to the neutral point of the transformer, in order that the out-of- 
balance current may return, via the secondary windings and 
slip-rings, to the armature winding - The zigzag connection is, 

therefore, required in this case. . 

(3) In A.C. multi-operator welding equipments, the individual 
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Fig. 185. Goiststectio^t aht> Vector 3Dia.gra.ms fob Three-erase 
Transformer 

Delta/Zigzag (Interconnected-star) and Star/Zigzag (Interconnected- 
star) Connections , 

(single-phase) welders are supplied from a three-phase transformer 
on the four-wire system. The delta-zigzag connection results in less 
unbalance in the three-phase system than the alternative delta-star 
connection. 

(4) When a third harmonic is present in the flux wave-form, the 
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corresponding E.M.F. may be eliminated from the phase voltage of 
the secondary by the zigzag connection. 

Combination of Interconnections for Zigzag-connected Trans¬ 
formers. The zigzag connection requires each phase of the sec¬ 
ondary winding to be wound in two equal sections. An important 
feature in arranging the interconnections is that a section belonging 
to one phase, e.g. A , is connected, with reversed polarity, in series 
with a section belonging to an adjacent phase, e.g. JB or 67 Although 
a number of combinations are possible, those which can be employed 
in practice must be chosen so that the resulting vector diagrams 
for the primary and secondary terminal voltages agree with those 
for one of the ordinary methods of interconnection (e.g. star-star, 
delta-star, etc.). When this limitation is imposed and the in ter - 
connection of the primary winding is taken into account, the number 
of combinations reduce to four. 

These combinations are shown in the connection diagrams of 
Fig. 185. The combinations (a) and (6) are used with a normal 
delta-connected primary winding (Fig. 180 (c) ), and give vector 
diagrams for the terminal voltages agreeing with those for the A A 
and AV combinations respectively (Fig. 182.) 

The combinations (c) and ( d ) are used with a normal star-con¬ 
nected primary winding, and give vector diagrams for the terminal 
voltages agreeing with those for the delta-star combinations (Fig. 
184). It will be observed that in these diagrams the secondary volt¬ 
ages have phase differences of 30° (leading in one case and lagging 
in the other) relative to those of a normal star-star transformer. 

Marking of Terminals. It is apparent from the variety of methods 
of interconnecting the windings that a definite scheme of arranging 
the internal connections and marking the terminals must be em¬ 
ployed by all manufacturers if confusion is to be avoided when 
transformers are installed and connected to the supply system and 
the load. Such a scheme has been standardized by the British 
Standards Institution (see British Standard Specification 3STo. 171) 
and is shown in all the diagrams of Figs. 180—185. To facilitate the 
installation and connecting-up of transformers for parallel working, 
a vector diagram of the primary and secondary voltages is given on 
the name-plate of each transformer. 

Parallel Operation. The conditions for the parallel operation of 
single-phase transformers (p. 165) apply also to three-phase trans¬ 
formers, but with the following additions— 

(1) The voltage ratios must refer to the terminal voltages (hence 
such ratios may not be equal to the ratio of the numbers of turns 
per phase). 

19 —(T.5245) 
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(2) Tlie phase displacement, if any, between the vector diagrams 
representing the primary and secondary voltages mnst be the same 
for all transformers which are to be connected in parallel. 

(3) The phase sequence, or phase rotation, of the secondary 
voltages, when the jirimaries are excited from the same bus-bars, 
must be the same for all transformers. 

Condition (2), which requires that there shall be phase displace¬ 
ment between the vector diagrams representing primary and 
secondary voltages, limits parallel operation to certain combinations 
of connections. These may be placed into four groups, as indicated 
in Table VI, and parallel operation is possible between any trans¬ 
formers belonging to the same group, provided that the other 
conditions are satisfied. 

TABLE VI 


Gnotre Classification or Three-Phase Tr-Ajstsfokaietis wits Windings 
Connected According to B.S.S. ISTo. 171 


Group 

Xo. 

Phase 

Displace¬ 

ment 

Interconnection 
of "Windings 

- Group 
Xo. 

Phase 

Displace¬ 

ment 

Interconnection 
of Windings 

Pri¬ 

mary 

Sec¬ 

ondary 

Pri¬ 

mary 

Sec¬ 

ondary 

i 

0” 

A 

A 

1 3 

- 30° 

A 

-< 

1 1 

i o° ! 


A 

3 

- 30° 

A 

<1 

2 j 

; iso 

A 

Y 

4 

4- 30° 

A 

>- 

2 ; 

! 

ISO' 

A 

V 

4 

+ 30° 

A 

> 


Note. Tlie interconnected-star or zigzag combinations are not included, but 
may be obtained, from B.S.S. Xo. 171. 


Tests for Polarity, Phase Displacement, and Phase Sequence, 

Although transformers with terminals marked according to British 
Standard Specification may safely be connected in parallel without 
checking the polarity, cases may arise in practice where such a 
test, together with tests for phase displacement and phase sequence, 
are desirable. 

The test for polarity is made by exciting both primary windings 
from the same bus-bars, connecting together temporarily two corre¬ 
sponding secondary terminals, say, eq, eq', and connecting a volt¬ 
meter successively to the other pairs of corresponding secondary 
terminals. If the voltmeter reads zero, the polarities are correct for 
parallel operation. If the voltmeter reads double the normal sec¬ 
ondary voltage, the polarities are incorrect, and parallel operation 
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will be possible by a, reversal of polarity (assuming this to be pos¬ 
sible) of one transformer. Voltmeter readings of other magnitudes 
will indicate either incorrect phase sequence on one transformer or 
a phase displacement between the vector diagrams representing 
the secondary voltages. 

The test for phase sequence is made by one of the methods 
described in Chapter XVIII (p. 431). 

Calculation of Loadings of Transformers Operating in Parallel. 
When the load connected to the secondary bus-bars is balanced* 
the current supplied by each transformer can be calculated by 
applying the same principles as were employed in the case of single¬ 
phase transformers operating in parallel. The calculations are* of 
course, made for one phase only, and the value of equivalent im¬ 
pedance to be used in the calculations is the equivalent impedances 
per phase referred to the secondary winding. When the separate 
impedances of the windings are given, the impedance of the pri¬ 
mary winding must be converted into an equivalent impedance 
referred to the secondary winding. In calculating this quantity for 
star-delta and delta-star transformers, it must be remembered that 
the voltage ratios for these transformers refer to the terminal volt¬ 
ages and are not equal to the “turn ratios.” For example, if V ls V 2 , 
denote the primary and secondary terminal voltages, the 4 "turn 
ratio” for a star-delta transformer is (V%/-y/S)/V z — V^f *\/3 V 2 > and 
the “turn ratio*' 9 for a delta-star transformer is Tq/C F 2 /\/3) 
= V3 VJV Z . 

If the equivalent impedance per phase is reduced to its appro¬ 
priate value for a star-connected secondary winding, the equivalent 
circuit per phase for each transformer then becomes a simple R — JL 
series circuit; and the vector diagram, drawn for phase quantities, 
is similar to that (Fig. 95) for the parallel operation of single-phase 
transformers. 

Example 1. Two three-phase transformers, A and JB, of equal kYA. ratings, 
are connected in parallel to share a load of 500 kVA. at 0-S power factor 
lagging. The equivalent delta impedances referred to the secondary terminals 
are 2 + j5 ohms for A, and 2 -f- j4 ohms for B. Calculate the loading of each 
transformer. 

The equations (53), (56), deduced for single-phase transformers, are applic¬ 
able to this case, and since only the ratio of the equivalent impedances is 
required for the calculation, the given (delta) values may be used directly 
without converting them into “star” values. 

Thus, kVA A = kVA/(l + JZJZ^) 

kVA B = kYA/(l 4- ^b/^a) 

Now, = ( 2 + -? 4 ) = 12 !- jO l 

. b/^a - °827-j 

kVA A = 500(0*8 — j0'6)f{2‘2 + jO-1) 

175 -jl44 


Hence 
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and kYA B = 500(0-8 - jO-6) 1(1-827 JO-069) 

— 225 — jl56 

Whence kVA A = v(175 2 -f- 144 2 ) == 226*8 

cos cp A = 175/226-8 = 0*772 

kVA B = V<225* 4- 156 2 ) = 273*2 
cos 9 ? b = 225/273-2 = 0*823. 

Example 2. Two delta-star, 11,000/400 V. transformers, A and B, of equal 
kVA. ratings, are connected in parallel to supply a load of 1000 kVA. at 0*8 
power factor lagging. The impedances per phase are : A —primary 7 -f* j'21 
ohms, secondary 0 003 + jO-0075 ohm ; B —primary 8 -f- jl9 ohms, secondary 
0 0035 4- J0 0Q7 ohm. Calculate the loading of each transformer. 

The voltage ratio 11,000/400 refers to the terminal voltages. The secondary 
phase voltage = 400/ 3 = 230 V., arid therefore the ratio of turns is 

approximately 11,000/230. 

The equivalent impedances per phase referred to the secondary are— 

Z ± = 0-003 4- j0 0075 4- (230/11,000) 2 (7 + j2T) 

= 0-00606 JO-01668 

Z B = 0 0035 + j0- 007 4- (230/11,000) 2 (8 4- >19) 

= 0 007 4- jO-0153 

Hence ZAZ B = 1'05 4- jO-085 
Z B jZ x = 0 947-jO 0764 
k\ T A A = 1000(0-8 -jO 6)1(2-05 + jO-085) 

= 377 -J290 

bYA B = 1000 (0 8 - jO 6)i(l 947 - jO-0764) 

= 423 -J310 

Whence kVA A = V(377 a 4- 290 2 ) = 476 

cos <p x — 377/476 = 0*792 

kVA B = v'(^ 23 2 4- 310 2 ) = 524 
cos <p B — 423/524 = 0-808 

Parallel Operation of Delta- and V- (Open-delta) connected Trans¬ 
formers. Tlie open-delta or V connection, which, has already been 
considered on p. 192, is obtained from the delta connection of three 
single-phase transformers by removing one transformer. It is useful 
as an emergency connection, and is not employed for normal opera¬ 
tion because the output from the V-group is only 1/^/3 (— 0*677) 
of that from the original A-group. 

When a group of (two) vee-connected transformers is connected 
in parallel with a group of (three) delta-connected transformers— 
all of identical ratings—the total kVA. available for the load is 
approximately only SO per cent of the total kVA. rating of the 
groups if none of the transformers is be overloaded. Thus five 
100 kVA. transformers (identical in all respects) would be required 
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for a load of 400 kVA. One transformer would be fully loaded, and 
eacb of the other four would be operating at about three-quarters 
of full load. The method of calculating the loadings is deduced in 
the following section. 


Calculation of Loadings of V- and A -connected Transformers Operating in 
Parallel. The secondary circuits of the transformers (of which. A, B, G form 
the delta group and D, E the V-grou.p) and the load are shown in Fig. 1S6. 



Fig. 1S6. Circuit Diagram (Secondary Ciucttits oistly) for 
Parallel Operation or A- ajsud V-contstectexj TnAisrsronEiEns 


Let Zx denote the impedance of each phase of the balanced load; J lt JT 2 , I s , 
the load currents; the current in transformer A ; I EJ> , the sum of the 

currents in transformers B and D ; I CE , the sum of the currents in trans¬ 
formers G and E ; Z, the equivalent impedance of each transformer referred 
to the secondary; E_^, E s > E c , the no-load voltages. 

Then, from Fig. 186, we have 

/l + /a + A “ 0; — Z CM ~ fx ~ tz > fjSJD ~ I A = 7- ~ '■> fjBI> ~ J ce — /a ~ fa, 

Hence I SJ> = 1^ - I x -+- / 2 ; I cs = I A - 2I X - / 2 . 

Ignoring exciting currents, we have 

Ea = JxZi + .(97) 

E m = I^Z z + IZI EJD = I 2 Ii + i-Z(I A ~I 1 + / 2 ) . . . (97a) 

E c — I 3 Z t -h IZI C2S = -(/* + U)Z t + - 2 I x - / 2 ) . (976) 

Hence E e -f- E 0 — 2^Z — I x {Z t + %Z) — — E^, since E^ -{- E s -f- E c — O. 
Subtracting this equation from (97), we have 

2E^ = J^Zx + § Z), or I x = 2EJ(2Z t -f- %Z). 

Substituting this value in (97) and solving for 1^, we obtain 


I a = U®A - + 3Z)J 

Similarly, by expressing E e and E c in symbolic form, we obtain 
_ - (GZx -f- 3 Z) +'jV3(4Z ; -{- 3 Z) 

■ BJ) (±Zx + 3 Z) {2Z t + Z) ’ 

T — TP ~ (6 ^* + 3 ^> + 3 &) 

+ CM -&A (,4zZx + 3 Z) (2Z t Z) 


(9S) 

(99) 

( 100 ) 


If, as an approximation, Z is ignored in comparison with Z l9 the expressions 
for the currents in the transformers reduce to 

i~)i Ibj> = i(-3 +J-2V3) {JPJZi ); 
lam = i< - » -ya V3 KVA#*) 

Whence J, = iXl/Z,-, I SJ> = iVSHB/Z,); I OK = iV^l(E/ZJ. 
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Therefore the currents in the individ.ua,! transformers A, jB, <J are in tlxe 
rati© of 3 : ^21 ; -\/21 or 1 : 0-763 : 0 * 763 - Likewise, tlxe currents in 

transformers D and IS are only 0-763 of tlxe current in A . 

Phase Tracts jt okmation 

One of the advantages of the three-phase system is that other polyphase 
systems can be obtained by means of a transformer with suitable windings. 
Six-, nine-, axxd twelve-phase systems can be easily obtained from the ordinary 
type of three-phase, transformer by providing suitable secondary windings. 



Two-phase and tVv.u- - phase systems can be obtained by means of either two 
single -phase * ransibi-j > ic-rs or a three-phase transformer. 

Three-phase to Six-phase Transformation. We have already shown in 
Chapter IX how a six-phase system may be obtained from a three-phase 
system. Thus referring to p. 205, we can obtain a six-phase supply by pro¬ 
viding two secondary windings (each having the same number of turns) per 
pli8,S6, connecting tJkies© to form two t>3xr©©-j>liQ,s© st^r-coiinoctcci systcixts 
Using the combinations Y.A.* and then connecting the two neutral points 
together. Jr 

In eases where this simple six-phase star connection is undesirable (such as 
when the third harmonic, which is known to be present in the secondary, 
it.3X.Fs. is to be eliminated, from the phase voltage of the six-phase system), 
the triple-star connection is employed. This connection requires three equal 
secondary windings (each having the same number of turns) per phase, and 
the method of interconnecting the sections is somewhat similar to that em¬ 
ployed for the zigzag connection (p. 191). Fig. 187 shows the connection 
and. vector diagrams for the present case. The remarks, on p. 191, concerning 
ratings, apply also to the present case. 

The six-phase star connection (sometimes called the double-star connection) 
ana. the triple-star connection are used chiefly in transformers supplying 
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mercury-arc, and. other forms of six-phase, rectifiers requiring a star-con¬ 
nected transformer for the anode snpply system, the neutral point forming 
the negative pole of the output (direct-current) circuit. 

For supplying rotary converters, or other mesh-connected loads, alternative 
connections such as the diametrical and the double-delta (p. 208) are 

employed. These are discussed fully in Chapter XX. 

Three-phase to Twelve-phase Transformation. The connections of a trans¬ 
former for supplying a twelve-phase system can be readily devised by an 
extension of the principles employed in three-phase/six-phase transformation. 



Fig. 188. CoisnsrECTioisr and Vector Diagrams tor Three-phase/ 
Twelve-phase TnAisrsEoniscEit 
Delta/Star (interconnected) Connections 

The dotted lines in the vector diagram indicate wVoh r>hr>F~ F:M7F=. are compounded 
to obtain the voltages between each of the line t-. r::iin: die t r-utral point CO). 

A. relatively large number of combinations (requiring from two to six; sections 
of secondary winding per limb) are possible for a mesh-connected load (e.g. 
a rotary converter), but for a twelve-anode mercury-arc rectifier only the 
combinations which have a common neutral point can be employed. 

One example for the latter purpose is shown in Fig. 188. Six sections are 
required on each limb: four sections are each wound to give a voltage of 
81-6 per cent of the phase voltage of the twelve-phase system, and the remain¬ 
ing two sections are each wound to give a voltage of 29*9 per cent of the 
phase voltage of the twelve-phase system. These numerical values are readily 
obtained from the vector diagram. 

Four combinations suitable for a mesh-connected load are shown in Fig. 189. 

Method A. requires triple secondary windings, two sets of which are similar 
and are interconnected according to the double-delta method. The remaining 
set of windings may be provided with mid-point tappings, which, when inter¬ 
connected, form a neutral point to the mesh-connneeted load. 

Method B requires quadruple secondary windings: two sets are connected 
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in double delta, and. the remaining two sets are connected in mesh. The 
windings forming the donble-delta group are similar, and the. windings form¬ 
ing the mesh.- connected group are also similar, but the voltages of the two 
re unequal. . 

Methods G and D require only double secondary windings, the sections of 
which are not inter-connected except through the load. 

The relative voltages to be supplied by each section of the secondary 



Fig. 189. Four- Methods oh Supplying a. Twelve-phase Load 
from a Three-phase Trans former 

windings for the several methods of connection can be easily determined from 
the geo m etry of the vector diagrams (a, b, c, d ) of E.M.Fs. 

Three-phase to Two-phase Transformation. The method employing two 
single-phase transformers is shown in Fig. 190.* 

Both transformers have similar magnetic circuits and may have similar 
secondary windings, in which ease the primary winding of one transformer, JB, 
must have only 0*866 ( = ^\/3) of the turns of the other transformer. A, and. 
the latter must have its primary winding tapped at the mid-point. One end 
of the 86*6 per cent winding is connected to the mid-point of the primary 
winding of transformer. A, and the other end of the primary winding of JB, as 
well as both ends of the primary winding of d, are connected to the three-phase 
line wires. The ends of the secondary windings are connected to the two- 
phase line wires. 

Assuming the two-phase side to be unloaded, and the magnetizing currents, 
which are supplied from the three-phase side, to be balanced and sinusoidal, 
the resultant ampere-turns in transformer A are equal to the vector difference 
of the ampere-turns due to the currents in the half-sections of its primary 
* This connection is due to Prof. C- IF. Scott, and is usually called the “ Scott” connection. 
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winding. Hence, since these currents have a phase difference of 120° the 
resultant ampere-turns are given by F A = V3.J 0 x 1 A T X = 0-S66A Ah where 
I Q is the magnetizing current and N x the number of turns in the primary 
winding. 

Similarly, the ampere-turns in transformer B are given by Ah. = 0-S66J A 
since the primary winding of this transformer has only S 6-6 of the number of 
turns in the primary winding of transformer A. Moreover, the ampere- 
turns, -F’jj, have a phase difference of 90° with respect to F A . 

Hence the fluxes in the two transformers are equal and have a phase 
difference of 90°. Therefore the E.M.Fs., E x , E xx , induced in the secondary 
windings are equal and have a phase difference of 90°. 

Consider now the E.M.Fs. induced in the primary windings by these fluxes. 
Since the fluxes are equal, the E.M.Fs. will be proportional to the number 
of turns in each winding, and therefore the E.M.F., A7 B , induced in JB, will 
only be 86-6 per cent of that E A , induced in the two half-sections of _4. 
Moreover, these E.M.Fs. have a phase difference of 90°. 

Taking the positive directions of these internal or induced E.M.Fs. as 
those marked by the arrows in Fig. 190, and neglectincr tbo resistance and 
reactance of the primary winding, the resultant m cnud E.M.Fs. between the 
terminals 1,2, 3, of the three-phase side* are 

Fi-z — Fn — &Fa> R2 3 — Fa.* Fz-i — — ~kF a ~ F b 

Expressing these quantities symbolically, and taking F B as the quantity 
of reference, we have 

Fj$ = A7 B (1 + jO) = E A {0 866 + jO) ; E A = E A {0 - jl) 

Fx-a = Fb - *zFa = E a (0-866 -f- jO-5) 

Fa -a — EAO-jl) 

Fa -1 = ~ IF a ~ F b = 0 866 - jO-5) 

Whence the magnitudes of these E.M.Fs. are given by 
E x „ 2 = &aV( 05 s + 0-8662) = E a , 

Eo~ 3 — E A , 

E 3 _ x = A7 aA /(0*5 2 + 0-866 2 ) = E A 
and their phase differences with respect to E s are given by 
94-2 — tan _1 (— 0*5/ 0*866) = 30°, 

99 o _3 = tan -1 —1/0 = — 90°, 

• q>z-x = tan'^- 0-5/ 0*866) = 150°. 

/ 

Therefore the internal E.M.Fs. between the terminals 1 , 2, 3, of the three- 
phase side are equal to one another and have a mutual phase difference of 
120°. Thus the symmetry and balance of the three-phase supply system 
are not affected. 

A vector diagram showing the induced E.M.Fs. and fluxes is given in 
Fig. 190 (c), in which the vectors OV x . 3 , OV a . s , OV 3 _ x represent the line 
voltages of the three-phase system ; OI m, Pin*, OI n ** the magnetizing cur¬ 
rents ('which are l agging 90° with respect to the corresoonding phase volb^ 
ages of the three-phase system) ; OF A , OF^ y the ampere-turns 'Supplied by 
the magnetizing currents ; O <D A , O <& B , the fluxes due to the magnetizing 
ampere-turns ; OE AX , OE A2 , and OE sx , OE B2 , the E.M.Fs. induced in the 
primary and secondary windings of the two transformers. 

If the fluxes are to remain constant when the two-phase side is loaded— 
which will be the case if the three-phase supply voltage is constant and the 
resistance and reactance voltage drops in the primary windings are negligible— 
the magnetizing ampere-turns must remain constant, and therefore the 
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anvnero-turns due io the load currents in tlie secondary windings must foe 
balanced fov an equivalent number of ampere-turns in the primary windings, 
the vector sum of t»lie ampere-turns in primary and secondary windings being, 
in all cases, equal to the magnetizing ampere-turns. 

The conditions for balanced loads are represented in the vector diagram (d) 
Fig. 190, in which the magnetizing ampere-turns are represented by the 
vectors OF^ OF-% ; the load currents hy OI v OI JX ; the secondary ampere- 
turns by OF a2 , OjF B2 ; and the primary ampere-turns by OJF Als OF SL , which 



Fig. 190. Circuit aistd Vector Diagrams for Scott’s Method of 
Stjttdyxng a Two-phase Load from a Three -phase System: 
ia) Transformer CY - 1 r:c :;t ;or.= : fb) Conventional C*roTiit Diagram: 'r) Vector Diagram 
f.*v i Vtictor Diagram ;V>r l»:il.i '-citsl J.0: i.-f. 

The effects of losses and magnetic leakage are ignored in the vector diagrams. 


have a phase difference of 90°. The primary current of transformer JB is, 
therefore, represented by the vector OI x . 

The primary ampere-turns of transformer A. are due to the currents in 
the half-sections of this winding, and these currents are supplied from lines 
3 and 3 of the three-phase system. Hence if OF^ x is resolved into vectors 
Oe f Od . 60° apart and each equal to 10_F A1 , then Od will represent the 
ampere-turns due to the current in line I, and Oe reversed, i.e Of will repre¬ 
sent those due to the current in line 3. Since the angle between OJF A1 and 
bi is 90°, the vectors Oe, Of will have a mutual jihase difference of 120° 
with respect to the vector OF B1 . Hence if these ampere-turn vectors are 
converted into the current vectors OJ 2 , OI 3 , then each of these vectors will 
be found to be equal in magnitude to the vector OI x . 

Therefore, with balanced loads on the two-phase side the currents on the 
three-phase side will also be balanced. 

In order to maintain these balanced conditions in transformers of the 
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4 6 cor© ” type, the coils forming the two lialf-sections of tlie primary windinv 
of transformer A. must be interlaced, or sandwiched, in order that each part 
of the magnetic circuit may be acted upon equally by the joint M.M.Fs. due 
to the two phases of the three-phase system which supplies this transformer. 

Moreover, if the magnetizing ampere-turns are neglected, and if JSr n — JSI , = JY, 
say—i.e. the voltage across each phase of the two-phase side is equal to the 
voltage between the line wires of the three-phase side, the effects of resistance 
and reactance of the windings being neglected—and I x is the current in the 
primary windings, we have 

l^N = 0 * 8661 ^ 

whence, I x = X 2 /0*866 = = 1*15.Z 2 . 

This, then, is the numerical relationship between the currents in the 
primary and secondary windings when the loads are balanced and the 
magnetizing current is ignored. 


Wavb-fobm Distortion nsr Three-phase Transeormers * 

In Chapter 3CV" it is shown that when iron is magnetized by alternating 
current, and the flux density is carried beyond the straight portion of the 
magnetization curve, the wave-form of the magnetizing current differs from 
that of the flux. In general, to obtain a sine wave of flux, the magnetizing 
current must contain third, fifth, and higher harmonics, the third being ihe 
most prominent. 

Star-star Connected Single-phase Transformers. If three single-phase trans¬ 
formers are star-connected on both primary and secondary sides, and are 
excited from a three-wire three-phase system giving a sine wave voltage, no 
third harmonic can be present in the magnetizing current because of the star 
connection. The flux wave-form, therefore, cannot be a sine wave but must 
be flat-topped. Similarly, the wave-form of the induced E.M.Fs., due to the 
flat-topped flux wave-form, will be peaked, indicating the presence of third 
and other harmonics. Hence, third harmonics will be present in the phase 
E.M.Fs. of both primary and secondary windings, but will not appear in the 
wave-forms of the terminal voltages. Therefore voltages of triple frequency 
exist between the neutral point of each winding and the natural neutral point 
of each system (e-g- the neutral point of the (star-connected) generator or a 
group of balanced star-connected, resistances connected to the line wires as 
shown on p. 306). 

If, then, such a star-star transformer is used as a step-up transformer to 
supply a high-voltage transmission system and the neutral point of the 
secondary (i.e. high-voltage) winding is earthed, the capacitance of the system 
will cause triple-frequency currents (and also currents of higher frequency if 
any multiples of the third harmonic, e.g. ninth, fifteenth, etc., are present in 
the phase E.M.Fs.) to circulate between the line wires and the earthed neutral 
point. Such currents are liable to cause trouble with, telephone and similar 
circuits. 

Star-star Connected Single-phase Transformers with Tertiary Windings. If 

each of the above transformers is provided with an additional secondary 
winding of low impedance (called a tertiary winding) and these windings are 
delta-connected, the triple frequency E.M.Fs. will produce a circulating cur¬ 
rent of triple frequency which will, therefore, supply the third harmonic com¬ 
ponent for the magnetizing current. In consequence, the flux will be approx¬ 
imately sinusoidal, and no triple-frequency E.M.Fs. will appear in the phase 
E.M.Fs. of the star-connected windings. 

Oscillograms. Practical confirmation of the above phenomena may be 
obtained by means of an oscillograph, and examples of oscillo'grams are 
shown in Figs. 191, 192. 

* Chapters XIV and XV should be studied before reading this section. 
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Fig. 191. Osciliogeams of No-load Voltages aistd C UBBE2srTs iisr 
Three Single -phase Teanseormeks 


Connected Star/Star, supplied at Constant Voltage, from a Three-phase 

System 


(a) Supply volt a' 
and i-xi::i!ri- r 
id) -Supply vulcu 


- (I',) and secondary line voltage (F a ); (6) Supply voltage (F x ) 
nt (1 0 ); (c) Supply voltage (F x ) and primary phase voltage (B x ); 
■ and secondary phase voltage (Bf). (Note. The line and phase 
voltages are shown to different scales.) 



Fig. 192. Oscellogeams of Voltages aind CxLunEisrTs in These 
Single-pease, Theee-winding Teansfoeaiebs 


•Supplied, at Constant Voltage, from a Three-phase System 
Primary and. Secondary Windings Star-connected 
Tertiary Winding arranged for Delta Connection 
(a) Supply voltage (F x ) and voltage (-Z? 3 ) in opened delta of tertiary winding; (£>) 
Supply voltage {F x ) and current (J 3 ) in closed {delta-connected) tertiary winding; 
(a) Supply voltage (T\) and no-load secondary pha-e wln.gc tertiary windings 

clr = -d: ( 7 ' :?y voltage (F x > and exciting currer.-. (/„.■, tertiary windings closed 

[JY ■ : : ' shows the exciting current with opened tort-r.ry windings]; (e), 

if,. Nij. (T\) and voltage (F a ) h iv.-. .--: neshral of seeovid.-.ry winding 

are ::g.: ns; : of a balanced star-cc-'.i»-<i !o;'.d i;ppi-ed i-y secondary, with 

tertiary windings open (e) and closed (/). 
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The oscillograms of Fig. 191 refer to three ordinary sta r-star connected 
transformers, and show the wave-forms of (a) the line voltages, ( 6 ) the excit¬ 
ing current, (c) the primary phase voltage, (d) the secondary phase voltage 
The triple -frequency component in the phase voltages is quite apparent 

The oscillograms of Fig. 192 were obtained on the same transformers,’ with 
the addition of a tertiary winding on each, these windings being arranged for 






Fig. 193. Oscillograms of Voltages and HSTo-load Currents list 
Core-type Three-phase Transformer Supplied at Constant 

Voltage 

(a) Supply voltage (FT) and exciting current (J 0 ), star/star connections; ( b ) Supply 
voltage (F 1 ) and exciting current (J 0 ), stor'd elf a ecrr.ecticr^: (c) Supply voltage 
(F x ) and secondary line voltage (Fa), star/sior n-ioc; : 'd .1 Supply voltage (F x ) 
and primary phase voltage (Ex'), star/star con r :--rr r r.-r.~. r> <■ ioo 1: (e) Snpr’t 
(F x ) and no-load secondary phase voltage (E s ), SDar/srar connections: ■/; ■> 

voltage (F x ) and voltage (F 01 ) between neutral points of primary v.-md:!:-' i 
balanced star connected load connected to supply system, star/star connections, 
balanced load connected to secondary; (g) Supply voltage (F x ) and voltage (F 02 > 
between neutral points of secondary winding and balanced star-connected load 
supplied by secondary; star/star connectir-r? : (?:' Pur—’y voltage (Fi) and resultant 
voltage (Ex + Ejj -+- E^xx) in open ddra-cov ■:ec:--d secondary winding, star- 
connected primary. 

delta connection. They show the wave-forms of (a) the resultant E.M.F. in 
the open-delta tertiary winding; ( b) the current in the closed tertiary wind¬ 
ings; (c) the secondary phase voltage; ( d ) the exciting current; (e) the volt¬ 
age between the neutral point of the secondary windings and the neutral 
point of a balanced star-connected load on the secondary, the tertiary wind¬ 
ings being open ; (f) the voltage between these neutral points for the same 
load currents, but with the tertiary windings closed. 



. /c-M K/-y : 

iVoi v oz 
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Delta-delta Connected Single-phase Transformers. In this case the delta- 
eonnected windings provide a closed circuit for the circulation of triple-fre¬ 
quency currents. Therefore a sine wave of flux is obtained with sinusoidal 

-ge* 

Delta-star and Star-delta Connected Single-phase Transformers. These con¬ 
nections are particularly suitable for transmission circuits ; the delta-star con¬ 
nection being used at the generator end of the ]ine for stepping up the voltage, 
and the star-delta connection being used at the load end of the line for stepping 
down the voltage. In both eases the third harmonic component of the 
magnetizing current can circulate in the delta windings, and. therefore no 
E.M.Fs. of triple frequency will appear in the phase voltages. If, however, 
fifth, seventh, etc., harmonics are present in the primary voltage of a star- 
delta transformer, the wave-form of the secondary voltage will differ from 
that of the primary voltage, e.g. if these harmonics cause' the primary voltage 
to be dimpled the secondary voltage will be peaked, and vice versa. 

Star-star Three-phase Transformer. In a three-phase transformer the 
M.M.Fs. of the individual phases act upon interlinked magnetic circuits 
instead of isolated magnetic circuits, when a bank of single-phase transformers 
is employed. Hence, with the usual three-limbed core," the fluxes in the cores 
will be practically free from third harmonic components, because of the high 
reluctances of their magnetic paths. Thus, since any third harmonic com¬ 
ponents of the core fluxes will be in phase with one another, their return 
paths must be through the air space between the yokes. Therefore the wave¬ 
form of the phase-voltage voltages will be practically free from third harmonic 
components. 

Fig. 193 shows oscillograms taken on such a transformer. 



CHAPTER XIV 

COMMERCIAL AND NON-SINUSOIDAL WAVE-FORMS 

Isr the preceding chapters sinusoidal currents and voltages have 
been considered almost exclusively to enable the fundamental 
principles of alternating-current circuits to be deduced in a simple 
manner and to allow graphical methods to be applied to the solution 
of problems. Although the sine wave is the ideal wave-form and 
is closely approached in modern alternators operating at no-load, 
the load conditions in generators and commercial circuits frequently 
cause considerable deviations from the sine wave. It is necessary, 
therefore, to consider some of the causes of wave distortion and 
the manner in which the relationship between current and E.M.F. 
is affected by this distortion. 

Equation to a Complex Wave. By the application of Fourier’s 
theorem, any single -valued* periodic function can be completely 
expressed by a series of simple harmonic functions (i.e. sine curves) 
having frequencies which are multiples of that of the complex 
function. These simple harmonic functions are called the harmonics 
of the complex function ; the function which has the same frequency 
as the complex function is called the first harmonic , or the funda¬ 
mental ; that of double frequency, the second harmonic ; that of 
triple frequency, the third harmonic , and so on. For example, in 
the case of a complex wave the fundamental (e x ) may be represented 

by 

= jg? lm sin ( cot -f- cq) ; 
the second harmonic by 

e 2 = i? 2m sin (2 cot a 2 ) ; 

the third harmonic by 

e 3 = sin(3a>if + a 3 ) ; etc., 

and the complex wave may be represented by the equation 

e = sin (cot —{— cq) sin (ficot —f— cco ) — 23z-m ®in (3 cj t ] oq ) ! *• 

where -£7 lm , J? 2m , JD Zmi . . . denote the maximum values, or ampli¬ 
tudes, of the first, second, and third harmonics respectively, and 
oq, ct 2 , a 3 - . . denote the phase differences with respect to the 

* A single-valued function is one in which the dependent variable has only 
one value for each, value of the independent variable. 
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complex wave (i.e. the angles between the zero value of the complex 
wave and the corresponding zero values of the harmonic waves). 

The number of terms in the series depends on the shape of the 
complex wave. Under certain conditions the number of terms may 
be indefinite, but under other conditions only a few terms may be 
involved. Again, the series may contain both even and odd 
harmonics, or only, alternatively, odd or even harmonics. 

Shape of Complex Wave Containing only Even Harmonies. A 
complex wave containing only even harmonics is unsymmetrical. 



Fig. 194. Wave-poems Coxtaznxstgi a. TPtt-nt-qaT yrm -NTT- at. ajstd a. 

Sec ox d Haemonio 

(a) Second harmonic in phase -with fundamental ; amplitude 20 per cent of that of 
fundamental. (6) Second harmonic leading fundamental by 90° ; amplitude 10 per cent 

of that of fundamental. 

i.e. the shape of the curve when rising positively from a zero value 
differs from that when rising negatively from another zero value 
Tor example, in Tig 194, which shows complex wave-forms con¬ 
taining a fundamental and a second harmonic, if the negative half- 
cycle be reversed in sign and plotted, as shown dotted, above the 
horizontal axis, the dissimilarity in the shape of the two half¬ 
waves is emphasized. Observe that the two half-waves may have 
dissimilar shapes, as shown in the wave-form (6). 

The analytical proof of the asymmetry of a complex wave 
containing only even harmonics is as follows— 

Uet the ordinate at any abscissa, cot, in the positive half-wave 
be given by 

e i — E Xvfh sin,(cot -f- «i)+ E 2m sin (2cot -f- cc 2 )-f- E 4m sin (4cot +a 4 )-+-* . 
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The corresponding ordinate in the negative half-wave is obtained 
by substituting (cot -f- tt) for cot in the preceding equation, and is 
therefore given by 

< 2 2 = ^im sin (cot + 77 4- %) + m sin [2 (cot -J- tt) -f- a 2 ] 

-t- -n*™ sui L'i {col -t- TT) -h a 4 j -t- . . . 

= ~ m sin(eoz5 + a x ) + J57 2w sin (2co£ 4~ a 2 ) 

+ ^ 4 m sin (4oi 4- a 4 ) -f- . . . 

= - C^im sin (co£ + ai) — sin (2co£ H- a 2 ) 

— J57 4m sin(4co£ 4~ ct 4 ) - . . . ] 

Hence the ordinate at abscissa (cot -j- tt) is not equal to the ordinate 
at abscissa cot. 

Shape of Complex Wave Containing only Odd Harmonics. A 

complex wave containing only odd harmonics is always symmetrical, 
the negative half-wave being an exact reproduction (with the 
reversed sign.) of the positive half-wave. Examples are shown in 
Tigs. 1, 3, . . . 

The majority of the waves met with in alternating-cur rent 
engineering are of this type, because of the symmetrical construction 
of the field magnets and the armature coils of alternating-current 
generators. Even harmonics, however, may also occur (in addition 
to the odd harmonics) under certain conditions of loading, and may 
also be produced when certain classes of apparatus (e.g. arc lamps, 
and electromagnetic apparatus working with an uns} r mmetrical 
magnetization curve or loop) are connected to the circuit. 

The analytical proof of the symmetry of a complex wave 
containing only odd harmonics is as follows— 

Let the ordinate at abscissa cot in the positive half-wave be 
given by 

e 1 = E l7Tl sin. (cot -j- oq) + ^ 3m sin (Scot -j- a 3 ) 

4- J@ 5m sin (Scot 4~ oc 5 ) + - - * 

Then the corresponding ordinate in the negative half-wave is 
given by 

e 2 = sin (cot 4- rr -f- a x ) 4~ L 7 3w sin [3 (cot 4 - rr) 4~ cc 3 ] 

4- E 5m sin [5(cot 4- tt) 4~ a 5 ] + * * • 

— — E- L7n sin (cot 4~ «x) — -%'s™ sin (Scot 4- a 3 ) 

- E 5m sin (Scot 4- a 5 ) - - . - 

— ~ [E lm sin (cot 4- a x ) 4- ™ sin (3 cot 4~ ct 3 ) 

4- E Sm sin (Scot 4- a 5 ) 4~ * - - ] 


20— {X-5245) 
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Effect of Phase Positions of Given Harmonic on Shape of Complex 
Wave. The deviation, of a complete wave from a sine wave depends 
not only on the relative magnitude and order of the several 
harmonics, but also on their phase with respect to the complex 
wave. Tig* 195 illustrates the effect of superimposing a third 
harmonic of given amplitude, but of varying phase, on a given 
fundamental sine wave. Tig- 196 illustrates the effect produced 



FlGr. 197. WAVTC-ITOTtlVIS CONT AUSTING FUNDAMENTAL AND PRONOUNCED 


Third Harmonics 

Amplitude of third harmonic is 75 per cent of fundamental for upper set of wave-forms 
and GOO per cent for lower set of wave-forms. JLMiase diilerenee between fundamental ana 
harmonic is indicated in the diagrams. 

under similar conditions by a fifth, and Tig. 197 illustrates the 
effect produced when the amplitude of the fundamental is small in 
comparison with the amplitudes of the harmonics.* 

These illustrations show clearly that the combination of a funda¬ 
mental with only one or two harmonics may produce a very great 
variety of wave-forms. In many cases the order of the harmonic 

m Complex curves similar fco Fig. 197 occur in alternators under sustained 
short circuit. 
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can be ascertained by inspection, but in general a systematic 
analysis, as discussed later (p. 310), is required to determine the 
character of the several harmonics. For the present it will be 
desirable to investigate the manner in which the harmonics affect 
the relationship between current and E.M.F. in the simpler types 
of circuits . 

CxTRUEIsT WAVE-FORMS 11ST SlNGLE-PHASE OXRCTJITS 

Supplied with Noh-sihttsoidal E.M.F. 

General. The current wave-form in a circuit, for which the 
constants (i.e. resistance, inductance, capacity) are invariable, is, 
in general, of different shape to that of the impressed E.M.F., and 
only in special cases are the two wave-forms similar. We have 
shown in Chapters III and IV that for circuits containing constant 
resistance, inductance; or capacity, the current due to a sinusoidal 
impressed E.M.F. is of the same frequency as the latter. Hence if 
a number of sinusoidal E.M.Fs. of different frequencies be impressed 
upon the circuit each E.M.F. vdll produce a current component of 
its own frequency, quite independently of the others. The instan¬ 
taneous value of the current in the circuit is therefore the algebraic 
sum of the instantaneous currents due to the several E.M.Fs. This 
principle of superposition enables us to determine readily the 
current in such circuits when the equation to the impressed E.M.F. 
is known. 

Relation Between Impressed E.M.F. and Current for Circuits 
Containing Resistance. Eet the impressed E.M.F. be represented by 

e = E lm sin (cot -f %) + E 3m s in. (cot + cc 3 ) -f- E 5m sin (cot -f- u 5 ). 

Then, if R is the resistance of the circuit, the current (i ^) due to 
the fundamental (e x ) is given by 

= § = —|p- sin («>t + aj ; 
that (f 3 ) due to the third harmonic (e 3 ) is given by 
? s = .sin (‘Scot + u 3 ) ; 

that and (z* 5 ) due to the fifth harmonic (e 5 ) is given by 
- ^5 N£ m 

H = R = -w- sm(ocot + a 5 ). 
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Hence the current (i) in the circuit is given by 

i = i ± -f- i 2 -f- i s 

E E 

— sin(coj{ + a x ) -f- sin(3a>£ -j- ci 3 ) 

E 

4-sin (5cot 4- a 5 ) . . (101) 

Thus the wave-form of the current is similar to that of the impressed 

E.M.F. 



Wave-forms or E.M.F. and Current for Simple Circuits 
Containing Resistance (-Fig. 198), Inductance (Fig. 199), aitd 
Capacitance (Fig. 200) 


Example. Let a non -inductive resistance of 25 ohms be connected to a 
circuit of which, the E.M.F. follows the law— 

e = 100 sin 314£ -f- 25 sin 9422 10 sin 15702. 

The current in the circuit is given by 

i = sin 3142 -f- sin 9422 + ^ sin 15702 

25 25 20 

— 4 sin 3142 -+* sin 9422 -f- 0'4 sin 15702 

- The current curve is shown in Fig. 198. The impressed E.M.F. curve is 
also shown and a comparison of the two will show that the wave-forms are 
of similar shape. 

Relation Between Impressed E.M.F. and Current for Circuits 
Containing Inductance! Consider a purely inductive circuit of 
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inductance L and negligible resistance. Let the impressed E.M.E. 
be represented by the equation 

e = E ±m sin {cot -f q) + E Sm sin (3 cot + a 3 ) + E Sm sin(5cot +a 5 ). 
Tlien the current (if) due to the first harmonic (e ± ) is 

e 1 m • , . . % 

= — — — ■ ^ ■ sin (<cot -f- a ± — - 2 - 77 ); 

that (i 3 ) due to the third harmonic (e 3 ) is 
e 3 E 3w . /0 , , T . 

i3 “ X 3 = 3^L Sm (3 ^ + ^ ’ 

and that (i 5 ) due to the fifth harmonic (e 5 ) is 

e s -^5 m . , , . •, \ 

15 = X 5 = 5ZJZ Sm(C0< + “ 3 ~ i7r) ’ 

where N- L (— coL), X 3 (= 3coZ), and X~(= 5coL) are the reactances 
due to the first, third, and fifth harmonics respectively. 

Hence the current (i) in the circuit is given by 
I — ■i 1 -j- i 3 -f- i- 

E E 

= sin (cot -f- ct x - irr) -f- gT~F sin(3coif -f- « 3 — -|tt) 

Jgr 

+ sin(o£o* + a 5 - -Lrr) . . (102) 


Thus each component- of the current has a phase difference of 
90 c (lagging) with respect to E.M.E. harmonic to which it is due, 
and, therefore, the wave-form of the current differs from that of the 
impressed E.M.F. It will be observed, hpwever, that the reactance 
due to a given harmonic is directly proportional to the order of that 
harmonic ; hence the current components due to the higher har¬ 
monics will be ver 3 T niuch smaller than those in the case of a circuit 
containing only resistance. Accordingly, in an inductive circuit 
supplied with a non-sinusoidal E.M.F. the current wave-form shows 
less distortion than the E.M.F. wave-form, and the current in such a 
circuit more ^nearly approaches a sine curve than does the current in 
a circuit containing resistance. 

Example. Let an inductive coil, of inductance 0*08 henry and negligible 
resistance, foe connected to a circuit of which the E.M.E. follows the law-- 

e = 100 sin 314£ 25 sin 942t 4- 10 sin 1570/,. 
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Then the current (i ) in the circuit is given by 

* “ 314 To-ds sUl<314 *-^)+ g gVO-OS shl (042i “ i"> 

+ 1570 X 0-08 Sm <15708 - £tu) 

= 4 sin ( 314£ — |-tc) 4 0-33 sin(942£ - £n) + 0-08 sin(1570£-^7t) 

The current curve is shown in Fig. 199. On comparing this with the current 
curve in Fig. 198 a marked difference in wave-shape will be noted, the curve 
of Fig. 199 showing considerably less distortion than the current curve in 
Fig. 198. 


Relation Between Impressed E.M.F. and Current for Series Circuits 
Containing Resistance and Inductance. Let the impressed E.M.F. 
be represented by the equation 


e = E lm sin (cot + cq) 4~ E 3m sin(3cot -f- a 3 ) 4 E S m si n(5cot +a 5 ) 
Then the current ( i) in the circuit is given by 


■gig 


\/(R 2 H- co 2 L 2 ) 


sin (cot + «i — <??i) 4 




V(E 2 4 - 9oj 2 E 2 ) 


sin (3 cot 4- a 3 -qp 3 ) + ^(^i^_2oco 2 E 2 ) sin (5coi + « 5 “ 9^5) 


(103) 


where cp 1 (~ tan ~ x coL/R), <p 3 ( — tan- 1 3 coL/R), cp 5 ( — tan' 1 5 coLjR) 
are the phase differences between the E.M.Fs. and currents due to 
the respective harmonics. 

Observe that these phase differences have different magnitudes. 
Relation Between Impressed E.M.F. and Current for Circuits 
Containing Capacitance. If an E.M.F. represented by the equation 
e = E ±m sin, (cot 4 - 0 !) + E 3m sin(3 cot 4 a 2 ) 4- E Sm sin(5cot~h<x 5 ) 
be applied to a condenser of capacitance C farads, the charging 
current will be given by the equation 

i — coCE ±7rh sin (cot 4- % 4“ 4w) 4 3coCE 3vn sin (Scot 4~ ct 3 4- h‘ 7T ) 

4~ 5coGE 5rn si n(5cot 4“ et 5 . 4- h 7T ) .... (104) 

Therefore, in this case, the amplitudes of the currents due to the 
higher harmonics are increased and the current wave will show more 
distortion than the E.M.E. wave. Thus the effect of capacitance 
on wave distortion is exactly the reverse to that of inductance. 

Example. Let a condenser having a capacitance of 127*5 microfarads be 
connected to a circuit of which the E.M.F. follows the law— 
e = 100 sin 3142 Hb 25 sin 942 1 -J- 10 sin 1570Z. 

The charging current (i) in the condenser is given by 

i = 314 X 127-5 X 10- 6 X 100 sin(314« Jtc) -f- 942 X 127-5 
X 10- 6 X 25 sin(942i£ 4 £tt) 4 1570 X 127-5 X lO’ 6 
X 10 sin(15704 -h in) 

i -f- Itt) -h 3 sin (9422 -f- |tt) 4 2 sin(1570tf 4 hrc) 
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The cixrreivfc curve is shown in Tig. 200. This curve should, be compared 
vith the current curve in Fig. 199,. as the capacitive reactance and the 
nductive reactance for these examples have been chosen so as to give the 
same maximum value of the fundamental in each case. 

Relation Between Impressed E.M.F. and Current for Series Circuits 
Containing Resistance, Inductance, and Capacitance. In the general 
3ase of a series-connected circuit containing resistance, inductance, 
and capacitance, the current resulting from an impressed E.M.F. 
of complex wave-form (which is represented by the equation 
e = E Lm sin. (cot -j- cq) -f- . . . ) is given by 

JEJ 

’ “ SirL( ° jt + a >--^ 

' r VC® 2 + (3co£- 1 y3tt)C) 2 ] Sln < 3oJ< + “s ~ <Pa) 

JE] 

+ VIH' 1 4- (5 coL - 1 /Sct>C) 2 ] sra( - 5cot + “5 ~ <P 5 ) - (104) 

where 

fcoL 1 \ /3 coL 1 \ 

Vl = taa 9,3 - tan-x (-g- - 3 ^ J ; 

[5cnL 1 \ 

ft = tan \-IT-5^Cb) 

are the phase differences between the E.M.Fs. and currents for the 
respective harmonics. *. 

The amplitude (I nm ) of any harmonic, say the nth, is equal to 
Inm = -\/ [B- + (nojL- 1 , 

and its phase difference (<p n ), with respect to the E.M.F. producing 
it, is ° 

fnooL 1 \ 

=tan (ys- -zzos) 

Resonance Due to Harmonics. When the angle (<p n ) is zero 
(i.e. when ncoL = 1 jncoC) resonance occurs with respect to this 
particular harmonic. Under resonance conditions considerable 
voltages may be produced at the terminals of the condenser and 
the inductive resistance, although the amplitude of the E.M.F. 
due to this harmonic may be relatively small. For example, if 
the E.M.F. wave of a 50-cycle alternator contains a 13th harmonic 
which has an amplitude equal to 1 per cent of the’ fundamental, 
and this alternator is connected to a series circuit containing an 
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inductive resistance (F == 5 O., Jb = 0*12 H.) and a condenser 
(C = 0*5jU F.), resonance occurs with, the 13th. harmonic (since 
ncoL — 13 x 27 t X 50 X 0*12 = 490, and 1 JnooC = 10®/(13 X 2tt 
X .50 X 0-5) = 490). The maximum value (/ 13m ) of the current 
due to this harmonic is given by 

T _ ^13m -^lm Am ^ „ 

-13m — - JB — 10 Q^ — 100 x 5 = 

and the voltage across the terminals of the condenser due to this 
current is equal to 

0-002^^ X 10 12 /(13 X 2tt x 50 X 0-5) 2 = 0-98.F lm . 

Similarly the voltage at the terminals of the inductive resistance 
is equal to 

0-0 02E 1<m ^/\p 2 -f- (13 X 2tt X 50 X 0-12) 2 ] = 0-98E Xrn . 

The actual voltages may be much higher and will depend on the 
relative amplitudes of the fundamental and other har m onics 

Pressure-rises due to these causes may occur in practice under 
certain conditions. For instance, when an alternator is connected 
to unloaded cables, the capacitance of the latter is in series with the 
inductance of the former, and the conditions may be favourable 
for obtaining resonance with a particular harmonic. 

Experimental Method of Ascertaining Presence of Any Particular 
Harmonic in E.M.F. Wave. The property of resonance may be 
utilized to ascertain the order of the harmonics in a complex E.M F. 
wave. For this purpose an oscillograph, a variable inductance, 
and a condenser of variable capacitance are required. The induc¬ 
tance, condenser, a variable non-inductive resistance, and a fixed 
non-inductive resistance, or shunt, for the oscillograph are con¬ 
nected in series, and the combination is connected to the source 
of E.M.F. to be tested ; the oscillograph being connected to show 
the wave-form of the voltage across the fixed non-inductive resis¬ 
tance. The inductance and capacitance are adjusted successively to 
values which will give resonance conditions for the 1st, 3rd, 5th, 
7th, etc., harmonics, and a record of the wave-form is obtained by 
the oscillograph. Erom the shape of the latter the presence, or 
absence, of a given harmonic can be detected by inspection. 

For example, if a particular harmonic is present, the wave-form 
will show this harmonic with a relatively large amplitude, as under 
resonance conditions any other harmonics will have only a very 
small amplitude. Thus if the 5th harmonic is present, the current 
wave-form under resonance conditions will show a wave of quintuple 
frequency superimposed upon a wave of fundamental frequency. 
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Fig. 201 shows a typical set of wave-forms obtained by this method. 
An examination of these shows that the E.M.F. wave-form contains 
5th, 7th, 11th, 13th, 15th, and 17th harmonics. 



Fig. 201. Oscillograms or CmtiREsisrT asstd voltage 

Oscillograms showing (a) the E.M.F. wave-form of a given alternator, and the wave¬ 
forms of current (b} to h in a spcc-'-al rosor-r.nt circuit sup-lie:] by this alternator, the 
constants of the circuits be:: : _r to give. resonance conditions 

for the 3rd {wave-form b), b ; i: =V.\i, 7ii. ydj. : : r i l 31;» L5th (g), and 17th (It) 

harmonics. 

Note. The following data give the values of inductance (R) and capacitance (C) in the 
resonant circuit for the several current wave-forms ; also the values of the non-inductive 
shunt (2?) to which the oscillograph vibrator was connected. 


Wave-form . . 1 

b 

c 

d 

e 

/ 


'll 

L (henry) . .| 

0-050 

0-059 

0-059 

0-059 

0-059 

0-059 

0-059 

G (it F.) . . -j 

18-9 

6-9 

3*5z 

1-4 

1-0 

0-76 

0-59 

■ R (ohms) . . .j 

0-5 

0-833 

2*22 

5 

15 

20 

35 
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R.M.S. Value of a Complex Wave. Let the wave be represented by 


e = E lm sin (cot + a x ) + E 3m sin(3 cot + a 3 ) ~h E Sm sin(m£ 4 - a 5 ) + . . . . 
Then if the R.M.S. value of this wave be denoted by E, we have 

1 f'-n: 

E 1 — ~~ j \E ±rri sin(a>£ 4- «i) 4~ E Zrn sin(3co£ -f- a 3 ) 



+ ^sm sin (5cot + a 5 ) -f- . . . p 
i?i™ 2 sin 2 + a x ) + E 3r} * sin 2 (3co* + a 3 ) 


+ ^ 5 m 2 sin 2 (5a>£ + a 5 ) + . . . 

-f- 2 E Xvn E Zvn si n(cot 4- a x ) sin(3a>£ 4- ct 3 ) 

-f- 2 E lm E 5rn si n(a>t + a x ) sin(5coZ + a 6 ) + . . . 

Now, / sin 2 (?*coZ -f- a n )dcot = |-7r ; 


and 



sin(o>Z + cq) sin(?zco£ 4- a n )dcot = 


0 ; 


provided that iz is an integer greater than unity. 

Hence when the above integral is evaluated, all terms involving: 
the product of quantities having different frequencies become zero, 
so that 

E 2 =\\ (Elm 2 X *77) + (E am * X i7T) + (E sm ~- x *77) + ... \ 

= i(Elm 2 + V + E & m 2 + - - •) 
and 0-707 V^im 2 + V + +•• .) - - (105) 

Examples. The R.M.S. values of the E.M.F. and. current waves of 
Figs. 198—200 can now be obtained. 

(1) E.JVI.E. wave. Fig. 198. 

e — 100 sin 3142 + 25 sin 942* -j- 10 sin 1570* 
which may be written- 

e = 100 sin cot + 25 sin Scot + 10 sin Scot, 
where co =314. 

Hence, 

JS lm — 100, E sm = 25, E sm = 10 
Therefore, 

E = 0-707->/(100 2 4- 25 2 + 10 2 ) = 73-2. 

R.M.S. value of fundamental (-®i) == VO-7. 

(2) Current wave. Fig. 198. 

i = 4 sin 314o>* + sin 925* + 0*4 sin 1570* 

Therefore, 

1 = 0-707V(4= a 4 l a + 0*4 2 ) = 2-93. 

R.M.S. value of fundamental = 0-707 s/ 4 2 = 2-83. 
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(3) Gurreivt wave. Fig. 199. 

i = 4 s in(3L4£ - Jtt) + 0*33 sin(942i - ^7 t) -f- 0-08 sin(1570/ — |tc) 

I = 0*707 s/ (4 2 + 0-33 2 + 0-0S 2 ) = 2*84 
R.IM.S. value of fxmdamental = 0*707 \/ 4 2 = 2-S3. 

(4) Current wave. Fig. 200. 

i = 4 sin(314f + i-7 r) + 3 sin (942* + &-rc) + 2 sin(1570t + ire) 

J = 0-707 V(4 2 + 3 2 + 2 s ) = 3-8 
R.M.S. value of fundamental = 0-707 -\/4 2 — 2-83. 

(5) An electromotive force. 

e — 2000 sin cot -+- 400 sin 3a>£ -f- 100 sin 5cot, 
is connected, to a eircuit consisting of a resistance of 10 ohms, a variable 
inductance, and a condenser of 30/i F. capacitance, arranged in series with a 
hot-wire ammeter. Find the value of the inductance which will give 
resonance with the triple frequency component of the pressure, and estimate 
the readings on the ammeter and on a hot-wire voltmeter connected across 
the supply when resonance exists, co — 300. {E. U .) 

For resonance to occur at triple frequency we must have 

3 co JO = 1 jScoC. 

Substituting numerical values for co and C, we obtain 
Z, = 10 6 /(9 X 300 2 x 30) = 0-0411 H. 


The H.M.S. value of the current is given by 

Y_ -Bum _ 

.w[^*+ (coL — 1 fcoC)' 


I _ 0-707 Y( 


u) + ( 


,VCB a H- (3 coly - 1 /3coC7) 2 ] / 

'_^sm_Y1 

(5coL - l/5a>0) 2 ]/ J 


where E lrn , E Zm , E Sm , denote the maximum values of the fundamental, triple, 
and quintuple frequency components of the pressure. Substituting numerical 
values for these and the other quantities, and noting that, for the given 
conditions, 3coL — 1 J3coG = 0, we obtain 


^ /[“/ 2000 \ a 
I = 0-707 Y LV-v/[ 10 2 -h (300 x 0-0411 - 10®/(300 X 30 )) 2 ]/ + 


VToV 


f 100 

VVC 19 3 -b (5 X 300 X 0-0411 - 10 6 /(5 X 300 X 30 ) ) 2 ]/ J 


= 0-707 V( 20 - 15 2 + 40 2 + 2 - 45 2 ) 

= 31-75 A. 

The R.M.S. value of the supply pressure is given by 

E = 0-707 VC^im 2 4- E Sm - + E &m ?) = 0-707 V (2O00 2 -f- 400 2 + 100 2 ) 
= 1445 V. 


Effect of Wave Distortion on Measurements of Inductance and 

Capacitance. Since alternating-current ammeters and voltmeters are 
calibrated to read R.M.S. values of current and pressure, respectively, 
the expression (105) deduced on p. 299 for the R.M.S. value of a 
complex wave enables the readings of the instruments connected in 
a circuit to be calculated when the <e constants ,s of the circuit and 
the wave-forms of current and pressure are known. Conversely, 



WA VE-FORMS 


301. 


the ££ constants 55 of the circuit may be calculated from the instru¬ 
ment readings, but corrections have, in general, to be applied to 
take into account the shapes of the current and pressure waves. 
In the special case of circuits containing pure resistance, however, 
the wave-forms of current and impressed E.M.IT. are similar, and 
therefore the ratio of the R.M.S. values of these quantities will be 
constant whether they have a sinusoidal. or non-sinusoidal wave¬ 
form. Hence the resistance of a non-inductive alternating-current 
circuit may be determined by means of the ammeter and voltmeter 
method without a knowledge of the wave-form.* In all other cases 
a knowledge of the E.M.T. wave-form is necessary to obtain correct 
results. Thus, consider a purely inductive circuit having an 
inductance of L henries, and let E and I denote, respectively, the 
R.M.S. values of impressed E.M.F. and current as read on 
instruments connected in the circuit. Then 

E = 0-707 ^/(E^ + E Sm * 4- E 5ni * + - . -) 


-WK5f) ,+ (fe) - + (fe)’ 


0-70 7 

cjoL 


1 W 2 + ± V + + 


•) 


Whence 


0-707 

V 7 4 ~ V ^3m 2 + -gV -^5m 2 4 “ - 



This expression involves a knowledge of the absolute values of 
the amplitudes of the several harmonics in the E.M.IT. wave. In 
practice it is more convenient to deal with the relative values of 
these amplitudes, and accordingly the expression for E is modified 
as follows- 

Multiply and divide the right-hand side by E, writing the 

denominator in the form [0-707-\/ (i57 lm 2 4~ E 3rt 2 -f- E 5rt 2 -f- . . .)], 
thus 

/0-707 \ 

L ~ V 7 + if ^3mT 4- ifn m 2 4- - ) J 

(o-707v 7 {E X vri~ 4- E 3rn 2 -f- E Sm - 4- - - • j) 
E_ // (j^ f E 3m z -h 4tt^5,4 4- - - 4\ 
col V V ^im 2 4- E 3m 2 4- E sm * 4- - - - J 

* The value of the resistance obtained by this method may differ slightly 
from that obtained, by a test using direct current, owing to possible eddy- 
currents in the conductors and the non-uniform distribution of current over 
their cross-section when the testing current is al tern at in g. 
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E_ H I A- 1 (E Zin /E ±m r + ±K (&5m/&lm)* ± * - A 
Col /sj \ 1 + (&3m/E im) 2 + (^m/^Xm) 2 + * * 0 / * * 

Now E j<x>I is the apparent -value of the inductance obtained from 
the uncorrected values of the instrument readings. Hence the 
quantity under the radical is the correction factor by which the 
apparent inductance must be multiplied to contain the true 
inductance. 

Similarly, in the case of a circuit containing pure capacitance 
(= C farads), let E and I denote the R.M.S. values of impressed 
ENl-IF. and current as read on instruments connected in the circuit. 

Then 

E = 0*707 + EzrrT 4~ 5m 2 + - • -) 

I = 0*707 \/l(coCE l7n ) 2 —{— (ScoCE 3jn ) 2 —j~ (£>coCE Srn ) z —{7 * - * 

« 0*707coCV (^ lw 2 4- 9 E sm 2 + 25E &m * 4- - - 0 
Whence ^' 

I 

C = 0-707 co A /+ QE 3m 2 + 25jS7 5 „, 2 + . . .) 

(o-707co.E ! 'i/'(-®im 2 + 9-® 3to 2 -+- 25J3 sm z 

(0*707-y/ (E lm 2 -f- E Sm - 4- -27.5m 2 4- - * *) 

_L K + ^m 2 + ^ Bw a 4- . ■ - \ 

coE V V^im 2 4- O^sm 2 4 - 25E Sm * + .. . 7 

_ JL !( 1 + 4- (j? 5 m /E Xm )* + . - \ 

ce^7 V VI 4- 9(E 37n /E ±m )* 4 - 25(E Sm /E lrn )* + . . ./ 


Observe that the expression for the correction factor differs from 
that for the preceding case. 

Tor example, if the E.M.E. wave contains 3rd and 5th harmonics, 
having amplitudes of 15 per cent and 10 per cent, respectively, of 
the fundamental, the correction factor for measurements of induc¬ 
tance is equal to 

4- j- {E zm /E ±7n r 4- .rV (E 5m /E xrn ) 


ye- 


(1 -f- (E 3m fE lrn )~ -j- 


(•® 5 m IExmY 
(1 


n 


-ye 

== 0-985 


L f 15 "\2 

rV-To <j7 


1 4“ (xV\j-) 2 4- 


<lW / 


Hence the apparent value of the inductance, as obtained from 
the uncorrected readings of the instruments, is about 11 per cent 
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higher than the true value. Thus the error introduced by not 
taking into account the wave-form is relatively small. 

Similarly, the correction factor for measurements of capacitance 
with this E.M.F. wave-form is equal to 



1 -j- (F 3wt /E lm ) 2 + (^5m/^lm) 2 \ 

1 -4- 9 (E 3m /E Xrn )* + 25 (E 5m /F 

1 m)~‘ / 



X + (WU 2 + ( T VrU 3 

1 + 9 ( X V \,) 2 + 26 W ' 


) 2 


) 


= 0-844 


Hence the apparent value of the capacitance, as obtained from the 
uncorrected values of the instrument readings, is 15*6 per cent 
higher than the true value of the capacitance. In this case the error 
introduced by not taking into account wave distortion is very large. 


Example. A current/ of 50 frequency containing first, third., and fifth 
harmonies of crest values 100, 15, 12 amperes, respectively, is sent through 
an ammeter and an inductive coil of negligibly small losses. A voltmeter 
connected to the terminals shows 75 volts. What will be the current indicated 
on the ammeter, and what is the exact value of the inductance of the coil in 
henries ? (C. and G. ) 

The R.M.S. current (J) is given by 

I = 0*707 V(hm 2 + + hm 2 > 

= 0*707 V(l°° 2 + 152 + 122 > 

= 0-707 X 101*9 = 72 A. 


Let L — inductance of coil in henries and let E lm , ^ Zrn , ^ a?n , 
crest values of the first, third, and fifth harmonics of the E.M.F. wave. Then 
the R.M.S. value (75 volts) indicated by the voltmeter is given by 
E = 75 = 0-707 VC-^im 2 + E Srn ~ + E 5m 2 ) 


, E a , 


represent the 


But 


. = E lm lo>L ; 


E 3rn 13 o>L ; 1 5171 E Srn f &o>E. 


Hence E — 0-707 -\/ £(S lm coL) 2 -f- (3 J 3m coL) z -f- (5I Snz coL)~ ] 

= 0-707 coE Wxm* + + 25J 5m 2 ) 

= 0*707 coLZ lrn -%/[d ~f~ 9 (.13m / flm)" d~ ] 

Substituting the numerical values given above, we have 

75 = 0*707 x 2rs X 50 X L X 100 VT! X 9(0-lo) 2 4- 25(0-12) 2 ] 


h = 0-0027 H. 

[N ote. Apparent value of inductance = 75/(314 X 72) = 0*00331 H. ) 


Power in Single-phase Circuits in which E.M.F. 

AND CuRHEHT ARB ISfOH-SHNHSOIC VL 
Let the E.M.F. and current waves be represented by the 
equations 

e = E Xm sin (cot + %) -f- E Srn sin(3 cot -f- cc 3 ) 

-j- E Sm sin(5ro£ a e ) + . . . 

i = / lw sin(o>2 ~h cc x - <Pi) + 4m sin(3cof + « 3 - <p 3 ) 

4 - I am sin (Scot -h <x 5 — <p s ) -f- - - - 
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Then the instantaneous power (p) is given by 

P — e i = E Xrn I Xm sin (cot + a x ) sin (cot + cq — cp x ) 

4 - E 3m I 3m sin(3 cot -4- a 3 ) sin(3o>Z + a 3 - cp 3 ) -b * * - 
+ E xrn I 3m sin.(cot + cq) sin(3 cot + ct 3 - cp 3 ) 4"- . . 

-f_ E 3rn I Xm sin(3cot -{- ct 3 ) sin (co£ + cq - 9h) + • ■ 

and the mean power (R) is given by 

p = L P* ei dojt = — f \E Xm I Xm si n(cot 4~ a 1 )sin (cot 4 -cq - cp A ) 

TT J o 77 Jo 

A- E 3m I 3m sin(3o>£ 4~ cl 3 ) sin(3a>2 + a 3 ~ Ts) + • - - 
+ N Xm I 3rn sin (cot -f- cq) sin(3a»5 + a 3 - <Pz) + - - - 
-f- E 3m I lm sin(3 cot -f- a 3 ) sin (cot + cq - cp x ) 4" • • • \dcot 
I>Tov' the integral, taken between 0 and err, of all products of 
different frequencies is zero, and the integral of terms such as 
JES m I m sin (cot + ci) sin (cot 4 - a - cp) = l^rE^m GOS 9*-* 

Hence the expression for the mean power reduces to 

R = — (%- 7 rE lTn I lm cos cp x 4 - \ttE 3yri I 3rn cos cp 3 

4- h^Es-mlsm cos 9^5 + • • *) 

= b(E Xm I Xm cos cp x 4- TJ 3rn I 3m cos cp 3 4- E 3rn I 3rn cos cp 5 - - - ) 

= E X I X COS cp 1 4- E 3 I 3 cos <p 3 -h ^ 5^5 cos 'Ps + • • • ■ ( 108 ) 

Thus the mean power due to distorted current and E.M.F. waves 
is equal to the sum of the mean powers due to the several harmonic 
components. 

Power Factor of Circuits in which Current and E.M.F. are Non- 
sinusoidal. In Chapter IV power factor was defined in two ways : 
( 1 ) the ratio of the mean power to the apparent power, or volt- 
amperes j ( 2 ) the cosine of the angle of phase difference between 
impressed E.M4F. and current. The power factor determined 
according to the first definition is a definite quantity for any 
particular circuit, whether the supply E.M.F. is sinusoidal or 
non - sinusoidal. The second definition of power factor, however, 
requires further consideration when the E.JM.F. and current waves 
are non-sinusoidal. Thus, with sinusoidal current and E.M.F. 

* Thus, ~ sin (cot -f- a) sin(cot.-\- a. — <p)dcot — J~^ [sin(eo£ -+- ci) sin (cot 

-f- a) cos cp — cos (cot 4- a) sin cp ~\dojt = j~° sin 2 (cot + a ) cos cp dcot — / 

(sin (cot 4- a) cos(a4 4- cl) sin cp)dcot — i>~rz cos cp 
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the phase difference, when the 44 constants 99 of the circuit are 
invariable, is constant at every instant, but with distorted waves 
the phase difference between the maximum values of E.M.ff. and 
current is not necessarily the same as that between the zero values 
of these quantities, since the current and ELM.F. waves may be 
of different shapes. In these circumstances ambiguity may be 
avoided by employing the term 44 phase difference 99 (or angle of 
lag, or lead) only in connection with the equivalent sine waves of 
current and E.MiF. (i.e. the sine waves having the same frequency 
and E.M.S. values as the distorted waves*). Hence, if cp e is the 
phase difference between these (equivalent sine) waves, then cos q? & 
will represent the equivalent power factor of the circuit ; i.e. 

cos <p e — jP JEI, 

where JP is the mean power (as measured by a wattmeter or 
calculated from equation (108) and E, I are the H.M.3. values of 
E.M.E. and current, respectively. 

Distorted E.M.E. a^td Cutrueint Waves m Polyphase 

CracuiTS 

The method of treatment is in general similar to that given 
above for single phase circuits, viz., each harmonic is treated 
separately, and the current or voltage harmonics for the several 
44 phases 99 of the circuit are compounded geometrically in the same 
manner as these quantities were compounded in the case of simple 
sine waves. 

Expressions for Phase 99 E.M.Fs. Considering the symmetrical 
three-phase system, let the 44 phase 99 E.M.Es. be represented by 
the equations 

e x = E ±rn sin (cot + cq) + E Zm sin (3cot 4- a 3 ) 

4 - E 57Yl sin (Scot 4~ a 5 ) 4- - - - 

c TI = E ±rn sin (cot 4 - a ± — §v) 4- E Zrn sin (3co£ 4- a 3 — 3 X §tt) 

4- E Sm sin (oojt 4- a 5 — 5 X fv) 4~ --- 

e XIl = Ei m sin (cot -|- - 4rr) 4~ E 3rn sin (3cot 4 - a 3 ~ 3 X fv) 

4- E 5rn sin (5cot 4- a 5 - 5 X 4^-tt) 4- --- 

These, upon simplification, become 

e x = JD ±m sin (cot 4- cq) 4- E 37n sin (3 cot 4~ « 3 ) 

4- E sm sin (&cot 4~ ) + * * - 

* See p. 16 for method of determining the equivalent sine wave. 

2 i— (T. 5245 ) 


( 109 ) 
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e IX — E xm sin. {cot -f- a x — frr) 4~ E^m. sin(3cot -f- oc 3 ) 

-f- E 5m sin (Scot + ct 5 + fvr)4- - (110) 

e Ilt = sin {cot + cq — f 7r) -f- sin (3cot 4- ct 3 ) 

4~ E Sm sin (Scot -4- cc s -b4-7r)-b .. (ill) 

= E Xm sin(cot H- u 1 4-|b 3 ') + E 3rri sin(3cot 4- oc 3 ) 

4- E Sm sin (Scot 4- a 5 — §7r) 4- - (111a) 

Thus all harmonics of triple frequency as well as their multiples 
(i.e. the 9th, loth* 21st, etc.) are equal in all the phases of the 
circuit. Further, at any instant these E.M.Es. have the same 
direction (i.e K . in a star-connected system they are all directed 
either away from, or towards, the neutral point, and in a A- 
eonnected system they all act in the same direction around the 
circuit). Moreover, all harmonics which are not a multiple of 
three are displaced 120° from one another, and can be dealt with 
in the usual manner. It is to be observed, however, that these 
harmonics do not have all the same phase rotation as the funda¬ 
mental ; the phase rotation for the 5th, 11th, 17th, 23rd, 29th, 
etc., harmonies being opposite to that of the fundamental, and 
that for the 7th, 13th, 19th, 25th, 31st, etc., harmonics being the 
same as that of the fundamental. 

Expressions for the ‘ s Line ” E.M.Es. in a Star-connected Three- 
phase System. Having obtained the equations to the “phase” 
E.M.Es. the equations to the <c line ” E.M.Es. readily follow, thus 

z'j-xx — e 5 — e n — E lm \ sin (cot 4 - cq) — sin (cot 4~ cq - 577 -) J 

4- E S;n . { s in (3ojt -b « 3 ) ~ sin (Scot 4~ « 3 ) ^ 

4- E Rm | sin (Scot 4- n 5 ) — sin (Scot 4~ ct 5 — -hsr) ^ -j- - • - 
= 2E ±m \ cos 4 [2 (cot 4- cq) — § 77 -] sin (^ X § 7 r) \ 

4- 2 E 5ni ^ cos [2 (Scot 4- a 5 ) — |-7r] sixi(£ X £*tt) \ -j- - - - 
= £ i -\/3cos (cot 4- cq — ^ 77 -) ^ 

4- %E 5m ^ l-\/Scos(5cot 4- a 5 - § 77 ) ] 4~ - 
= a/3 \ E\ m si xi {cot 4- - 1-7T 4- |vr) 

4” Ez>rn shl (ocot 4" “ 3 *V 4~ 3 VT ) 4~ - - * ^ 

= a/3 £ E Xm sin (cot 4~ <q 4- i^r) 4- ^ 5 m sin (Scot 

4- OL 5 -frT) 4- . . -I - - (JI2) 

^ii-iii = e iX — e IIX = sin (cot 4- cq — -|tt) 

4~ E 3 rrL sin {Scot 4~ n 5 -f- i 77 ) 4~ - • J 


(113) 



WA VE-FORMS 


307 


Vm-i ~ — ^iii — a/3 ^ sin (cot —j— cq — ]— j \tt) 

+ B 5rn sin (5cot -f- a 5 - £tt) -f- . . . £ (114) 

Thus in a star-connected symmetrical three-pliase system no 
E.M.F. of triple frequency, or a multiple thereof, appears in the 
line pressures, notwithstanding that these E.M.Fs. may be present 
in the phase pressures. 

If, in the above equations of line E.M.Fs. we replace (cot -f- ^rr) 
by cot', which means that time is now reckoned from an instant 30 ° 
in advance of the previous zero, we have 

^I-II V3 \ ffi~Lrn sin (cot — cc x ) — J^srn sin (5cot' — a 5 ) -j- - - - ^ (112a) 

^II-III = a/3 \ -^lm s i n (cot' — CC 1 ~ ) 

- JE 5rn sin (5cot' - a 5 - -f- . . . \ . (113a) 

^III-I ===: a/ 3 ^ sin (cot Ct-L ^77') 

- J@ 5m sin(5cot' - a 5 - §?r) -f- . . . \ . (114a) 

These equations are now similar to those for the phase E.M.Fs. 
except that (1) there are no third harmonic terms ; (2) the signs 

of the fifth harmonics are changed* ; and (3) the factor ->/3 is 
introduced. 

R.M.S. Values of Phase ” and Sfi bine ” E.M.Fs. in a Three-phase 
System. In a symmetrical three-phase system the amplitude of 
any particular harmonic component of the “ phase 55 E.M.F. is 
the same for each phase of the circuit, so that when considering 
R.M.S. values we may denote the R.M.S. value of the fundamental 
of the phase E.M.F. for each circuit by JBJ Xt and the R.M.S. values 
of the several harmonics by JE Z , JE! 5 , JE 7 , etc. 

Similarly, the R.M.S. value of the fundamental of the line E.M.F. 
may be denoted by F l3 and the R.M.S. values of the several 
harmonics , by F 5 , T 7 /, etc. 

Then, from equations (112), (113), (114), 

V ± = a/3 V 5 = a/3 V 7 = a/3 JEJ 7 , F 1X = a/3 

F 13 = A/3 

The R.M.S. value of the line voltage (V) of the system is therefore 
given by 

F = a/(^i 2 “f- F 5 2 -f- F 7 2 + . . -) 

Similarly the R.M.S. value of the cc phase 75 E.M.F. is given by 

JE = a/(^7i 2 + -#3 2 + ^5 2 + ^?7 2 + * - -) 

* Tlie seventh harmonics also have the minus sign. 
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Hence 

V 

E 


-yes? 

- WG 


4~ F 5 2 + F 7 2 4- 


E z * 

-£4 


- E* 


-:) 


4~ 

—j— E 4— 


S^l 2 

WG~ 


t) 


-+- ^ s 2 + -® 5 2 + - S ', 2 + 

1 + (jgs/jgjP + {EjlEC* + 


-) 


(1£ 


4- (Ez/E-lY 4- (E 5 /E x )z 4- (E 7 /E T r 
Thus in the case of distorted. E.M.F. wave forms tlie value of t 
ratio of the 46 line ” and cs phase 5J E.M.Fs. is not the same as ti 
(~V 7 3 ) when the E.M.Fs, are sinusoidal. An exception occurs, ho 
ever, when the third harmonic and its multiples are not present 
the phase E.M.Fs. 

Example. If the phase E.M.E. of a star-connected, three-phase alterna 
contains first, third., fifth, seventh, and. ninth harmonics of amplitudes 1 
13, 5, 1*5, 1, respectively, the ratio (line IE.M.F./phase E.M.E. ) is 
1 H- (5/100 ) 2 -h (1-5/100) 2 


V3 


'V(r 


))0 = 


1*732 x 0-9( 


-j- (13/100) 3 -+■ (5/100) 2 -h (1-5/100)® 4- (1/100) 

= 1*717. 

If, however, the third and fifth harmonics are 30 per cent and 10 per ce 
respectively, of the fundamental, the ratio (line E.M.E. /phase E.M.F. ) is 

1 -f- (10/100)® -f- (1-5/100) 2 4- . . . \ 


V 3 y / (r 


4- (30/1O0) 3 4- (10/100) 2 4- (1*5/100)® 4- (1/100) 2 / 

= 1*732 x 0*9583 


= 1 * 66 . 

In the former case, which, is taken from actual practice, the ratio of 
“ line ” and “ phase ” E.M.Fs. is 0*87 per cent less than the value for sii 
soidal waves, while in the latter case, which represents excessive wf 
distortion, the ratio is 4r-15 per cent less than the value for sinusoidal waves 

Circulating Current in Delta-connected Alternator in which. E.1VT 
Wave is Non-sinusoidal. Consider the case of an alternator 
which the phase E.M.Fs. are symmetrical and represented by t 
equations 

<4 = E lm sin (cot 4- «i) 4- E 3m sin (3 cot 4- cc 3 ) 

4- E 5rn sha(5cot 4- ct 6 ) ... 

e ri = E Xm sin (cot + a x - §vr) 4~ E 3rn sin (3 cot 4- ct 3 ) 

4“ E 3rn sin(5a>£ 4~ cc 5 4 - §*tt) 4 - ■ 
11 ■ 1 E-^ m sin (cot 4- cq tt ) 4~ E 3rrt sm(3ct>£ —}— <z 3 ) 

4- E Srn sin (Scot + a 5 + fw) 4- . 

Then the resultant E.M.F. acting in the delta-connected armati 
winding is 

e 1 4- 4~ 4ii === SSf 9m sin (Scot 4~ ce 3 ) 4~ sin(9eo£ —}— ct 9 ) 

4- 3 E 1Brn sin(l Scot 4~ a 15 ) 4- - 
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Hence, if B is the resistance per phase and L the inductance per 
phase of the armature winding, the circulating cu rent (- i c ) due to 
the resultant E.M.F. is 

_ 3 E 3 m sin { Scot + a 3 ) SU 9m sin(9co2 4~ a 9 ) 

* e ~ 3V(i2 2 + 9oAL 2 ) + 3V(^ 2 + 81 co*L*) 

, *E 15m sin(15ci>£ + a 15 ) , 

3V(B 2 -h 22 5co 2 L 2 ) + * * * 

__ Eam sin(3o)i 4- ct 3 ) ^ 9 m sin(9o>2 + a 9 ) 

~~ VC^ 2 + 9co 2 X, 2 ) - 1 " a/(^ 2 4- 81<n 2 £ 2 ) 

, -^lsm sin(15co£ 4- cq 5 ) , 

~ h V(^ 2 4- 225a> 2 Z/ 3 ) ‘ ' ' 

and its R.M.S. value is 

I„ = 0-707V" [S sm 2/(iea + 9o> 2 £ 2 ) + JE am *l(JR* + Sla> 2 £ 2 ) 

+ S,., TO 2/(i? 2 + 225co-L-) + . . . ] 

Example. A three-phase 50-cycle alternator has a delta-connected arma¬ 
ture winding for which the resistance and inductance per phase are 0-025 Cl. 
and 0*4 mil. respectively. The no-load E.M.F. wave-form contains third, 
ninth, and fifteenth harmonics (together with others) which have amplitudes 
of 4 per cent, 2 per cent, and 1-5 per cent of that of the fundamental. Calcu¬ 
late the circulating current at no-load when the excitation is such that the 
amplitude of the fundamental of the E.M.F. is 850 volts. 

The reactance per phase ( coL) at 50 frequency 

= 314 x 0-4 x lO" 3 = 0-126 Cl. 

Hence, for the 3rd, 9th, and 15th harmonics we have 

9co 2 JC 2 = 0-142 Cl.; 81 co 2 L 2 = 1-28 Cl. ; 225co 2 R 2 = 3-55 Cl.. 
whence the values of the corresponding (impedance per phase) 2 are 

R 2 q_ 9co z L 2 = 0-1426 Cl. ; R 2 + 81co 2 i 2 = 1-2S06 Cl. ; 

R 2 + 225co 2 L 2 = 3-55 Cl. 

The maximum values, or amplitudes, of the E.M.Fs. due to the 3rd, 9th, 
and 15th harmonics are 

£J Sm = 0-04 X S50 = 34 V. JS Qm = 0-02 x S50 = 17 V. ; 

& 15m = 0-015 X 850 = 12-7 V. 

Hence I c = 0-707 V [(34 2 /0-1426) + (17 2 /l-28) + (12-7 2 /3-55)] = 64-8 A. 

Power in Three-phase Circuits in which the E.M.Fs. and Currents 
are Non-sinusoidal. The. total power in a polyphase system in 
which the E.M.Fs. and currents are non-sinusoidal is equal to the 
algebraic sum of the power supplied by the several harmonic 
components of the current and E.M.F. Hence in the case of a 
three-phase, three-wire system with balanced loads we have 

P = -v/3 -V X I X cos <p x 4- cos <p 5 

4- cos g? 7 4- 


(156) 




310 


ALTERNATING CURRENTS 


where V ±9 V B , V 7 , . . - / l5 I 5 , / 7 , . * - denote the line voltages and 
currents, respectively, due to the several harmonics. 

In the case of a four-wire system, the neutral wire provides a 
path for the circulation of currents of triple frequency and multiples 
thereof. The power is therefore given by 

P = y/3 .V ± I X cos <p ± -f- VS-fVg cos <p 3 + ^/3. °os <p 5 

+ *\/3.V 7 I 7 cos qp 7 + . . . . . (157) 

which is greater than that in the corresponding three-wire system 
by the amount of the powder due to the third harmonic and its 
multiples. 


Harmonic Aistajlysis 

General. The process of determining the magnitude, order, and 
phase of the several harmonies in a complex periodic curve is called 
harmonic analysis. The analysis may be effected by analytical, 
graphical, or mechanical methods, the mechanical method involving 
the use of a special instrument called a tc harmonic analyser/’ 

All methods of analysis are based upon Fourier’s theorem, which 
states that any single-valued complex periodic function can be 
resolved into a series of simple harmonic curves, the first of which 
has a frequency equal to that of the complex function. Thus, if 
y Q denotes the magnitude of any ordinate at abscissa 6 of the 
complex curve, then, generally, 

y ~ Eq 4- E-l Si n(d 4- «i) + F 2 sin (2d -f- a 2 ) 

4~ F z sin (3 6 4- a 3 ) 4~ - - - 

where F Q , F X) F F 3 , . . . are constants, and cq, a a , a 3 . - . are 
the phase differences of the harmonic components with respect to 
the complex wave-. The constant F 0 is required only in cases 
where the mean value of the ordinates for a cycle of the complex 
wave is not zero. Hence if the reference axis is so drawn that the 
mean value of the ordinates for a cycle is zero, the equation to the 
curve is given by 

y & = p T sin(d 4- cq) 4- F 2 sin(2d 4 - a 2 ) 

4- F 3 sin(30 4 - a 3 ) 4 - . . ,. . . (158) 

and, when only odd harmonies are present, we have 
y B = F ± sin(d 4- oq) + F z sin (3d 4- cc 3 ) 

4- F 5 sin (5d 4~ « 5 ) 4-.(158a) 

This equation is representative of the complex E.M.F. and current 
waves 'which are met with in alternating-current work. 
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The number of terms which may be necessary to express the 
function with absolute exactness depends upon the extent to which 
the complex curve deviates from a sine curve 

The number of terms to be included in the analysis depends on 
the degree of accuracy desired. For commercial purposes analysis 
as far as the fifth harmonic is generally sufficient, as the principal 
harmonics which occur in alternating-current systems are the third 
and the fifth. In special cases it may be desirable to carry out the 
analysis so as to include harmonics of the 17th, or higher, orders. 
These higher harmonics occur principally in generators and are 
due to magnetic pulsations ; their amplitude is usually very small 
in comparison with that of the fundamental. 

Analytical Methods of Analysis. With these methods the con¬ 
stants F %3 F 3 , . . . , and the phase angles a x , oc 3 , . . . , are obtained 
indirectly. Thus, since sin ( 6 ? -f -ct) — sin 0 cos a. -f- cos 6 sin a, each 
term of the series 

ye F x sin ((9 -f- a x ) + F 3 sin(3(9 -f- a 3 ) 

-f- F 5 sin (56 + a 5 ) -f- . . . 

can be expressed as the sum of a sine and cosine term. 

Effecting this transformation, we have— 
y Q = _F X sin 6 cos a x ~f- E 3 sin 36 cos a 3 

+ F 5 sin 56 cos a 5 . . . 
d- F- L cos 6 sin a x -j- F s cos 36 sin a 3 

F 5 cos 56 sin a 5 -f- . . . . . (1586) 

Substituting A x for F x cos « x , A 3 for F 3 cos a 3 , etc. ; B ± for F x sin ce x , 
B 3 for F 3 sin a 3 , etc., we have 

y == A x sin 6 -+- A 3 sin 36 -f- A 5 sin 56 -f* . . 

—j— B x 6 — f— B 3 cos 30 —{— B 3 cos 56 — j— .... . (lo9) 

Hence A ± 2 - f- E x 2 = F x 2 cos 2 a x -j- F x 2 sin 2 a x = F x z , 

Whence F x = a/(-^i 2 + -^i 2 ) 

Similarly F 3 = V(A 3 2 + -# 3 2 ) l &5 = V(A & 2 -f- -S 5 2 ) l etc. 

Also A x j.B x = F ± cos a x jF x sin cc 1 — cot a x 

Whence a x == tan -1 B x jA x 

Similarly cc 3 — tan 1 B 3 /A 3 ; 

ct 5 = tan- 1 B s jA & ; etc. 

The coefficients A x , A 3> A & , . . . , B x , B 3 , B Si . . . , are best 
evaluated by a summation, or integration, process, and the labour 
may be shortened considerably by suitably selecting the ordinates 
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and grouping the terms as shown later. The summat io n process 
Is based, upon tbe following theorems of the integral calculus— 


sin 3 d6 


sin md sin n6 dd 


cos 2 0 dd = h 


cos mQ cos ?z6 ) = 


sin mQ cos ?id dd = 0 


f O when m ^ n 
' 0 when m = 0 , n - 


0 when m n 
■ when m — 0 , n — 0 


where m and n are any positive integers. 

For instance, to evaluate A x multiply equation (159) throughout 
by sin d and integrate between the limits 0 and 7 t,* thus 

f (y e sin 6)dQ — j ^4-l sin 2 0 -f- A 3 sin 30 sin 0 
do do 

+ A s sin 50 sin 0 -f- . . . 

-f- B x cos 0 sin d -j- B 3 cos 30 sin 0 
-j- -S 5 cos 50 sin 0 -{- . . . \ dd 
— i w 

Hence 

A 2 = 2 x — / (ifa sin 0) dd 

d Q 

= 2 x mean value of y e sin 0 for the half period. 

Similarly, 

A 3 = 2 x mean value of y d sin 3d for the half period. 


B x — 2 x mean value of y 9 cos 6 for the half, period. 
B 3 — 2 x mean value of y d cos 30 for the half period. 


Method of Su mm ation with Ungrouped Terms. The mean value 
y q sin Q may be obtained simply by dividing the half period into 
a number of equal parts (the number of parts depending upon the 
accuracy desired), by means of ordinates erected at equidistant 
intervals, the first ordinate being erected at abscissa zero ; 

* "With wave-forms io. which the two half-waves are symmetrical, only one 
half of the wave need, be considered in analysis. 
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multiplying each ordinate by the sine of the angle corresponding 
to the abscissa ; adding the products and finally dividing the sum 
by the number of intervals. 

The mean value of the other products —y sin 36, y sin 56, etc._ 

is obtained in a similar manner, except that the ordinates are 
multiplied by sin 36, sin 56, etc., instead of sin 6 . 

For example, if the half period is divided into six equal parts 
by ordinates erected at abscissae 0°, 30°, 60°, 90°, 120°, 150°, 1S0°, 
and the values of these ordinates are denoted by y 0 , y 30 , y 60 , y &Qj 
Vi 20 > 2 /iso> 2 /iso> respectively, then 

= 2 \ i-(y 30 sin 30° + y 6Q sin 60 ° + y 90 sin 90° + y 120 sin 120° 
+ 2 /iso sin !50 o + 2/ 1S0 sin 180 °) \ 

Similarly 

= 2\i (p H0 sin 90° + 2/eo sin 180 ° + y m sin 270° 

+ y 120 sin 360 ° -f- y 150 sin 450 ° 

+ y 1S0 sin 540°) \ 

B x = 2 { 6 (2/so co ® 30 ° + y 60 cos 60 ° + y 90 cos 90 ° + y 12Q cosl20 ° 
+ 2/iso °os 150 ° + 2/iso cos 180 °) £ 

= 2 \i(yso c °s 90° -{- y 60 cos 180 o +y 90 cos 270 -f- y 120 cos 360° 
+ 2/iso c o s 450 ° -f- y 18Q cos 180 °)] 

On the assumption that all harmonics present in the wave-form 
have been included in the analysis, a cheek upon the accuracy of 
the calculations may be obtained by the application of the following 
rules*— 

(1) Ordinate at 90° = y 90 = A ± — A B -f- A s — A 7 -j- . . . 

( 2 ) Ordinate at 0 ° == y 0 = -f- JB S -f- JB 5 4~ E 7 -J- - . . 

Example. Analysis of E.M.E. wave (Eig. 202) for odd harmonics up to, 
and including, the fifth. 

The half-period is divided into twelve equal parts by ordinates erected at 
abscissae 0°, 15°, 30°, etc., the values of the ordinates being as follows- 

Abscissa 0° 15° 30° 45° 60° 75° 90° 105° 120° 135° 150° 165° 180° 

Ordinate 0 24*5 51 84-2 126 171 191-5 180 152-3 119 S2 41 0 

The calculations are best carried out in tabular form and are 
given in Table VII. 

* o — A x sin 90° 4- A 3 sin(3 X 90)° + -A s sin(5 X 90)® . . . 

+ B x cos 90° 4- B s cos(3 X 90)® 4- J5 a cos(5 x 90)°4- - 

— jt x — A s -f~ A 5 ... 

?/ 0 = A x sin 0° + A a sin 0® + A s sin 0° + . - - 

4- B x cos 0® + B a cos 0® 4- B a cos 0® 4- . . , 

— 4- B z 4- B 5 4~ - - 



Analysis of E.M.F. Curve Up to Fifth Harmonic 
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Equation to curve—e = 167 sin (0 -4-8°) + 20-9 sin(30 + 158-7°) + 6-2 sin(50 + 42-4°) 

These discrepancies indicate that other harmonics are present in the wave-form, and that the present analysis only gives an approximation to the equation 
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Summation Methods Employing Grouped Terms. With these 
methods the A and JE$ coefficients are obtained by so choosing the 
number of ordinates that certain terms may be grouped together 
to enable the multiplication operations to be effected upon art 
assemblage of terms instead of upon individual terms. IBy these 
means the labour involved in the summation is shortened con¬ 
siderably, but in certain cases—chiefly those in which the analys is 
includes only harmonics of low ordets, and the number of ordinates 
is relatively small—the accuracy is not equal to that of the longer 
methods in which a relatively large number of ordinates are 
employed. The accuracy of 
the shorter methods, how¬ 
ever, is usually sufficient for 
commercial purposes. 

In the method due to 
Runge and, Thompson the 
number of intermediate ordin¬ 
ates in the half-period of the 
wave to be analysed is chosen 
equal to the order of the 
highest harmonic required, 
and these ordinates are treated 
in supplemental pairs, the 
sum and difference of each 
pair being determined. The 
sums contain only A, or sine, 
coefficients and the differences 
. contain only JB, or cosine 
coefficients. 151 The terms are then grouped so as to avoid repetition 
of the multiplication operations, special groupings being possible 

* Thus, 

2/0 + 2/(7t_0) = \_A X sin 0 -p A z sin 3 6 A. 5 sin 50 -p - - - 

-f- 13j_ cos 6 + B 3 cos 36 -P JB 5 cos 50 -p - . . ] 

-P sin (tc — 6 ) 

-h A s sin 3(tc - 0) -h A. s sin 5(— - 0) -P - - - 
-P JB X cos (tc — 6 ) -P cos 3 (tc —6 ) 

-P JB S cos 5 (tc — 6) 4- . - -1 
= 2 A x sin 0 -p 2A 3 sin 30 -p 2 A s sin s 0 -p . - - 
V6 ~ yi.'v-e.) — L-^-x si 13 - 0 -l- -^a sin 30 -p - - - -P B x cos 6 -p JB 3 cos 30-p.- ] 

— [A x sin (tc — 0 ) + -4 3 sin 3(~ — 0) + . - . 

-P JB X cos(tc — 0) -p JB Z cos 3(— — 0) -p - - * 3 
= 2JB X cos 0 -P 2J3 3 cos 30 -P . . . 


JO 120 1 
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Fig. 202. Wave-foem or E.M.F. 
Analysed ilst Tables VII alstd X 
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for the third harmonic and its multiples. The manner in which the 
orouping is effected is best shown by considering a few typical cases. 
“ I Analysis of a periodic curve for odd harmonics up to, and 
including, the fifth. Ordinates are erected at abscissae 30“, 60°, 90°, 
120°, 150°. The sums and differences of the ordinates of supple¬ 
mental angles are determined, the sums being denoted by a x , a,., 
a 3 , . . . and the differences by d 1 , d 3 , d a , .... This portion of the 
analysis is best carried out by arranging the quantities in horizontal 
rows, thus 

Ordinates j 


2/eo 

2/l20 


V 90 


Sums (2/so + 2/iso ) =a i 

Differences (y 3Q — y 150 ) — 


(2/60 + 2/x2o) — a '2 
( 2/60 2 / 120 ) ~ ^2 


2/90 - a 3 


The method of obtaining the grouping of the terms for the 
multiplication processes is best shown by carrying out the sum¬ 
mation accor din g to the previous method. Thus, from p. 313, 
we have 

A x = 2 \ i (y 30 sin 30 ° 4- 2/eo sin 60 ° + 2/90 sin 90 0 + 2/120 sinl20° 
+ 2/iso sin 150°) ] 

= i £ (2/30 -+- 2/iso) Sin 30° 4- (2/60 + 2 / 120 ) sin 120° 

4- 2/90 sin 90 0 \ 

= J (a x sin 30 0 4- sin 60 0 + a 3 sin 90 0 ) 

A s = 2$ilj/3oSm(3 X 30)° 4-3^ 0 ein(3 X 60)°4-2/ 90 (3 X 90)° 
4- 2/120 sin (3 X 120 ) 0 4~ 2/150 sin(3 X 150)°] \ 

= - 3 - \ ( 2 /so ~r 2 /iso) sin 90°4~ ( 2 /eo + 2 / 120 ) sin 180° 

4 - y 90 sin 270 0 ^ 

= \ {a x sin 90 0 4- a 2 sin 180 0 + a 3 sin 270 0 ) 

= l~(«i — « 3 ) sin 90° 

= i 

where c ± = a x — a 3 . 

4 5 = 2 \ i[&r 30 sin(5 X 30)° 4~ 2/eo sin(5 X 60)° 

4- 2/90 sin(5 X 90)° + y 120 sin(5 X 120)° 

4- 2/iso sin(5 X 150)°]^ 

= i \ (2/so + 2/iso) sin 150° 4" (2/eo + 2 / 120 ) sin 300 c 

4- y 90 sin 450 0 $ 

= J {«% sin 30 0 — a 2 sin 60 0 4~ ^3 sin 90 0 ) 
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B t = ( 2 /so cos 30 ° -h 2/ 60 cos 60 ° + y 90 cos 90 ° 

+ 2/120 cos 120° 4- y X50 cos 150°) \ 

= i | (2/30 - 2/ iso ) cos 30°+ ( 2/60 - 2 / 1 . 20 ) cos 60 0 
4- 2/ so oos 90°} 

= ^(^1 cos 30° -}- d 2 cos 60°) 

^3 = 2^(2/ 30 cos (3 X 30 ) 4~ y go cos (3 X 60 ) 0 4~ y go cos (3 x 90 ) 0 
-f- 2/120 cos (3 X 120) 0 4~ 2/150 cos (3 X 150)°| 

= 3 { (2/so ~ 2/iso) cos 90° 4 - ( 2/ 60 - 3 / 120 ) cos 180 0 J 
= d 2 cos 180 0 

= - i <4 

S 5 = 2\ i ( 2/30 cos (5 x 30 °) 4- 2/eo cos (5 X 60 °) 4- y m cos (o X 90°) 
+ 2/iao cos(5 X 120°) 4- 2/150 cos(5 X 150°) \ 

= (2/so — 2/iso) cos 150° 4- (2/eo ~ 2 / 120 ) cos 300 0 £ 

= i:(— d x cos 30° 4- d z cos 60°) 

Observe that the same products are involved in the coefficients 
of both the first and fifth harmonics. Hence, if the products are 
arranged alternately in two vertical columns (see Table VIII), one- 
third of the sum of the totals of the columns gives the coefficient 
for the first harmonic, or fundamental, and one-third of the difference 
of the totals of the columns gives the coefficient for the fifth harmonic. 
Observe also that terms a x , a 3 , may be grouped together and treated 
as a single term (c x ) in obtaining the products for the third 
harmonics. 

II. Analysis of a. periodic curve for odd harmonics up to, and 
including , the eleventh. In this case we can obtain special groupings 
for both third and ninth harmonics. 

Thus, denoting the eleven equidistant intermediate ordinates 
(erected at absciss se 15°, 30°, 45°, etc.) by y x5 , y 3Q °, etc., and 
taking tbe sums and differences of ordinates at supplemental 
angles, as above, we have 



2/15° 

y 30° 

y 45° 

y 60 ° 

2/75° 


2/165° 

2/150° 

2/135° 

2/l20° 

2/105 3 

Sum 



6E 3 


a o 

Difference 

4 

d 2 

d 3 

4 

a . 



Schedule for Analysis of Periodic Curve m* to Fifth Harmonic 



Equation to cum—y - F ] sin(0 + aj + F 3 sin (30 + a 3 ) -f F 5 sin (50 + a 3 ). 
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Now the coefficients for the third harmonics are given bv 

A .3 = i(a ± sin 45° + a 2 sin 90° + a 3 sin 135° + a 4 sin 180° 

~h a 5 sin 225 ° + a e sin 270 °) 

= k («i sin 45° + a 2 sin 90° + a 3 sin 45 ° -f- 0 - a 5 sin 45 ° 

— a e sin 90 °) 

= i i Oi + a 3 ~ <%) sin 45° -j- (a 3 - a 6 ) sin 90 ° \ 

— ( c i sin 45° ~f- c a sin 90°) 

where c x — (^i -j - a 3 — a B ), and c 2 = (a 2 — a 6 ) 

B 3 ~ i(^i cos 45° d 3 cos 90° + cos 135° -f- d A cos 180° 

-f- d s cos 225 ° + d 6 cos 270 °) 

= "G- (<^1 cos 45 ° -+- 0 — d 3 cos 45 ° — — <7 5 cos 45 ° -j- 0) 

= i \ — ^3 — ) COS 45 ° - j 

— i(gh COS 45 ° — d A ) 
where g x ~ (d x - d 3 — d s ) 

The coefficients for the ninth harmonic reduce to 
A. s = i \ (a 1 -{- a 3 — a 5 ) sin 45 ° — (<z 2 — a 6 ) sin 90° J 
== ^(c-l sin 45 ° — c 2 sin 90°) 

B 9 = ^ ^ — d x -f~ d 3 -f- ) cos 45 ° — d A 1 

. — (— g± cos 45 d 4 ) 

Hence the coefficients for the third and ninth harmonics can be 
evaluated together. 

Similarly, the coefficients for the first and eleventh harmonics 
can be evaluated together, as well as those for the fifth and seventh 
harmonics. Thus 

4i = ^(cij sin 15° + a z sin 30° -f- a s sin 45° -J- a & sin 60° 

-j- ci 5 sin 75° -j~ cc e sin 90°) 

A xx === %{ci x sin 15 0 — a 2 sin 30 0 -f- a 3 sin 45 0 — cz A sin 60° 

-j- sin 75 0 — a 6 sin 90°) 

jB x = %(d x cos 15 0 -J- d 2 cos 30 0 -f- d 3 cos 45 0 -J- d A cos 60 0 
+ d 5 cos 75 °) 

JB XX = £(— d x cos 15 0 + d z cos 30 0 — d 3 cos 45 ° -j- d A cos 60° 

— d 5 cos 75°) 
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A 5 = sin 75° 4~ « 2 sin 30 °-a 3 sin45°- a 4 sin 60° 

a- sin 15° -+- a e si * 1 90 °) 

4 7 = x sin 75° - « 2 sin 30°-% sin 45° -+- sin 60° 

-f- a- sin 15°-a e sin 90 °) 

B a _ x cos 75° - d 2 cos 30° - <2 S cos 45° -f- <2 4 cos 60° 

— d a cos 15°) 

J3 7 = i-(— c? x cos 75 ° — cZ 2 cos 30 -f- cZ 3 cos 45 -f- <^4 cos ° 

-f- e £ 5 cos 15°) 

The schedule is therefore arranged according to Table IX. 

Example. Analysis of the E.M.F. curve given irx IB'ig. 202 for 
harmonics up to, and. including, tin© eleventh. 

The values of the ordinates at abscissae 15°, 30°, - - - are as follow 
Abscissa 15° 30° 45° 60° 75° 90° 105° 120° 135° 150° 1€ 

Ordinate 24*5 51 S4-2 126 171 191-5 ISO 152-3 119 82 4 

Talcing sums and differences of ordinates of supplemental angles, we 1 
; 24-5 51 84-2 126 171 191-i 

Ordinates 41 s2 119 152-3 ISO 

Sums 65-5( = ) 133 ( = n 2 ) 203-2(=« s ) 27S-3( = a 4 ) 351( = c* 5 ) 191-5( = 

Differences —16*5 ( = d x ) —31 ( =d 2 ) —34-S ( = d 3 ) —26- 3( = d 4 ) — 9 ( == cf 5 ) 

Grouping for third harmonic- 

c x = ct-L -f- cs 3 — cl 5 == 65-5 -J- 203-2 — 351 — — S2-3 

c 2 = - a G = 133 — 191-5 = — 58-5 

< 7 L = d x — d 3 — d s — — 16-5 -+- 34-8 -+- 9 == 17*3 

The remaining calculations are given in Table X. 

Ill. Analysis of a, periodic, curve for odd harmonics up to , 
including, the seventeenth. In this case special groupings 
obtained for the third, ninth, and fifteenth harmonics. 

Seventeen equidistant intermediate ordinates are erected 
abscissae 10°, 20°, etc. 

The sums and differences of ordinates at supplemental angles 
obtained and tabulated thus- 




2 / 20 ° 

1/ 30° 

y* o° 

2/so° 

2/oo° 

y 7o° 

y so° 

V 90 ' 


y± 70 0 

2/l60° 

2/iso° 

2/1^0° 

2/l30° 

2 / 120 ° 

2 / 110 ° 

2 / 100 ° 

2/90 

Sums 



ct- 3 


^5 

a G 

a n 

®s 

Ct>Q 

Differences 



d s 

d ,* 

d B 

d ( . 

d 7 

d a 
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Schedule dor Analysis of Periodic Curve up to Eleventh Harmonic 



Aquation to curve—y = 1\ sin(0 + Gj) + ^3 4* a z) + ^5 siii(50 + a J + ^7 ® n (^ + fl?) + ^9 + flj) 

+ J^n sin(110 p %)• 



TABLE X 

ny E.M.F. Curve ot to Eleventh Harmonic 
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The coefficients for the third, ninth, and fifteenth harmonics 
reduce to the following expressions—- 

A 3 = i- \ («! A- cl 5 ~ a 7 ) sin 30° -f- (a 2 -f- a 4 - a s ) sin 60° 

-1- («3 — # 9 ) sin 90° j 

= V (<h sin 30 ° H- c 2 sin 60 ° + c 3 sin 90 °) 
where c ± = (a 4 -f- a 5 — a 7 ), c 2 = (a 2 -f- a 4 - a s ) and c 3 = (a 3 — a 9 ) 

A g = i £ (°h - ct 3 + a 5 - a 7 + « 9 ) sin 90° £ = 1 c 4 sin 90° 

where c 4 — (a x — a 3 -f- a 5 — a 7 -f- a Q ) 

A -— ji ^ (c&j ~f~ <^5 7 ) sin 30 — (ci 2 ~j~ #4 — a s ) sin 60 0 

A~ (a 3 — a 9 ) sin 90 0 ^ 

= -J- C c 3 _ sin 30° — c 2 sin 60° -f- c 3 sin 90°) 

E 3 == y- ^ cZg d 7 ) cos 30 0 —f— (cZ 2 — d 4 — d 8 ) cos 60 0 — d G 

== w(ffi cos 30° + g 2 cos 60° - d G ) 
where g 1 — (d 4 — d 5 — d 7 ), and g 2 = (d 2 — d 4 — d 8 ) 

Eq — £ (— <^2 d - d 4 — d 6 A- d a ) — j? g 3 

E 15 = * \ (— d x A~ do H~ d 7 ) cos 30 0 A- (d 2 — d 4 — d 8 ) cos 60 0 d G ^ 
= i(g 2 cos 60 0 — d 6 — g ± cos 30 °) 

Hence the groupings for these harmonics are 


Third and fifteenth 
harmonics 

Minth harmonic 


ITor Sine terms. 
a x A- a 3 ~ ct 7 — c x 

« 2 + ~ a Q ~ C 2 

CL 3 Cl 9 = C 3 

+ a 5 -a 7 A~a 9 = 


For Cosine terms. 

di-d s - d 7 = g x 
d 2 ~~ d 4 -d s = cj 2 

*4 d'2 —f d 4 d 6 A~ d& 

= g 3 


The schedule is arranged according to Table XI. 

IV. Analyses for harmonics higher than the seventeenth. If an 
analysis is to include the 23rd harmonic, special groupings can be 
obtained for the 3rd, 9th, 15th, and 21st harmonics ; while, if the 
29th harmonic is to be included, special groupings can be obtained 
for the 3rd, 5th, 9th, 15th, 21st, 25th, and 27th harmonics. 

In general, as the analysis is extended to include still higher 
harmonics, the number of harmonics for which special groupings 
of the terms may be obtained, increases. 

The determination of the €c grouping coefficients ” (c, g) and the 
preparation of schedules for these cases are effected by methods 
similar to those already given. 



CHAPTER XV 

MAGNETIZATION OF IRON BY ALTERNATING CURRENTS 

Effects Due to Alternating Magnetization. The magnetization of 
iron by alternating current produces phenomena which are absent 
when the iron is magnetized by direct current. In the latter case, 
assuming a closed magnetic circuit, a given steady current in the 
magnetizing coil results in a definite flux in the iron, and hysteresis 
manifests itself only when changes occur in the magnetizing current, 
the resulting flux due to a given current being then dependent 
upon whether this current is greater or less than the previous 
current. 

With a steady magnetizing current ( i ), the impressed E.M.E. 
(v) at the terminals of the magnetizing coil is given by v = iR, 
where R is the resistance of the coil. Rut, with a varying current, 
the impressed E.M.F. contains a component which balances the 
E.M.E. induced in the coil by the variations of the flux. Moreover, 
the changes in the flux also induce E.M.Es. in the iron core and set 
up eddy currents therein. The eddy currents cause a loss of energy— 
which is expended in heating the core—and produce a magnetic 
reaction tending to damp out the variations of the flux. An 
additional loss of energy, due to hysteresis, occurs in the iron core 
during each cycle of magnetization, and is expended in heating the 
core. Further, both hysteresis and eddy currents cause a phase 
displacement between the magnetizing current and the flux. Hence 
with alternating magnetization the current (maximum value) 
required to produce a given flux (maximum value) is larger than 
that required when the flux is non-alternating. 

Therefore when iron is magnetized by alternating current, both 
the current in the coil and the potential difference at its terminals 
will have higher maximum values, for a given maximum value of 
the flux, than those when the magnetization is produced by steady 
current. Also, due to the varying permeability of the iron, and 
hysteresis, the wave-form of the current is distorted and is no 
longer of similar shape to that of the impressed E.M.F. 

[Note. The distortion becomes greater as the magnetic saturation 
increases ; it is affected similarly by the hysteresis loss. ] 

The wave-form of the current may be easily obtained when the 
hysteresis loop of the iron is available and the wave-form of the 

324 



MAGNETIZATION OF I BON 325 


flux is known ; the method is a graphical one and is described 
later (p. 326). 

Flux Wave-form. The wave-form of the flux can be obtained 
when that of the impressed E.M.F. is known, provided that the 
voltage drop due to the resistance of the magnetizing coil is 
negligible. Thus, if v denotes the impressed E.M.F., i the current, 
R the resistance of the magnetizing coil, and e the E.M F. induced 
in the latter due to the variations of the flux, we have 

v — —(e -f- iR) 

and, when iR is negligible, v = — e. 

Now e = — (N X 10~ 8 ) d<£> /dt, where N denotes the number of 
turns in the magnetizing coil, and O denotes the value of the flux 
at the instant t. Hence 

10 a r 10 s r 

$> = -^jrJe.dt=—Jv.dt . . . . (165) 


Thus the curve obtained by the integration of the wave-form 
of the impressed E.M.F. represents the wave-form of the flux. 

If the impressed E.M.F. is sinusoidal, i.e. v = V m sin cot , 


0 > 


X 10 s 


N 


I 


sin cot . dt = — 


Vm X 1 0 s 

Nco 


- cos cot 


X 10 s 


Nco 


sin (cot — -I-tt) (166) 


Thus the flux is sinusoidal and lags 90° with respect to the 
impressed E.M.F. 

The maximum value (<E> W ) of the flux is given by 
<£> m = V m X 10 8 /Nco =a/2-Fx 10 s /2-.-rfN 

= V X (167: 


where V denotes the H.M.S. value of the impressed E.M.F., and f 
the frequency. 

If the impressed E.M.F. is non-sinusoidal, and only odd harmonics 
are present, let V av denote the mean value of the E.M.F. during 
the half-period (= IT seconds) between two successive zero 
values. Then 


V 


av 



~ T v . dt 

~w 

IT 

v .dt = \TV 


av 


and 
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f vc 

Now / v . dt 

<J O 

maximum value 


represents, under the conditions stated, the 
of the indefinite integral f v . dt, and therefore 


if the value {iTV av ) of the definite integral is substituted in 
equation (165), the resulting expression [ (|-T V av ) 10 8 JN ] represents 
the maximum change (A<D) W in the flux during a half-period 
i.e. (A<D) m = (lTV av )lO a /N. Since the E.M.F. wave-form is 
assumed to contain only odd harmonics, then only odd harmonics 
are present in the flux wave-form, and the positive and negative 
half-waves are identical in shape. Hence, if <I>, m denotes the 
maximum value, or amplitude, of the flux wave, then the maximum 
change in the flux during a half-period is equal to twice the 
amplitude and is given by (AO ) m = 


Substituting the above value for (AO) m , we have 


20 w = (%TV av )10*/N 
Whence O m = TV av X 10 s M 


= 10 *V av /4:fN .... (167a) 

since T = 1 //. 

Hence for a given frequency (/) and number of turns (N), the 
maximum value of the flux depends only upon the mean value of 
the impressed E.M.F. Conversely, the mean E.M.F. induced in a 
coil by an alternating flux depends only upon the maximum value 
of the flux—the frequency and number of turns being constant— 
and is unaffected by the shape of the.wave-form of the flux. 

Denoting the form factor—i.e. the ratio (R.M.S. value/mean 
value)—of the E.M.F. wave by Jc f3 we have 
V av = V jk f 

where V is the R.M.S. value of the impressed E.M.F. 

Hence O w = V x 10 s j4kh f fN . (1676) 

If the E.M.F. in sinusoidal, Tc f == 1*11, and the expression (1676) 
reduces to (167), i.e. 

= V X 10 s /4-44/A 7 

Wave-form of the Magnetizing Current. The wave-form of the 
magnetizing current is deduced as follows— 

Assuming the hysteresis loop and the wave-form of the flux, or 
flux density, to have been plotted in rectangular co-ordinates, 
select a convenient number of points, say twelve, on the flux 
curve and determine the magnetizing current for each point from 
the corresponding points on the hysteresis loop (Fig. 203). Plot 
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the currents so obtained to the same abscissae as the flux curves 
and draw a curve through the points. Thus, in Fig. 203, the 
flux-density curve, B , has been plotted to the same ordinate scale 
as the hysteresis loop (which has been plotted in terms of flux 
density, B , and magnetizing current, 7). By arranging these 
curves side by side, the selected points, 1-12, on the flux curve are 
projected across to the hysteresis loop, and the corresponding 
values of currents are marked off as points 1'—12' on the respective 
ordinates of the flux curve. 

A similar method can be used to determine the wave-form of 



4 

Fig. 203. Method oh D-EXERMnsriNG Wave-foem of Magitotizifg 

Ctjeee ftt 


the flux corresponding to a given wave-form of current. Fig. 204 
gives the wave-form of the flux when the magnetizing current 
follows a sine law and the hysteresis loop is the same as that given 
in Fig. 203. 

Wave-form of Induced E.M.F. When the shape of the flux 
curve is known, the wave-form of the induced E.M.F. may be 
readily obtained since each point on the E.M.F. wave is proportional 
to the differential coefficient of the corresponding point on the 
flux wave. 

[Note. The diff erential coefficient of any point on the flux 
wave may be determined either graphically, by drawing the tan¬ 
gent at that point and calculating its value, or analytically, by 
calculating the quantity A<J>/A t.~\ 

Referring to Fig. 203 we observe that when the flux is sinusoidal 


Amperes. 
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the magnetizing current wave-form is distorted. Moreover, although 
the maximum ordinate of the current wave coincides with the 
maximum value of the flux, the zero values of current occur earlier 
than those of the flux. This non-coincidence of the zero values of 
current and flux is due to hysteresis.* 

We also observe that the half-waves of current are similar and 
symmetrical. Therefore only odd harmonics are present in the 
current wave. 

Analysis of Current Wave-form. If the current wave is analysed 



Fig. 204. Method of Determining Wave-iorm of Flxjx 

into its harmonics the results will show the presence of a funda¬ 
mental, and third, fifth, and higher harmonics ; the harmonics 
higher than the fifth being small in comparison with the third and 
fifth harmonics and the fundamental. Tor example, the analysis 
of the current wave in Fig. 203 gives the following result— 

i = 2-707 sin(0 + 9-3°) - 1-11 sin(30 +■ 10-3°) -+- 0*255 sin 
(50 - 48-2) 0*1 sin(70 - 59-3°) + 0-085 sin(90 - 83-2°) 

- 0-054 sin(110 -f- 82*6)° 

In Fig. 205 the fundamental of the current wave of Fig. 203 is 
denoted by i ± and the higher harmonics are grouped together in the 
curve marked i 2 - 

Equivalent Exciting Current. The power necessary to carry the 
iron through a cycle of magnetization is given by the product of 
the impressed E.M.F. and the fundamental of the current curve 
(since, with sinusoidal E.M.F. and non-sinusoidal current, only the 
fundamental of the current wave has a frequency equal to that of 
the E.M.F.), and this power is equal to the hysteresis loss. The 

* If hysteresis were absent, or negligible, the current wave-form would 
be in. phase with the fins: wave-form, but the former would, still show dis¬ 
tortion due to the variation of permeability of the iron with variation of 
magnetizing current. 
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fundamental of the current wave may therefore be resolved into 
power and wattless components with respect to the impressed 
E.M.F. wave. These components are shown in Tig. 205 by the 
curves i X7> and i Xw . 

The wattless component, i ±w , of the fundamental of the current 
wave, when compounded with the curve, i 2 , representing the third, 
fifth, and higher harmonics (which are wattless with respect to a 
sinusoidal E.M.F.) gives the curve marked i w , which represents the 
total wattless component of the current wave and is the true 



Explanation and data of curves— 

i, rtri:\ =1rr.V'".;dnl mn cmc-tir.ir." ■'uirrent. Fig. 1S7 

i ly i:: ."s'.-il <ti \>j -:.-i | 1 . i i ■“ i x = 2-7 sin (0 -f- 9-3°) 

i & , Ixiglier harmonics grouped together 

i x p, power component of i x —equation i x p — 0-437 qos 0 

i x w, wattless component of i x —equation i x w — 2-672 sin d 

iw, total wattless component of current wqve 

iw', equivalent sim- curve •' •• .-j.-i iw' = 2-9 sin 0 

I, equivalent exciting current—equation I inst — 2-935 sin (6 -f- 9-3°) 

magnetizing current. This curve, i w , may be replaced by an 
equivalent sine wave, i w ', having an H.M.S. value equal to I tu . 
Compounding the sine curve i w ' with the power component of 
the fundamental of the current wave, we obtain the sine curve I, 
which represents the equivalent sinusoidal current necessary to 
carry the iron through a magnetic cycle. This current, since it is 
compounded from the true magnetizing current and the power 
component of the current supplying the hysteresis loss, is called 
the exciting current , and the angle by which it leads the flux is 
called the Tiysteretic angle of advance, a. 

The vector diagram representing these conditions is given in 
Fig. 206, in which the vector 0<& m represents the flux, OI 0 the 
exciting current, OI w the magnetizing current, and OI^ the power 
component of the exciting current supplying the losses. Hence 

I a = VW + 
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Now the R.M.S. value of the exciting current may be obtained 
from the reading of an ammeter connected in the circuit of the 
magnetizing winding, and if the hysteresis loss is denoted by P h 
watts, the R.M.S. value of the power component of the fundamental 
of the current wave is equal to P h /E, where E denotes the R.M.S. 
value of the E.M.E. induced in the magnetizing winding. 

Whence I w = VUo 2 - (P*/P) 2 1 


Thus the R.M.S. value of the magnetizing current may be 
obtained when the exciting current, the hysteresis loss, and the 
E.M.E. induced in the magnetizing winding are known. If the 

pressure drop in the winding is small 
in comparison with the impressed 
E.M.E., then the induced E.M.E. 
may be taken as equal to the 
impressed E.M.E. 

Effect of Hysteresis and Magnetic 
Saturation on the “ Constants 55 of an 
Iron-cored Choking Coil. The general 
effect of hysteresis and magnetic 
saturation is to cause the power-factor 
$5 t of any iron-cored coil to be higher 
„ ^ _ than that calculated from the resist- 

“sko^SotT™ ance , and inductance of the magnetizing 
Hysteresis winding. Thus, with sinusoidal im 

pressed E.M.E. and non-sinusoidal 
exciting current, the power component of the fundamental of 
the exciting current supplies the losses, which, in the present 
case, include the I 2 R loss in the magnetizing winding and the 
hysteresis loss (with which should bp included the eddy-current 
loss, if any) in the iron core. If Pf denotes the iron losses, the 
total loss, JP, is given by 

P = Pi + I*JR, . | 

where I is the exciting current and R the resistance of the mag¬ 
netizing winding. Dividing throughout by I 2 , we have 



P/I 2 = P £ /I* + R 


The quantity P jl 2 represents the effective resistance R eff of the 
choking coil, and includes the true resistance (R) of the winding 
and the apparent resistance (PJI 2 ) due to the losses in the iron 
core. The effective resistance also includes the apparent resistance 
due to any eddy currents in the conductors. 
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If E denotes the impressed E.M.F., the effective impedance 
eft) of the choking coil is given by 

Hence the effective reactance is given by 

x 0ff = VK&/I)*- CP/-**) a ] 

Now the non-sinnsoidal exciting current ( I ) is larger than the 
sinusoidal magnetizing current which would be required to produce 
the same flux, and therefore both the effective reactance and the 
effective impedance of the choking coil are smaller than the 
calculated values obtained from the resistance and inductance of 
the magnetizing winding. 



Fig. 207. Pboductiok of Fig. 208. L^TvmsrA-Tioisr or Coubs 

Eddy Cxjujeien-ts ntsr Solid Subjected to AiTEENATme 

Core Flux 


Hence, since the power factor is given by (effective resistance / 
effective impedance), it follows that, due to iron losses and magnetic 
saturation the actual power-factor of the choking coil will be higher 
than that calculated from the resistance and inductance of the 
magnetizing winding. 

Eddy Currents. When a solid iron or metal core is placed 
longitudinally in an alternating magnetic field, the lines of force 
cut the core radially, the motion of the flux being towards the 
centre of the core when the magnetizing force is decreasing, and 
vice versa when the magnetizing force is increasing. Hence, 
E.M.Fs. are induced in the core, and these E.M.Fs. give rise to 
currents which circulate in the core in a direction parallel and 
opposite to that of the current in the magnetizing solenoid {see 
Eig. 207). These circulating currents are called eddy currents, and 
cause heating of the core. 

The energy, which is dissipated in the form of heat, is obtained 
by electromagnetic induction from the circuit supplying current to 
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the magnetizing solenoid. Moreover, the circulating currents 
produce a magneto -motive force which acts in opposition to that 
producing magnetization, and therefore the flux: due to a given 
current in the solenoid is smaller than that which would be obtained 
if the core were removed or replaced by one of non-magnetic 
material. 

Hence when large masses of iron—such as the cores of trans¬ 
formers and alternating-current machines, or heavy conductors— 
are subjected to alternating magnetic fields, means must be adopted 



Fig. 209 Fig. 210 

Pertaining to the Calculation of Eddy Currents in Wires 
and Plates 


to reduce the eddy currents to such values that the resulting heating 
and loss of energy is not detrimental to the efficiency and operation. 

The most effective means of reducing the eddy current loss is to 
laminate the material subjected to the alternating flux, the lamina¬ 
tions being parallel to the direction of the magnetic lines of force. 
For example, the core of Fig. 207 would be constructed either of 
iron wires of small diameter, or of thin iron sheets, as indicated at 
A and B, Fig. 208, respectively. In each case the individual wires 
or laminations must be lightly insulated from one another by a 
thin coating of insulating varnish, as, if the laminations are in 
electrical contact, the eddy current loss will be practically the 
same as with a solid core. 

Calculation of Eddy-current Toss. The loss due to eddy-currents 
in wires and laminations may be calculated easily when the flux is 
uniformly distributed over the cross section of the material. 

I. Eddy-current loss in round 'wires. Consider an elementary 
coaxial annulus of radius x cm. and width dx cm., in the cross 
section of the ware (Fig. 209). Then if d cm. denotes the external 
diameter of the ware, B m , the maximum value of the flux density 
(assumed to be uniform throughout the cross section of the wire). 
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the flux linked, with the annulus is and the R M.S. value 

(E t ) of the induced E.M.lh is given by 

E a . = dlCffB^rrcc" 2 x 10" 8 volts, 

whei’e 7c f is the form-factor or the flux wave and / is the frequency. 

The direction of the induced JE.M.F. is along the mean perimeter 
of the annulus, and for unit length (1 cm.) of wire the resistance 
in the path of current is 

r — 2rrocp /dec , 

where p denotes the specific resistance of the material in oh m -cm. 
units. 

Hence the loss, in watts, in this elementary ring due to the 
current circulating in it is 

P e = E^/r = E x 2 dxj27rccp 

= (4 hjfB m 'rraP X 10' 8 ) 2 dxj2rrxp 
= {&nk t *f*B m *ix* x 10 -™)dxjp 


Whence the loss in watts per cm. length of wire is 

p X 8 X 10 16 

Therefore the loss in watts per cubic cm. of the wire is 

p = n&rd*) 

= it7c f *j*B m *d* X 10 _16 /p 

= J i ( d J_ k,B m y 

2 ‘ P x io 6 \ xoo ioooy 

and the loss per kilogram of core is 


dx 


— jp j x io- 3 


( * ^ ( d 1_ W 

\a P x io 3 y V ioo ioooy 


(168) 


(169) 


where ex is the density of the wire in grammes per cubic cm. 

II. Eddy-current loss in thin plates. In this case, the thickness, 
<5, of the plate is assumed to be very small in comparison with the 
width, i.e. the dimension parallel to the direction in which the 
eddy currents circulate. The eddy currents may therefore be 
considered to flow parallel to the surfaces of the plate and will 
have opposite directions on either side of the centre line as 
indicated in Rig. 210 
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Consider two parallel elementary layers, A13, CD, in a plate at 
distances x cm. on either side of the centre line OO, Fig. 210. Let 
the thickness of each element be doc cm. and its length perpendicular 
to the paper be 1 cm. Then the flux enclosed per cm. length of the 
central portion of the plate (shown shaded in Fig. 210) bounded by 
the elements is 

B rn (2x x I) = 2x . B m 

Hence the E.M.F. (E x ) induced in the circuit formed by the 
elements (which is equivalent to an electric circuit of one turn) is 
E x — 4Jc f fB m . 2x X 10' 8 volts. 

How if the thickness of the plate is very small in comparison with 
the width, the length of the elementary circuit AJBCD may be 
considered as equal to twice the distance between the transverse 
boundary planes, and the resistance of this circuit per cm. length 
and depth of the plate is 

r — 2pj{dx X 1) ohms. 

Hence the loss, in watts, due to the circulating current in this 
circuit is 

R e - E^/r = E x *dx/2 P 

= (4 k f fJ3 m .2x X 10 ~ 8 ) 2 dx/2p 


and the total loss, in watts, per cm. length and depth of plate (i e. 
for a volume <5 cubic cm.) is 

1 f* 6 4 

?ei = 2p J E ^dx= — 5 3 X lO- 16 

Therefore the eddy current loss, in watts, per cubic cm. of the 
plate is 

p = £« = i_ x 10-10 


and the loss per kilogram is 




® (op X 10 s ) ( d 


f 7cfB m \ 

too ioooy 


Example. Calculate the edcly - current loss in watts per kg. of alloyed, 
iron plate for which the thickness is 0-5 mm., the specific resistance is 
50 x 10 _G ohms per cm. uufoe, the density is 7-5 gm. per cubic cm., and the 
maximum value of the sinusoidal flux density is 13,000 lines per square cm. 
at a frequency of 50 cycles per second. 

From the data we have 


a = 7*5 = 50 

p = 50 X 10" 6 k f = 1*11 

S = 0-05 & m = 13,000 
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Hence, substituting in equation (171), 

4 x 108 ^_ /Vos X 50 

* X 7*5 X 50 X 10 3 \ u UJ X Too 
= 0*462 W. 


1*11 X 13000 


y 


Note. In practice Ah© eddy-current loss is always in excess of that calcu¬ 
lated by the above method, the discrepancy being due to a number of causes, 
such as imperfect insulation between the plates, non-uniform distribution of 
the flux throughout the cross section of the cor© due to differences in the 
length of the magnetic path for different portions of the core, non-uniform 
distribution of the flux: throughout the cross section of individual plates due 
to the effect of eddy currents (see p. 339). 


Effect of Eddy Currents on Flux Distribution in Iron Cores. The 

E.M.F. (E x ) induced in an element of the cores of Figs. 209, 210, 
by the alternations of the (sinusoidal) 
flux may he represented by a vector, 

OE a.. Fig. 211, lagging 90° with respect 
to the vector, OI w , which represents 
the equivalent (sinusoidal) magnetizing 
current. The circulating, or eddy, cur¬ 
rent due to the E.M.F., E^ may be 
represented by a vector, OI x , lagging 
<p° with respect to OE ^ owing to the 
inductance of the path of the eddy 
current. 

Now when the core is concentric 
with the magnetizing winding, the path 
of this eddy current is concentric with 
that of the current in the magnetizing 
winding. Therefore the resultant mag¬ 
neto-motive force, to which the flux in the core is due, is equal .to 
the vector sum. of the M.M.Fs. due to the current in the magnetizing 
winding and the eddy current in the core. The component M.M.Fs. 
are represented by OA, OE in Fig. 211, the resultant M.M.F. is 
represented by OO, and the flux in the core (which is in phase with 
the resultant M.M.F.) is represented by 0<E> K . In general, the 
resultant M.M.F. will be smaller than that due to the magnetizing 
current, and therefore the resultant flux will not be in phase with 
the magnetizing current, and will be smaller than the flux which 
would be obtained if there were no eddy currents, other conditions 
remaining unaltered. 

When the effects of all the eddy currents in the core are con¬ 
sidered—which requires analytical treatment and is given later— 
the results show that, except in the cases of very thin wires and 
plates, the flux distribution over the cross section of the core is not 



Fig. 211. Vector Diagram 
Showing Eirect or Eddy 
Currents 
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uniform • the flux tending to concentrate towards the surface, 
or outer’layers, of the plates, or wires, forming the core. The 
eddy currents, therefore, produce a magnetic screening effect on 
the'central portions of the plate. Hence, with cores constructed 
of thick plates, a large percentage of the cross-section would be 
rendered magnetically ineffective by eddy currents, and therefore 
the average value of the flux density in the core may be very 

different from the com¬ 
puted value on the 
assumption of uniform 
flux distribution. 

The curves of Tig. 212 
show, for a particular 
brand of iron, tbat to 
obtain approximate uni¬ 
form distribution of flux 
throughout the cross sec¬ 
tion of the plate, the 
thickness should not 
exceed about 0-5 mm. 
(0-014 in.) when the fre¬ 
quency is 50 cycles per 
second, and about 0*35 
mm. (0-01 in.) when the 
frequency is 100 cycles 
per second. 



Various Thicknesses 
D otted curves show phase displacement of flux 
density in space. 


Calculation of Flux Distribution in Iron Core-plates in which Eddy Currents 
Circulate. The calculation, though involving the solution of a differential 
equation, is effected by the application of elementary principles. 1 bus, the 
chancre in flux density over the cross-section of a core-plate is related to the 
change, with respect to the cross-section, of M.M.F. due to eddy currents, 
and the latter is proportional to the change in the E.M.F. induced in the plate. 
In the calculations we shall assume that the flux in the core varies sinusoidally 
with respect to time ; that the individual core-plates are ins ulated from one 
another, and that the thickness of each plate is small in comparison with 
the width of the plate. 

Then, considering a single plate of thickness <5 cm., let two elementary 
parallel layers, each of thickness dec, be chosen in the cross-section at distances 
x cm. from the centre line, as represented in Fig. 210, p. 332. Fet 
denote the maximum value of the flux density (assumed to be uniform ') 
over these layers, and <I? mX the maximum value of the flux enclosed m unit 
width of plate by the inner surfaces, A.B, CJD, of the layers. Hence the 
maximum value of the E.M.F. induced in unit width of plate at a distance x 
from the centre line (i.e. along the inner surfaces) is given by 


E mx = co<3> wa , X 10-s = 2Tc/<D ma3 X 


io- 8 . 


Tills assumption is justifiable if the thickness dx is very small in comparison with <3. 
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Similarly, the induced E.M.F. at a distance (r + doc) from the centre line 
(i.e. along the outer surfaces) is given by 

Fm(ca ~f~ doc) === ^^ rn cc "4“ 2-Z? m£C c£:r) X 10" s . 


Whence 

F mas -^m(x + dec) = = 2^/(2#^ da?) X 10~ 8 = 4 izfB^dcc X 10" 8 . 

If p denotes the specific resistivity of the plate, the resistance of the circuit 
formed by the elementary layers, per unit width and depth of plate, is equal 
to 2 p/doc. Hence the eddy current circulating in this circuit is given by 
I'm sc, — F mod (%p (doc) — ID mx doc j 2p . 


The magneto-motive force (maximum value) due to this current is equal 
to 0-4tc I mx , and this represents the increment in magneto-motive force due 
to eddy currents for the elementary layers under consideration. Therefore 
the increment in flux density for the elementary layers is given by 
= P(0*4tt I mx ) = (0-2 tv £J mx /zIp)dx 
where p, is the permeability. 

Expressing dB mX and dJBJ ma , in symbolic notation, and taking the flux 
density as the quantity of reference, we have 


doc 

doc 






= -3 X 10 " 8 ) 


(a) 

iS) 


d z B 


doc 2 


Q-27T p d,Jp mx 

p * doc 


Substituting for dlp mx fdac from equation (/3), we have 


d z JB v 


doc z 


f X 10 


-)] 


= ~j (^0-8tc 2 

= -j 2c z B mx 

here c 2 = 0*4 tu^/p /10 8 p, 

_ 2 Tt / fp 

C C lO 4 V 10p 

The solution of the differential equation (y) is 

- xV(.~j2c 2 ) 


(y) 

(172) 


= a 


-f- C? 2 s 


where O 1 and <3 a are complex constants. In the present case these constants 
have equal values, since the flux density has the same value, but is of opposite 
sign, at points on opposite sides of, and equidistant from, the centre line of 
the plate. Whence 

JB ma . = C^S^-i 2 + e -W-J2) 

Denoting the flux density at the surface layers of the plate (for which oc 
has the value tjj<5) by we have 

= O (e hW-12 + e -ldcV-r2) 


cV-62 


4 - £ ~ 


cV -12 


? sbdeV-D'Z -j- & “ idc*/-j2. 

a xcV-I2 & -xcV ~j 


gii 5c v —12 Q- idC a/- J 2 


23 —(T. 5345 ) 
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which ultimately reduces to* 

n __ n + £~ cx ) cos esc -j ( e cx _ &~ cx ) s i n ca} 

■ mx ~' m! (5EC + «-**) ‘ (,7?) 

_ jp> cosh esc cos esc — j sinh esc sin esc 

• cosh %-dc cos -|-<5c —jp* sinh £<5c sin -^Sc ‘ ' (173a) 

The denominator of this expression represents a complex number having a 
constant value for given conditions. The numerator is equal to unity when 
sc == 0, and becomes equal to the denominator when sc == £<5. For values of 
sc intermediate between 0 and Id the numerator represents a complex number 
having a value intermediate between unity and the val uo of the denominator 
Hence the equation (173) to the flux density at any point in the cross-section 
of the plate is of the form 

= B m S(dz a ±jb) 

where ± a ± jb represents the value of the quotient in equation (173) 

Therefore at any instant the flux densities at different portions of the cross 
section of the plate not only differ in magnitude but also have a space dis 
placement with respect to one another, i.e. these flux densities have different 
directions (in space) with respect to the direction of the flux density at the 
surface layers (which coincides with that of the magnetizing ampere-turns) 

A reversal in direction (i.e. a space displacement of 180°) occurs when 

cx = TC t or when rr = For example, if p = 10' 6 , fj, = 1000, / = 50, 

then a? == 0-2235 cm. Hence, for these conditions, the flux density at tho 
centre of a plate 4-47 mm. thick has a direction opposite to that of the flux 
density at the surface layers. The manner in which the magnitude and 
space displacement of the flux density varies over the cross-section of a 
S1I «i ar P* a ^ e ^ mra - thick is shown in the worked example which follows 

Example. Calculation of flux distribution in an iron plate 5 mm. thick 
when subjected to an alternating magnetization of 50 frequency Soeoific 

constant) = 10 * ° hm ^ ° m * CUbe J P ermeabilit y = 1000 (assumed to be 

From equation (172) the space displacement between the flux densities at 
centre and surface layers is 

— ^ n - ^ 2rt / 50 X 1000 x 10 15 

a — a X O-o x Jq4^/- Yo - — 3*51 radians — 201'* 

Hence it will be convenient to calculate the flux densities at space intervals 
corresponding to displacements of -J-tc radians, or 30°, i.e. values of cx in 
equation (173a) will be taken at intervals of %tv radains. 

The ©valuation of equation (173a) is effected with the aid of tables of 
hj perbohe functions and presents no difficulties. The values of cosh cx 
sinli cx, cos cx, sin cx required for the calculations are given in Table XII. 

Since cosh 3-51 = 16-S2 ; cos 201 ° = — 0-933 
sinh 3-51 = 16-78; sin 201 ° = —0-359 

the denominator of equation (173a) reduces to 

16 82 x (- 0 933) + j!678 x 0 339 = - 15 7 + jG 02 
* The reduction depends upon the theorems— 

(а) ... £ X V- 3 * 2 . _ p x set . . 

(б) . . . £~ x V~j2 ^ £ - cc(l-jl) ^ £ -X £ jx _ £ -X ,_ na „ , . . , 

The steps in the reduction of the exponent x y' - j2 are 3 sma) 

x x /(o - j 2) = V(0 -3‘2x s ) » V&x* e-Arcy 

— (x V2)€~^ 7T 

= xV2,(cos £tc — j sin i 7 T> 

— —id. 



TABLE XII 

Calculations of ratio B mx IB m $ for iron plate 5 mm. thick 


Values of cx. 

X 

Values, from Mathematical 
Tables, of 

Numerator— 
(Cosh cx cos cx -j 
sinh cx sin cx) 

Ratio 

Numerator (-15-7 -j 
15-7 2 4* 6-02 2 

Radians. 

Degrees. 

mm. 

cosh cx. 

cos cx. 

sinh cx. 

sin cx. 



0 

0 

0 

1*0 

1*0 

0 

0 

10-jO 

- 0-0555 -j00213 

*w = 0*524 

30 

0*373 

1*14 

0*866 

0*547 

0*5 

0-988-j0-2738 

-0-0615 -j0-00584 

£w =» 1*047 

60 

0*746 

1*599 

0*5 

1*248 

0*866 

0-799-j 1-081 

- 0-0671 + j0 0431 

iw = 1*57 

90 

1*12 

2*507 

0 

2-299 

1*0 

0-j2299 

-0-0437 + jO-128 

|tc = 2*094 

120 

1*492 

4*181 

-0*5 

4*06 

0*866 

- 2-09 -j3-52 

0-041 4- jO-24 

gw = 2*62 

150 

1*866 

6-892 

-0-866 

6*828 

0*5 

- 5-97 -j3-414 

0-259 4- 30-3175 

w = 3*14 

180 

2-24 

11-57 

-1*0 

11*53 

0 

-11-57 +j0 

0-643 4- j 0-2465 

3-51 

201 

2*5 

16*82 

-0-933 

16-78 

-0-359 

-15-7 +j6-02 

10 4- j0 


(T.5245)— bet. pp. 338 and 339 
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The values of the numerators and quotients are calculated in the usual 
manner and the results are given in tabular form in Table XXI, and are 
plotted m Fig. 213from which it will be observed that the central portion 
of the plate for a distance of about 1-5 mm. on each side of the centre line 
is almost entirely ineffective. 

It is of interest to calculate the flux which is transmitted per cm. width of 
plate when the flux density at the surface (i.e. JB, md ) is 13,000 lines per square 
cm., &>ncL thenco doduc© tlio thickness of plato roc[uir6ci to transmit tliis 
at a uniform flux density of 13,000 lines per square cm. (i.e. on the assumption 
of no eddy currents). 

The calculation may be effected quite easily by dividing the cross-section of 
the plate into narrow strips and determining for each strip the component 



Fio. 213. Distribution OB' Flux Density over Cross-section 
oe Iron Plate 5 mm. Thick: 


of the mean flux density in the direction parallel to the axis of magnetization. 
Probably the simplest method is to plot the ratio and 6 in polar 

co-ordinates, as in Fig. 2136, divide this into twenty parts by radii-vectores 
spaced 10° apart, draw the mid-point radii-vectores, and measure their 
projections on the axis of reference (which is vertical in Fig. 2136). Thus the 
first mid-point radius-vector is drawn at an angle of 5° from the vertical 
(corresponding to a point in the cross-section of the plate distant [2-5(5 /201 )==] 
0-0622 mm. from the surface), and the remaining radii-vectores are drawn at 
angles of 10° from one another (corresponding to successive points 0* 1244 mm. 
apart in the cross-section of the plate along the direction perpendicular to the 
surface of the plate). The values of the projections, taken in. order and 
expressed as a percentage of are 92, 74, 52*6, 43-5, 32, 22-1, 13-7, 7-2, 2, 

- 1*5, - 3-6, - 5, - 5*8, - 6-2, - 6-4, - 6-6, - 6-6, - 6-4, - 6-2, - 5-6 ; and their 
algebraic sum is 279-2. 

Whence the average flux density over the cross-section of the plate is 
(13,000 x 279-2/2000 — ) 1815 lines per square cm., and the flux transmitted 
per cm. of width is (1815 x 0-5 x 1 — ) 907 lines. 

Hence the thickness of plate required to transmit this flux at a uniform 
flux density of 13,000 lines per square cm. (i.e. on -the assumption of no 
eddy-currents) is (907/13000 =) 0-0698 cm., or about two-thirds of a milli¬ 
metre, which is only 14 per cent of the thickness of the 5 mm. plate- 
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In consequence of tbe non-uniform distribution of the flux in thick lamina¬ 
tions the maximum value of the flux density may be considerably higher 
than’the value calculated on the assumption of uniform flux distribution. 
Therefore the eddy-current loss in such plates will be higher than that 
calculated from equation (171). 

Effect of Frequency and Wave-form on Hysteresis and Eddy- 
current Losses in Iron Cores. Effect of Frequency on Hysteresis Loss. 
Experimental results of hysteresis tests, by the “ballistic ’’ method, 
on magnetic materials show that the hysteresis loss in a given 
material is proportional to nearly the l- 6 th power of the flux density. 
Thus the energy expended per cubic cm. of material per magnetic 
cycle is expressed by 

W A 

where rj is a coefficient the value of which depends upon the quality 
of the iron and the units in which W h and B, m are expressed. For 
iron la min ations such as are used in electrical machinery, the value 
of 77 varies from 0-001 to 0-003 when W n and B w are expressed in 
C.G.S. units. 

Assuming the hysteresis loop to be the same with alternating 
magnetization as when determined ballistically, the hysteresis loss, 
with alternating magnetization, will be proportional to the first 
power of the frequency and to the l* 6 th power of the flux density. 
The proportionality of hysteresis loss and frequency at constant 
flux density holds only for low frequencies, as, for frequencies of 
the order of 100 cycles per second and above, the width of the 
hysteresis loop, corresponding to a given maximum flux density, 
increases with increasing frequency, and, therefore, the hysteresis 
loss per magnetic cycle becomes larger as the frequency increases. 

Effect of wave-form of impressed E.3I.F. on hysteresis loss. Eor 
low frequencies the hysteresis loss per cubic em. is given by 

h ~ 'if —m 

Now the flux density B m is given by O m /A, where A. is the mag¬ 
netic cross-section of the core. Also <E> m = E X 10 s / (47c ff N), 
where E is the E.M.S. value of the E.M.E. induced in the mag¬ 
netizing winding, 7c f the form-factor of this E.M.E., / the frequency, 
and N the number of turns in the magnetizing winding. Whence 


v flE x 10 s /(HeffNA) 

((Ex 10 s ) Y* 6 rj 

V \ ±NA ) /c/.s/o.e 


Hence, if the resistance of the magnetizing winding is negligible, 
and the impressed E.M.E. and frequency are constant, the hysteresis 
loss is inversely proportional to the l* 6 th power of the form-factor 
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of the impressed E.M.F. Therefore the hysteresis loss with peaked 
E.M.F. waves will be lower than that with hat-topped E.M.F. 
waves of the same R.M.S. value. 

The following values indicate the extent to which the form- 
factor of the impressed E.M.F. affects the hysteresis loss— 


Form-factor. 

10 

1*11 

1-2 ! 

1-3 

1-4 

Relative hysteresis loss 

(constant E.M.F 1 . (R.M.S. 
value) and frequency) 

1-18 

1-0 

0-8S 

0-78 

0-69 


The eddy-current loss in a given plate or wire has been shown to 
be proportional to the squares of the flux density, frequency, and 
form factor. Thus 

P a = 

Substituting for B m in terms of the induced E.M.F., frequency, etc., 
we have 

F e = £[&, ./. F X 10 *!{4Jc,fNA)-\* 

= ilF X 10 y(ANA)l* .... (175) 

Hence, in a given magnetic core magnetized by alternating 
current the eddy-current loss is proportional to the square of the 
impressed E.M.F. (R.M.S. value) and is independent of the frequency 
and wave-form of the latter. This statement, however, holds only 
for cases where the flux density is uniformly distributed over the 
cross-section of the core (e.g. when the laminations are very thin 
and the frequency is low). 

The total loss in a magnetic'core magnetized by alternating current 
is, therefore, dependent upon the form factor of the impressed 
E.M.F., when the frequency and R.M.S. value of impressed E.M.F. 
are constant. 

When the impressed E.M.F. is constant and the frequency is 
varied, the total loss'decreases as the frequency increases, since the 
eddy-current loss is constant and the hysteresis loss decreases with 
increasing frequency. But when the flux, or flux density, is 
constant and the frequency is varied, the total iron loss increases 
as the frequency 'increases, since the hysteresis loss varies directly 
as the frequency and the eddy-current loss varies as the square of the 
frequency, the form-factor of the impressed E.M.F. being assumed 
to be constant. 

In practice the total iron loss is usually expressed in the form of 
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curves which, show the loss (in watts per lb., or kg.) at various 
flux densities and constant frequency. Typical curves are given 
in Fig. 214. 

Separation of Iron boss into Hysteresis and Eddy-current Components. If 

the specific iron loss follows the equation 

= -)/v + 

where the first term represents the hysteresis loss and the second, term the 
eddy-current loss, these components may be separated by determining 



Fig. 214. Svecieic Irox boss i-oe 0-018 iisr. (0-45 mm.) Alloyed 
hr Laminations 


RiUta) for two different frequencies at a given, flux density. The exponents 
as, y r may be evaluated by determining lzg) for two different flux densities 
at a given frequency. 

Thus, if observations are made at frequencies f l9 f 0 , and flux density B 
we have . ni9 

+ £f*B m y - a. + .&/, 

— y 3 = + Sf,B m y = a + bfs 

where a, b, denote the hysteresis and eddy-current losses, resnectivelv ner 
kg. per cycle at the flux density JB m . 

Whence a — 7cg>2 ~~ ^z(fcg)i//i)/ a~ 

fi fz 

2j __ 7cfir)x If l Ri{ Tzg )2 if 2 

A -A 

J£ f x = 2f. z the computation is greatly simplified, for then 
a = 2B i ( Ji;ff y s . — B i ^ Jcg ' ix 

h — JL /"F > i( fc fl r)2 \ 

/A a ~7T~y 
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Calculation of Magnetizing and Exciting Currents for an Iron-cored 
Magnetic Circuit with Alternating Flux. Case I , in which the distort¬ 
ing effect of hysteresis and magnetic saturation on the wave-form of the 
magnetising current is ignored . If both flux and magnetizing current 
are sinusoidal, the calculation of the ampere turns, or magnetizing 
current, required to produce a given flux is very simple. The 
procedure is the same as that when the magnetization is produced 
by direct current except that, with alternating magnetization, the 
maximum value of the flux, or flux density, is usually given (or is 
obtained by calculation), and the H.M.S. value of the magnetizing 
current to produce this flux has to be determined. 

For example, if the magnetization, or B-H, curve determined by 
the ballistic method for a magnetic material, shows that F cm ampere 
turns per cm. of magnetic length are necessary to obtain a flux 
density equal to then, with alternating (sinusoidal) magnetiza¬ 

tion and the same flux density {maximum value in this case), the 
maximum value of the ampere-turns will be equal to F cm , and the 
R.M.S. value of the ampere-turns will be equal to F om /'\/2. 

Hence, if Z is the length (in cm.) of a magnetic circuit formed of 
this material, then, if the flux density JB m is the same at all parts of 
the circuit, the magnetizing current will be given by 

I m =lF crn /(V2 - N.) 

If the magnetic circuit consists of a number of parts having 
different cross-sections and magnetization curves, the problem is 
treated by determining the ampere-turns required for each part of 
the circuit and adding these to obtain the total ampere turns. 
Thus, if Z x , Z 2 , Z 3 , . . . denote the several magnetic lengths, F lcm , 
P 2cm , F Scm , . . . the ampere turns per cm. required to obtain the 
requisite flux densities, corresponding to a given flux, in the several 
parts of the circuit, then the magnetizing current is given by 

2 :lcm 2cm + l 3 F 3cm -j- - • .) 

The exciting current may be determined when the losses in the 
iron core and magnetizing winding are known. Thus, if P denotes 
the total losses and E the impressed E.M.F., the power component 
of the exciting current is given by I^ = P IE, and, therefore, the 
exciting current is given by 

lo = V'(4 2 + ^ 2 )* • 

Example. A. closed magnetic circuit is built up of O'35 mm. laminations 
and consists of two cores which, are magnetically connected by yokes. The 
magnetic cross-section of each core is 100 square cm., and that of each yoke 
is 108 square cm. The magnetic length of each core is 20 cm., and that of 
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each, yoke is 11 cm. Each, core is wound, with a magnetizing coil having 75 
turns and a resistance of 0-18 0. The two coils are connected in series and 
excited from a 50 cycle circuit to give a maximum flux of 1-2 x 10 s magnetic 
lines in the cores and yokes. Calculate the exciting current. 

Data of the magnetic properties of the laminations ax’e— 


Maximum flux density (JB m ) (lines per square cm.) 

11,100 

12,000 

Magnetizing ampere turns per cm. of length 
^cm) . 

3-9 

6 

Core loss at 50 frequenc 5 ^ (watts per lb. ) . 

0-76 

0-88 


The flux density (maximum value) in each cor© is (1-2 X 10 6 /100 — ) 12,000 
lines per square cm., and that in each yoke is (1-2 X 10 6 /108—) 11,100 
lines per square cm. 

Hence the magnetizing ampere turns (maximum value) required are 
equal to 

2 x 11 X 3-9 -h 2 x 20 X 6 == 326, 
and the E.M.S. value of the magnetizing current is 
326/(150 X V2) = 1-535 A. 

The weight of laminations in the two cores is 

2 X 20 X 100 X 0-2S/2-54 3 = 68-3 lb., 

and that in the two yokes is 

2 X 11 X 108 X 0-2S/2-54 3 = 40-5 lb. 

Whence the total iron loss is 

0-88 X 6S-3 fl- 0-76 x 40-5 = 90-8 watts. 

The E.M.E. induced in the magnetizing coils is 

4-44 x 1-2 x 10 e X 50 X 2 x 75 = 400 V. 

Hence a first approximation to the exciting current is given by 
Vi (90*8/400) 2 ] == V(l-535 2 -+• 0-227 2 ) = 1-552 A., 

and the angle by which this current leads the flux is equal to tan -1 0-227 /1-535 
or 8 °. 

Since the pressure drop in the magnetizing coils due to the exciting current 
is 1-552 x 2 x 0-1S = 0-56 V., and has a phase difference of 81° with respect 
to the induced E.M.F. in these coils, the impressed E.M.E. is practically equal 
to the induced E.M.F. and the first approximation to the exciting current 
is sufficiently accurate for practical purposes. 

Case II, in 'which the distortion of the wave-form, of the magnetizing 
current is considered. If the magnetic circuit is a simple one 
(i- e - the magnetic cross-section and. material is the sa m e throughout 
the circuit ) the magnetizing current corresponding to a given maxi¬ 
mum sinusoidal flux may he determined without difficulty when 
the hysteresis loop fox* the given magnetic conditions is available. 
The procedure is similar to that given on p. 326 for the determination 
of the wave-form of magnetizing current. 
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Having determined the wave-form of the current necessary to 
carry the magnetization through a cycle, the R.M.S. value of this 
current is deduced, together with the R.M.S. values of the mag¬ 
netizing and power components. To the power component is 
added the component of the supply current which supplies the 
eddy-current loss. The exciting current is then obtained from the 
resultant power component and the magnetizing component. 

This method of procedure becomes too involved when complex 
magnetic circuits have to be calculated, as an equivalent hysteresis 
loop for the complete magnetic circuit would have to be "deduced 
before the wave-form of the current could be determined. Moreover, 
even for simple magnetic circuits, the above method is too tedious 
for practical purposes. A shorter method, however, is available 
which, although not possessing the same accuracy as the preceding 
method, nevertheless possesses sufficient accuracy for practical 
purposes and, moreover, takes into account wave-form distortion 
due to magnetic saturation. 

For this method, magnetization curves corresponding to alter¬ 
nating magnetization are required, and when such curves are 
available the method of procedure in calculating the magnetizing 
current is similar to that for a magnetic circuit excited with direct 
current. 

The magnetization curves are obtained experimentally on a 
sample of the material by measuring the exciting current and the 
power supplied to the magnetizing winding at various impressed 
voltages and constant frequency. The flux and flux density in the 
specimen are calculated from the induced E.M.F., the number of 
turns in the magnetizing winding, and the magnetic cross-section 
of the specimen. The power supplied, when corrected for the 
I 2 R loss in the magnetizing winding, represents the hysteresis and 
eddy-current losses in the specimen. If the exciting current is 
split up into power and wattless components, the latter represents 
the equivalent magnetizing current and takes into account the 
effects of hysteresis and eddy currents. 

The magnetizing ampere turns per cm. of magnetic length 
(F w . cm ) are calculated from the wattless component ( I w ) of the 
exciting current, the number of turns ( N ) in the magnetizing 
winding and the mean length of magnetic path ( l ). Thus 

. cm = NI w /l. 

■ If the exciting current is denoted by J c , the hysteresis and eddy- 
current losses by F i3 and the impressed E.M.F. by E, then the powea 
component of the exciting current which supplies the hysteresis 
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and eddy-current losses is given by = Pi/E, and the wattless 
component is given by 

I w = VCV - = VW - (P*/E)* ]■ 

Whence the magnetizing ampere turns per cm. of magnetic 


length are 

Pw 


= ni„/i= vknIo/iy- 

= V(Ec m 2 -Fv-c m *) 


where F , m denotes the exciting ampere turns per cm. of magnetic 
path and F v . cm the ampere turns per cm. of magnetic length for 
supplying' the hysteresis and eddy-currents ; these ampere turns 
having a phase difference of 90° with respect to the magnetizing 

ampere turns. . _ , 

If curves are plotted, showing the relationship between the 
maximum flux density, B m , and F w . cm and F v . crn , we have available 
a simple means for obtaining the two components of the exciting 
ampere turns. 



CHAPTER XVI 


COMMERCIAL MEASURING INSTRUMENTS 

Classification and Principles of Operation. Commercial measuring 
instruments are classified according to both the quantity measured 
by the instrument and the principle of operation. Four general 
principles of operation are available : ( 1 ) electromagnetic, which 

utilizes the magnetic effects of electric currents ; (2 ) electro-thermic, 
which utilizes the heating effect ; (3) electrostatic, which utilizes 

the forces between electrically-charged conductors ; (4) rectification. 

Electromagnetic instruments may be subdivided according to 
the nature of the movable system and the method by which the 
deflecting, or operating, torque is produced. The sub-classes are : 

(а) moving-iron instruments, ( b ) electro-dynamic, or dynamometer, 
instruments, (c) induction instruments. 

In moving-iron instruments the movable system consists of one 
or more pieces of specially-shaped soft iron, which are so pivoted as 
to be acted upon by the magnetic field produced by the current, or 
currents, in one or more fixed coils. 

In electro-dynamic instruments the operating torque is due to the 
interaction of the magnetic fields produced by currents in a system 
of fixed and movable coils. The movable system of these instru¬ 
ments consists of one or more coils, which are so pivoted as to 
move in the magnetic field produced by the fixed coils. The currents 
in both fixed and movable coils are obtained from a common 
source. 

In induction instruments the movable system consists of a pivoted 
non-magnetic conducting disc or drum, a portion of which moves 
in the magnetic field produced by an electromagnet, or a system 
of electromagnets, excited with alternating current. The magnetic 
field induces currents in the movable disc, or drum, and the magnetic 
reaction of the induced currents and the alternating magnetic field 
produces the operating torque. 

Electro-thermic instruments may be subdivided into two distinct 
types : (a) the 44 expansion 55 type (commonly called 44 hot-wire / 5 

or 44 hot-strip 55 instruments) in which the operation depends upon 
the linear expansion of a wire, or strip, heated by a current ; 

( б ) the 46 thermo-couple 55 type (commonly called 44 thermo 55 
instruments), in which one or more thermo-couples are heated, 
either directly or indirectly, by the current to be measured, and the 
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thermo -HALF, is caused to operate a direct-current instrument 
of the permanent-magnet moving-coil type. 

Rectifier instruments consist of a sensitive direct-current milli- 
ammeter of the permanent-magnet moving-coil type connected to 
a full-wave metal rectifier. A small fraction of the alternating volt¬ 
age or current to be measured is applied to the rectifier, and the 
rectified current is measured by the milli-ammeter. 

Application of Operating Principles : Relative Advantages and 
Disadvantages. The electromagnetic principle of operation has an 
extensive application to all kinds of commercial instruments, and 
is the only operating principle which can be employed for energy 
meters, power-factor meters, frequency meters, and synchroscopes. 

The electro-dynamic form of construction is applicable to all classes 
of measuring instruments, as well as to synchroscopes, galvano¬ 
meters, and oscillograx^hs. Well-designed electro-dynamic measur¬ 
ing instruments possess the advantage that the instrument readings 
are practically independent of the wave-form and frequency* of 
the current passing through the instrument. The instruments can 
therefore be used on either alternating- or direct-current circuits 
without re-calibration. 

The moving-iron form of construction is applicable to ammeters, 
voltmeters, power-factor meters, frequency meters, synchroscopes, 
and galvanometers. With measuring instruments, however, the 
effects of hysteresis and eddy-currents in the iron elements will 
cause the instrument readings to be affected by the wave-form and 
frequency of the operating current, but by suitable design the errors 
due to these causes may be made almost negligible for commercial 
frequencies and wave-forms. Moving-iron instruments are, in 
general, inferior to electro-dynamic instruments with respect to 
accuracy and power consumption, but their first cost is lower 
than that of either electro-dynamic or induction instruments of 
similar range and size. 

It is important to note that, unless the electromagnetic portion 
of the mechanism of electro-dynamic and moving-iron instruments 
is magnetically shielded, the indications are liable to be seriously 
affected by external magnetic fields, due, for example, to heavy 
currents in neighbouring conductors. 

The induction form of construction is applicable to ammeters, 
voltmeters, wattmeters, energy meters, and frequency meters. 
Induction measuring instruments are more susceptible to errors 
due to frequency and wave-form than other forms of measuring 

* This statement applies only to frequencies* within the range adopted in 
electric lighting and power supply systems. 
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instruments, and, in consequence, their application is limited to 
circuits of constant frequency. These instruments are used prin¬ 
cipally on switchboards, and are almost immune from the effects 
of external magnetic fields. 

Induction watt-hour meters have entirely superseded the electro- 
dynamic form for the measurement ot energy on commercial 
electric lighting and power circuits. 

The electro-thermic principle is applicable to current-measuring 
instruments ; it has been applied to oscillographs of the hot-wire 
type and to galvanometers of the thermo-electric type. Electro- 
thermic ammeters and voltmeters possess the advantage that the 
instrument readings are independent of the wave-form and frequency 
of the current passing through the instrument ; they can, therefore, 
be used on either alternating- or direct-current circuits. The 
instruments, however, possess the disadvantages of sluggishness, 
relatively high power consumption (particularly in the 44 expansion ’’ 
type of instrument), and liability to damage with small overloads. 

The electrostatic principle is usually confined to instruments for 
measuring potential difference, although the principle has recently 
been applied to oscillographs. Electrostatic voltmeters possess 
two important* advantages over other types of alternating-current 
voltmeters, viz. (1) the power-consumption is negligible; (2) 
the instruments can. be constructed for direct connection to 
high-voltage circuits. Electrostatic voltmeters also possess the 
advantage that the instrument readings are independent of 
frequency and wave-form. 

Ammeters and Voltmeters 

General Requirements. The indications of alternating-current 
ammeters and voltmeters must represent the R.M.S. values of the 
current, or potential difference, respectively, applied to the instru¬ 
ments. The scale divisions, therefore, must be proportional to the 
mean squared values of the corresponding currents or potential 
differences. Hence, in the case of an ammeter or a voltmeter, the 
mean deflecting torque corresponding to a given deflection of the 
pointer must be proportional to the mean squared value of the 
current or potential difference applied to the instrument. 

Moreover, if the readings are to be correct when the instruments 
are used on both direct- and alternating-current circuits, the torque 
must be uninfluenced by both the frequency and the wave-form of 
the applied current ox" potential difference. 

Hot-wire Ammeters and Voltmeters. In these instruments the 
deflection of the pointer is produced by the linear expansion of a 
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wire, or strip, heated by the current (or a definite fraction thereof) 
to be measured. Under ideal conditions the expansion is pro¬ 
portional to the square of the current, and if the angular deflections 
of the pointer are proportional to the expansion, the scale divisions 
will follow a parabolic, or square, law. Moreover, in such a case the 
instrument will read correctly with direct and alternating currents. 
But in practice a number of variable factors enter into the relation¬ 
ship between expansion and current, and the scale divisions have to 
be determined by calibration. If, however, an instrument is 
calibrated with direct current it will read correctly with alternat¬ 
ing current provided that during a period, or half-period, the 
temperature of the wire remains sensibly constant. 

Construction of Hot-wire Instrument (Expansion Type). The 
mechanism* of a typical hot-wire ammeter or voltmeter of the 
expansion type, in which the double sag principle is utilized as a 
multiplying device, is shown diagrammatically in Fig. 215(a). The 
hot-wire. A, is usually of platinum-iridium (formerly platinum- 
silver was employed) and is stretched between supports which are 
fixed to a metallic base-plate, B , of bimetal. 

The magnifying device consists of (1) a fine phosphor-bronze 
wire, C, stretched between the hot-wire. A, and an insulated 
pillar fixed to the base-plate *, (2) a silk fibre, JD, which is attached 
to C near its mid-point, lapped round a small grooved pulley, E, 
fixed to the spindle carrying the pointer, and is maintained in 
tension by a spring, F. The silk fibre is clamped to the pulley to 
prevent slipping. Hence any change in length of the hot-wire 
relatively to the base-plate causes an angular movement of the 
spindle and a deflection of the pointer. 

The spindle also carries a light aluminium damping disc, G, 
which moves in the narrow air gap of a horse-shoe magnet, II, fixed 
to the base of the instrument. 

Ammeter ranges up to 5 A. are obtained either by vary in g the 
diameter of the hot-wire or by dividing the wire into a number of 
sections connected in parallel. For example, for a range of 0*5 A 
the wire has a diameter of 0*005 in., and the whole current traverses 
the wire ; but for a range of 5 A. the wire has a diameter of 0*01 in. 
and it is divided electrically into four sections, which are connected 
in parallel as shown at (b) in Fig. 215. 

For currents exceeding 5 A. the wire has a diameter of about 

* Tli© terra mechanism, applied to instruments refers to the arr an ge m ent 
for producing and controlling the motion of the pointer. It includes all the 
essential parts necessary to produce this result, but does not include the 
base, cover, scale, or any other accessories, such as series resistances or shunts, 
the function of which is to make the readings agree with the scale markings. 



COMMERCIAL MEASURING INSTRUMENTS 351 

0-01 in. and is connected in parallel with a non-inductive shunt 
contained in the case of the instrument. At radio frequencies, 
however, the shunt would introduce errors, and for these frequencies 
a special form of hot-strip instrument is employed. In this instru¬ 
ment the current to he measured passes through a number of narrow 
and thin strips of a material having a high specific resistance. 
The strips are arranged symmetrically with respect to one another 



and the terminals (see Fig. 215c), and are adjusted to have equal 
effective inductances and resistances. The distribution of current 
in the strips will, therefore, be independent of frequency, and the 
linear expansion of one strip will be a measure of the current in the 
circuit. This expansion is indicated by a pointer and scale in a 
manner similar to that adopted in the hot-wire instrument. 

Voltmeter ranges up to about 400 V. are obtained by the use of 
a fine wire (having a diameter of about 0*0015 in.) and a non- 
inductive series resistance, the current required for full-scale 
deflection being abodt 0-25 A. 

Thermo-couple Ammeters and Galvanometers. In these insoruments the 
heating effect of the current is utilized indirectly to deflect the pointer. 
The mechanism of the ammeter consists essentially of : (I) a moving coil 

of fine copper wire which carries a pointer and is pivoted in the magnetic 
field of a permanent magnet, the ends of the coil being connected to a 
thermo-couple ; (2) a heater, of the resistance type, which is located close 
to the thermo-couple and through which passes the current to be measured, 
or a definite fraction thereof. In the case of the galvanometer (which is 
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of the reflecting type) the coil consists of a single turn and is suspended 
by a qxiartz fibre. The principle of the construction is shown in Fig. 216. 

In the pivoted instrument the pivots are arranged inside the moving coil 
to allow the thermo-couple and heater to be mounted at the end of the coil 
remote from the pointer. The control consists of a flat spiral spring and the 
damping is electromagnetic, as in the ordinary type of 
direct current moving-coil instrument. 

The heater consists either of a short filament of wire or 
a grid (having an area of about 0-2 sq. cm. ) of platinized 
mica, according to the range of the instrument. 

A.mmeter ranges from 10 mA. to 100 mA. are obtained 
by heaters of different resistances, but higher ranges are 
obtained by shunting the heater with non-inductive shunts. 
In the galvanometer the sensitivity, with a given heater, 
may be varied by altering the distance between the thermo¬ 
couple and the heater. 

The power taken at full-scale deflection by an unshunted 
instrument is very small (about 0*015 watt), and the 
instrument will withstand safely an overload of about three 
times the normal current. 

Due to the small dimensions of the heaters, the un¬ 
shunted instrument and the galvanometer possess 
extremely small self-inductance and capacity. They are, 
therefore, particularly suitable for high-frequency measure¬ 
ments. Moreover, the deflections are practically pro¬ 
portional to the mean squared value of the current passing 
through the heater, and are independent of wave-form and 
frequency. 

The instruments are standardized and calibrated on 
a direct-current circuit with the aid of standard direct- 
current instruments. 

Form of Scale. In an ideal instrument the whole of the 
heat produced by the current passing through the heater 
is radiated to the thermo-junction, and the temperature of 
the latter is proportional to the square of this current. fSTow 
the E.M.E. of a thermo-junction is proportional to its 
temperature, and therefore the current in the moving coil 
of the indicator will be proportional to the square of the 
current in the heater. Hence, since for a permanent 
magnet moving-coil instrument the deflection is propor¬ 
tional to the current in the moving coil, the deflection 
in the case of the thermo-ammeter will be proportional 
to the square of the current in the heater. Conversely, 
the current (X) in the heater is proportional to the square-root of the 
deflection (0) of the indicator, i.e. I = k-\/Q, where k is a constant. Thus 
the scale must be divided according to a square law. For example, if 
the full-scale deflection is 70° and corresponds to a current of 120 mA., the 
intermediate scale divisions and the corresponding deflections are as follow— 
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Thermo-electric Ammeters and Galvanometers voith Independent Thermo 
Junctions . Instead of the special construction, described above, in which 
the thermo-couple and heater form an integral part of the instrument, these 
parts may be constructed as a separate unit and may then be used in con¬ 
junction with an ordinary direct-current moving-coil galvanometer, milli- 
voltmeter, or micro-ammeter. In this case a greater thermo-electric E.M.F 
has usually to be provided by the thermo-junction, and either a number o£ 
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thermo-couples are connected, in series and heated by a common beater, 
or a single thermo-couple is employed and tbe temperature of the heater is 
raised to about 200° C., both heater and thermo-couple being enclosed in a 
highly-exhausted glass bulb. With these independent thermo-junctions 
currents exceeding 1 A. may be measured without the use of shunts. 



Fig. 217 IPig. 218 

Attkaction and Repulsion Forms of Moving Iron Ammeters 
and Voltmeters 

Construction of Moving-iron Ammeters and Voltmeters. Figs. 217, 
218 sIlow the principles of two forms of construction. 

In the instrument operating on the attraction principle (Fig. 217), 
the moving-iron element consists of a few discs, E, of soft iron, 
which are fixed to a spindle, E>, pivoted in jewelled hearings. The 
spindle also carries a pointer, jP, a balance weight, TF X , a controlling 
weight, IF 2 , and a damping piston, E, which moves in a curved 
fixed cylinder, F. The special shape of the moving-iron discs is 
for the purpose of obtaining a scale of suitable form. 

24-(T.5345) 
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In the rejmlsion form of instrument (Fig. 218) the coil A , is cylin¬ 
drical and is fixed with its magnetic axis perpendicular to the base 
of the instrument. The moving-iron element, JB, is a small bar or 
rod of soft iron fixed parallel to, and at a small distance from, the 
spindle, which also carries the pointer, P, and damping vane, E, 
and is pivoted in jewelled bearings. The fixed iron element, C, is 
supported by a non-magnetic framework which carries the damping- 
chamber and bearings and forms a clamp for the coil. 

Considerable variations in the shape and arrangement of the 
moving and fixed iron elements are possible and are to be found 
in commercial instruments. For example, the fixed iron element 
may be a tongue-shaped piece of thin soft sheet iron bent into 
cylindrical form and mounted concentric with the spindle. The 
moving iron may consist of a small piece of similar sheet iron bent 
to for m a cylindric segment and fixed to the spindle so as to move 
concentrically with respect to the fixed iron tongue. The fixed 
and moving irons are so arranged that when the pointer is on zero 
the moving iron is parallel to the broadest part of the surrounding 
iron tongue, and that as the movement is deflected it moves towards 
the narrowest part of the tongue. The form of scale depends upon 
the shape of the fixed iron tongue, and by varying the latter a 
variety of scale forms are possible. 

The instruments may he. effectively shielded from the influence 
of external magnetic fields by enclosing the working parts, except 
the pointer, in a laminated iron cylinder with laminated iron end 
covers. More generally, however, the complete instrument is 
enclosed in a cast-iron case which usually gives sufficient shielding 
for practical purposes. 

An interesting form of construction is shown in Fig. 219, a unique 
feature being that the operating forces are produced by the current 
in a conductor external to the instrument. The instrument, there¬ 
fore, has no internal electrical parts or connections, and no terminals. 

The essential parts of the instrument comprise : (1) a laminated- 

iron magnetic circuit A , JS, which is provided with an air gap, X>, 
shaped to accommodate the moving-iron elements, JSJ l9 E % ; (2) a 

pivoted moving system consisting of two sxoecially shaped elements, 
j W l9 E z , of soft iron, a pointer jP, control spring, and damping 
vane. 

The magnetization of the magnetic circuit is produced by cur¬ 
rent in a single conductor located in the space O, and the outer 
portion, JR } of the magnetic circuit is removable in order that this 
conductor may be conveniently xfiaeed in position. The magnetic 
circuit is so proportioned that a minimum range of 50 amp. can 
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be obtained with a single conductor in the space C. Higher ranges 
are obtained by changing the control spring. 

The action of the instrument is very simple. Thus when the 
magnetic circuit, A , R, is excited, the iron elements, E ± , E Zi tend 
to move to positions bridging the air gaps, D, and so diminishing 




Fig-. 219. Cromrton’s Form or Moving-ieon Ammeter, ih which 
The Operating Torque is Produced by Current in ax External 

Conductor 


the reluctance of the magnetic circuit. The form of scale depends 
upon the shape of these elements relative to the air gaps Z>. 

Ranges of Ammeters and Voltmeters. For a given moving-iron 
instrument the ampere-turns necessary to produee full-scale deflec¬ 
tion are constant. Hence the ranges of ammeters are altered by 
changing the number of turns and size of conductor in the mag¬ 
netizing coil. Obviously the maximum range is reached when the 
coil is wound with one turn. This range is of the order of 300 N. 

With voltmeters the range may be altered by changing the number 
of turns, but with a given instrument the range may be increased 
by connecting a resistance in series with it. Hence the same coil¬ 
winding specification may be employed for a number of ranges. 

Bata of Moving-iron Instruments. (1) A commercial moving-iron voltmeter 
of tlie type shown in Fig. 217 has a range of 120 volts. The operating coil is 
wound with 3000 turns of No. 35 S.W.G-. copper wire (diameter = 0-QOS4 m. ) e 

the resistance being 140 ohms at 20° C., and the series resistance-of Eureka 

(constantan) wire-has a resistance of 1060 ohms, giving a total resistance 

for the instrument of 1200 ohms at 20° C. 
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The inductance of the erating coil is 0-141 IT- with the moving system 
in its zero position, and -i533 EL when the moving system is deflected to 
<-he full -nnsri+.ion. The inductances corresponding to intermediate 

ng system are given in the following table, together 
the form of scale can be determined. 

Scale reading (volts) 0 40 60 80 100 120 

Deflection (degrees) 0 11-7 29 47-1 61 75 

Inductance (henries) 0-141 0-142 0-1455 0-1495 0-1517 0-1533 

The following calculated data refer to the operation of the instrument 
vhen used on a 50-cycle, 100-volt, circuit of sinusoidal wave-form. 

Power loss in instrument = 100 2 /1200 — 8-33 W. 

Reactance of instrument = 314 x 0*1517 = 47-6 £1. 

Ratio : reactance/resistance = 47-6/1200 == 0-0397 

Impedance of instrument at 20° C. — -%/(I200 2 -f- 47*6 2 ) == 1200-9 Cl. 
Power factor — 1200/1200-9 = 0*99885 

Operating current at 20° C. = 100/1200-9 = 0-083237 A. 

^ ^operating current at 100 V., 50 frequency 

• Ratl ° : operating current at 100 V., zero frequency ~ °‘" 885 

Power expended in operating coil at 20® C. == 140 X 0-083 2 0-97 W. 

Resistance of instrument at 50° C — 1060 140 [1 + (50 — 20) X 0-0039 ] 

= 1216-5 n. 

Thus the frequency and temperature errors are negligible for practical purposes. 

(2) A commercial moving-iron ammeter, for a range of 10 amp. and of the 
type shown in Fig. 217, has the operating coil wound with 29 turns of 2STo. 14 
S.W.G-. copper wire (diameter == 0-0Sin.), the resistance of which at a 
temperature of 20° C. is 0*015 Cl. 

The inductances of the instrument with the moving system in a number 
of positions are given in the following table, together with the corresponding 
scale markings and angular deflections— 

Scale reading (amp.) 0 2 4 6 8 10 

Deflection (degrees) 0 6 16 36 56 73 

Inductance (/dT.) . 16*4 - 16-6 17-1 18-1 19-7 

The following calculated data refer to the operation of the instrument, at 
full-scale reading (10 A.), on an alternating-current circuit of 50 frequency 
and sinusoidal wave-form— 

Power loss = 1-5 W. Power factor = 0-93 

Reactance = 0-006 Cl. Pressure drbp — 0-161V. 

Impedance = 0-0161 Cl. , Volt-amperes — 1-61 

Compensation for Frequency Error in Moving-iron Voltmeters. The effect of 
changes in frequency upon the readings of moving-iron voltmeters—as 
ordinarily arranged with a non-inductive resistance in series with the fixed 

coil-results in an error which increases as the frequency increases, the error 

being due to the change of impedance of the instrument with change of 
frequency. 

If, however, an instrument is required to give accurate readings on an A.C. 
circuit of a particular frequency as well as on a D.C. circuit, the frequency 
error may be compensated by connecting a condenser in parallel with the 
series resistance of the instrument as shown in Fig. 220. In this case the 
condition to he satisfied is that the numerical value of the impedance at the 
particular frequency shall 1 e equal to the total resistance of the instrument- 
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Thus, if L denotes the inductance of the operating coil corresponding to the 
scale reading at which compensation is desired; R, the resistance of this coil; 
R x , the non-inductive series resistance and C the capacitance of the condenser’ 
then for compensation at a frequency cg/2tc we must have 


^ =V[ ( R 


+ ■ 




^) 2+co= 0 


OR x 2 


1 + co z G' 2 R 


yn 


Difficulties arise in the solution of this equation for G, as the fourth power 
of this quantity is involved. 

If, however, the resistance ( R) of the operating coil is small in comparison 
with that of the series resistance (R x ), a close approximation to complete 
compensation is obtained when 
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1 + co 2 C*R 
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the solution of which gives 
C = 


x)“] - 1) 


Example. A. moving-iron voltmeter 
with a maximum scale reading of 
120 V. has a total resistance of 2000iQ 
of whieh 200Qt is in the operating coil. 
The inductance of the latter when the 
scale reading is 100 is 0*45 H. Calculate 
the capacitance of the condenser with 
which the series resistance must be 
shunted in order that the 100-V. scale 
reading shall be correct on both D.C. 
and 50-cycle A.C. circuits. 
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Fig. 220. Connections jor'Method 
oir Compensating Fireqttbncy 
Eeeor in' Moving-iron 

V OLTMETER 


To fulfil the specified conditions the impedance of the instrument at 50 
frequency must equal 2000 ohms. Substituting appropriate values for co, L , R x , 
in the above equation we obtain 

0*45( VC2 — (314 x 0-45/1800) 2 J — 1) „ 

1S00 2 — (314 X 0-45) 2 ~ 


C 


10 6 X 


It will be of interest to calculate symbolically the impedances of the com¬ 
pensated and uncompensated instrument for a frequency of 50 cycles per 
second. 

The impedance of the compensated instrument is 


R t 


1 + co a G-R x 2 


CR X 2 


1 -j- to^C-R 


?) 


Whence Z = 1998-1 + jS2-8 

and Z = 2000 £X 

The impedance of the uncompensated instrument is 


= 2000 + j 141-5 

Whence ^ = 2005 £2. 

Electro-dynamic Ammeters and Voltmeters. All electro - dynamic 
-instruments depend for their action upon the dynamic force between 
adjacent conductors, or coils, carrying electric currents. The 
application of this principle to measuring instruments is due to 
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Kelvin and Siemens, and tlieir instruments—the current-balance 
and the electro-dynamometer—are of the non-deflectional type. 

Construction. In defieetional electro-dynamic ammeters and volt¬ 
meters the moving coil is wound with fine wire and is mounted on 
a spindle which carries the pointer, control springs, and damping 


Elevation 


Elan 


F> 

Tig. 221. Arrangement or Electro-dynamic Instrument 

A, fixed, coils ; JB, moving coil; D % damping chamber and vanes ; JP, pointer ; 

S, control springs. 1 

Note. The mechanism of an actual instrument is shown in Tig. 284. 

vane or piston. This coil is usually pivoted within a pair of coaxial 
fixed coils (Fig- 221), which, in an ammeter, are wound with thick 
wire, and are connected in parallel with the moving coil. In a 
voltmeter the fixed coils are wound with thin wire and are connected 
in series with the moving coil and a non-inductive resistance. 

In general, no iron is employed in the magnetic circuits of the 
coils, but instruments have been constructed in which a laminated - 
iron magnetic circuit for the operating coils forms an essential part 
of the instrument. 

The controlling force is supplied by ■ a pair of flat spiral springs, 
which also act as the leading-in connections for the moving coil. 
The damping is pneumatic. 

Shielding. Electro-dynamic instruments in which iron does not 
form an essential part of the operating mechanism may be effectively 
shielded from the effects of external magnetic fields by enclosing 
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the mechanism (except the tip of the pointer) in a laminated iron 
hollow cylinder with, closed ends. When using- such instruments 
on direct-current circuits, the current through the instrument 
should be reversed and the mean of the two readings taken. In 
this manner the effect of the magnetic condition of the shield on 
the instrument readings is eliminated. 

Ranges of Aryioneter s and Voltnieters, A. given size of" instruments 
requires a definite number of ampere-turns to be supplied by the 
fixed and moving coils to obtain a full-scale deflection. Hence, with 
milli-ammeters , in which the fixed and moving coils are connected 
in series, the ranges are altered by changing the number of turns and 
size of conductor in the fixed and moving coils. 

With ammeters in which only a fraction of the rated current is 
carried by the moving coil, the range is altered by changing the 
fixed coils, and in instruments in 


which two fixed coils are em¬ 
ployed (Fig. 221), a double¬ 
range instrument may be 
obtained by connecting these 
coils either in series or in paral¬ 
lel, the internal connections 
(which are so arranged that 
the changes may be effected 
by either plugs or links) being 
shown in Fig. 222. The maxi¬ 
mum range for which amme¬ 
ters are usually constructed is 



Fig. 222. Connections of Double- 
range Ele cteo-dynaniic Ammetee 

[For rv-n A—23, C—I) by links; 

-i- - B-C by links.] 


200 A. 


With voltmeters the range is altered by changing the number of 
turns in the coils and the value of the series resistance, but the 


range of a given instrument may be increased by connecting 
additional resistance in series with it. For example, the range of 
a given voltmeter may be doubled by connecting in series with it 
a non-inductive resistance equal in value to the original resistance 
of the instrument. The loss in the instrument and series resistance 


is thereby doubled for a given scale reading. 


Theory of Electro-dynamic Ammeters and Voltmeters. With instruments in 
which the moving coil is circular and. is pivoted centrally in a short Axed 
solenoid or coil, as in Fig. 221, the torque acting upon the moving coil 
can be easily calculated if the flux density is assumed to be constant through¬ 
out the space occupied by the moving coil. Denoting this flux density by 
JB, the current in the moving coil by I z , the force acting upon an element, of 
length rd<z, subtending an angle dci with respect to the centre of the coil. 
Fig. 223, is given by cLR = h x BI z rda sin a, where h x is a constant involving 
the system of units, and cc denotes the angular position of the element with 
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Hence, the torque clue to the element 


respect to the pivotal axis of the coil, 
is given by 

d5> d — dF r silt a sin(/? + 6) = k x J3I 2 r 2 do. sin 2 a sin(/3 + 0), 
where 6 is the angular deflection of the coil from its zero position, and /? is 
the angle between the plane containing the zero position of the moving coil 

and the plane which contains the 
pivotal axis and is perpendicular to 
the flux. Thex-efore the torque for the 
whole coil of turns is 



ha 3 k x BI.> r- sin(/? + 0) x 


{~ :vTU 

/ sin 2 cl . cla. = 7bp^ 2 rcr 2 sin (/? + 0 ) 

J o 

r\ tu 

since J 

How rcr 2 JB is equal to the flux (<E>) 
linked with the moving coil when its 
magnetic axis coincides with that of 
the fixed coil (i.e. when (/? + 0) ~ 0 
and (/0 + 6 ) — tt) and if -M" m denotes 
the mutual inductance under these 
conditions, <J> = JSd M I x X 10 s /n 2 . 
Therefore the torque is given by 
= * a j£kZ M i x J a sin(£ + 0) 

= k 2 M^I z sixx(ft + 0) . (176) 

where & a = k x x 10~ 8 , and I — jT x = l 2 , 
i.e. the coils are connected in sex*ies. 

Now, the mutual inductance of the 
coils corresppnding to a deflection 0 is 


sin 2 acla = tt/4. 


Fig. 223. Pertaintstg to Theory 
OF ELECTRO-DYNAanC 
INSTRUMENT 


COS (/? + 0)» 


since, when ft + 0 — 0, the mutual inductance — — Ikf M . Whence the rate 
of change of mutual inductance with respect to the deflection is 

(fi + 0) ~ 4 (fi + e i '- J *’" ta W +e >- 

Therefore equation (176) may be written in the form 


: = * a J x J s 


dJYI, 


Qg+0) 

£2 00 + 0 ) 


(176a) 


Form of Scale. If the control is due to flat spiral springs, the controlling 
torque is proportioual to the angle of deflection, 6, and for equilibrium. 


or I 2 sin (/S + 0) = 7s 3 0. 

0 


Whence 


I 2 = k 


sin C/3 + 0) 

0 


— k 


6 


difcr 




Vsin (/? + 0) . 

Typical scales calculated from this equation are shown in Fig. 224. 


( 177 ) 
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Conditions for Instrument Readings to be Unaffected by Frequency and Wave¬ 
form. The principal conditions are: (1) the currents in the fixed and moriin 
coils must either be equal or have a constant common ratio ; (2) eddv currents 
in the coil supports and conductors must be reduced to a minimum; (3) the 
reactance of the instrument, when used as a voltmeter, must be very small 
relatively to its resistance, and the latter must be constant at all temperatures 
With voltmeters these conditions are satisfied by (i) connecting the fixed and 
moving coils in series ; (ii) designing these coils for a pressure drop which is 
only a small fraction of the range of the instrument ; and (iii) connecting in 



Fxg . 224. Theoretical Scale-poems foe Electro dynamic 
Ammeter 

series with them a non-inductive resistance having a zero temperature- 
resistivity coefficient. 

With ammeters for ranges above about 250 mA. the moving coil cannot be 
connected in series with the fixed coil (on account of the control springs being 
unsuitable for currents above about 250 mA.). Therefore the moving coll 



Etc. 225. Alternative Methods op Cointstectiis-g Fixed and 
Movtisto Corns risr Electro-dynamic Ammeter 

must be connected either in parallel with the fixed coils. Fig. 225(«), or across 
a shunt which is connected in series with the fixed coils. Fig. 225(b). 

In the instrument with a shunted moving coil. Fig. 225(b) , the shunt is 
designed for a relatively large pressure drop (about 0*5 V\ in a 5 A. instru¬ 
ment) and only a fraction of tbis pressure is utilized for operating the moving 
coil, a non-inductive resistance being connected in rios wish the latter. 
Both shunt and non-inductive series resistance are constructed of materials 
having zero temperature-x*esistivity coefficients. For extreme accuracy the 
shunt should be adjusted to have the same ratio of resistance to inductance 
as the moving-coil circuit. 

With the instrument in which +h.r? moving coil is connected in parallel with 
the fixed coils. Fig. 225(a) , the omdiiions u*hi«..-ii must be fulfilled are : (1) the 
ratio (resistance /reactance) must have the same value for each branch ; 
(2) the percentage change of resistance with temperature must be the same 
for the two branches. 
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To satisfy tne first condition we must have 

a)I> x fR x — coJO.fR^, or R 1 /L z — it*! /R 2 , 

where Lx, are the effective inductances of the fixed- and moving-coil 

circuits, respectively, and R x> R z , the resistances of these circuits. 

isr 

L x = L f zk E £ ; — dz 

where Lf, L m , denote the true self-inductances of the fixed- and moving-coil 
circuits, and M. denotes their mutual inductance. 

Hence for t!he ratio L x /Ir 2 to be constant when D f D m , M. must be either 
zero or constant. Alternatively, if M. is variable, L t and L> m must be equal. 

With all deflectional instruments, however, the mutual inductance varies 
with the relative positions of the moving and fixed coils. When the axes of 
these coils are perpendicular to each other the mutual inductance is zero • 
for other positions, to the right or left of this position, the mutual inductance 
increases as the angular displacement between the coils increases, and may 
have either positive or negative values. 

In order that the ratio of currents in the fixed and moving coils shall be 
unaffected by temperature variations, the percentage change of resistance 
with temperature must be the same for both circuits. This result is best 
obtained by connecting in series with the coils (which are wound with copper 
conductors), resistances having zero resistivity-temperature coefficients. 

Thus, both forms of electro-dynamic ammeters must have relatively large 
losses (5 to 7 W. at full scale) if the readings are to be unaffected by variations 
of frequency and temperature. 

Data of Electro-dynamic Instruments. A voltmeter has a range of 120 volts 
and a resistance of 1550 ohms at 20° C., of which 77 ohms is due to the 
resistances of the fixed and moving coils (which are wound with copper wire) 
and the remainder—1473 ohms—is a non-inductive resistance of Eureka. 

The inductances of the instrument (measured at 50 frequency) for a 
number of positions of the moving system are given in the following table, 
together with the corresponding scale markings and angular deflections. 


Scale reading (volts) 

0 

40 

60 

SO 

100 

120 

Angular deflection (degrees) 

0 

7 

13-8 

24 

37*1 

54 

Inductance (mH.) 

70*1 

72-5 

74*8 

78*3 

82*8 

88*6 


The inductance of the fixed coil is 74-5 mil., and that of the moving coil 
is 2*2 mH. 

The mutual inductance of the fixed and moving coil circuits may be 
calculated from the above data. Thus, if the mutual inductance is denoted 
by JS1, the self-inductances of the fixed and moving coils by L , respectively, 

and the self-inductance of the instrument by L, we have m 

L == Lj - 4 - L m + 2JM 
Whence M = i [ A - ( L f 4- _& m ) ] 

The calculated values of M for different positions of the moving system are 

Scale reading (volts) 0 40 60 80. 100 120 

Mutual inductance (mH-) -3-3 -2-1 -0-95 -4-0-8 + 3-05 +5-95 

These values, when plotted against angular deflection, give a straight 
line (i-e. dJXI Jd6 is constant), and theoretically the instrument -/ ijclcl i-.cve 
a ‘ square-law scale. The actual scale closely follows the square law. 

The following calculated data refer to the operation of the instrument when 
used on a 100-volt ID.O. circuit and a 50-cycle, 100-volt A.C. circuit. 

Power loss in instrument — 100 2 /1550 = 645 W. 

Reactance of instrument = 314 x 0-0828 = 26 £1. 
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Impedance of instrument at 20° C. = V(1550 3 + 26 a ) = 1550*22 0. 

Operating current at 20° C., 50 frequency = 0*064491 A. 

Operating current at 20° C., zero frequency = 0*0645 A. 
operating current at 100 V., 50 frequency 

JaBjuIO • —... .—. . —.— --- — O-QOQQ^ 

op er at mg current at 100 V., zero frequency ~~ ° 

Hence when tine instrument is used, on tlie alternating-current circuit the 
error is only — 0*014 per cent. 

A 5 A. precision ammeter of the type illustrated in Fig. 221, with the 
internal connections, arranged as in Fig. 225 (6), has a resistance between 
terminals of 0-188 O. at 20° C., of which 0-073 Q. is due to the fixed coils, 
and the remainder is the joint resistance of the parallel circuit formed bv 
the moving coil and the manganin shunt. The moving coil itself has a 
resistance of 0*7 Cl., and the manganin resistance connected in series with 
it has a resistance of 4*1 Cl. The resistance of the shunt is 0-1 IS Cl. 

The self-inductance of the fixed coils is 0-16 mH., and that of the moving 
coil is about 1 pFC. The mutual inductance of the fixed and moving coils 
is of the order of 1 /.fH. Data from which the form of scale may be 
determined are as follow- 

Scale reading (amp.) 0 1 2 3 3*5 4 4-5 

Deflection (degrees) . O 2*5 12-7 32-8 45*5 59*5 74 86 

The following calculated data refer to the operation of the instrument at 
full-scale reading (5 A. ) on an alternating-current circuit of 50 frequency 
and sinusoidal wave-form.- 

Power loss . ...... 4-7 W. 

Reactance (assuming L — 0*16 mH.) . . 0*05 d. 

Impedance ( „ ,, ) . 0*1945 ;Q. 

Pressure drop ...... 0*94 V. 

Induction Ammeters and Voltmeters. In these instruments the 
deflecting torque is due to eddy currents induced in a pivoted disc, 
or drum, by a shifting or travelling magnetic field produced by an 
alternating-current electromagnet. With both forms of instrument, 
spring control and electromagnetic (eddy-current) damping are 
employed, the magnetic field for damping purposes being supplied 
by a permanent magnet. 

Construction of Disc Instrument .* The arrangement of the essential 
parts of a disc instrument is shown in Fig. 226. The aluminium 
disc, C , is fixed to the spindle which carries the pointer, and is 
pivoted in jewelled bearings. The operating electromagnets. A, 
£>, are mounted adjacent to each other with their pole faces parallel 
to, and on either side of, the disc. The magnets have series windings 
for an ammeter and shunt windings for a voltmeter. 33oth windings 
are connected in series, but one winding is shunted with a non- 
inductive resistance so as to produce a phase difference of about 

* This instrument (due to Ockenden and made by Messrs. Everetfc-Edg- 
eunabe) is of modern design, with special compensation for frequency and 
temperature. 
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60° between the fluxes of the magnets. A travelling field is, there¬ 
fore, produced in the air gaps, and this field cuts the disc. The 
resulting eddy currents react with the field and produce torque, 
thereby^causing the disc to move against the restraining force of 
the control spring f the movement being damped by the permanent 
magnet p.; „The disc is shaped so as to make the torque almost 
proportional to the deflection over a large portion of the 300° scale. 



Fig. 226. Abbangement of Electric and Magnetic Circuits (a) 
and Vector Diagram ( b ) of Disc-type Induction Ammeter 
(Everett, Eilgcwmbe & Co.) 


This result is obtained by arranging that as the flux in the magnets 
increases (due to an increase in current), the surface of the disc 
between the pole faces decreases approximately in proportion to 
the increase in the flux. 

The vector diagram is shown in Fig- 226 (&'). OI represents the 
current in the unshunted winding; 0< Jh, the corresponding flux; 
OI 2 , the current in the shunted winding; 6><X> 2 , the corresponding 

flux; and OI s , the current in the non-inductive shunt. 

Errors due to variation of frequency and temperature are com¬ 
pensated by the design of the shunted magnet, which is so arranged 
that—(1) an increase in frequency produces a corresponding decrease 
in the flux cutting the disc, without affecting appreciably the phase 
difference, thereby neutralizing the tendency for the E.M.E. induced 
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in the disc to increase due to the increased frequency ; (2) an increase 
in temperature causes the same percentage variation of resistance 
in both disc and shunt, this result being obtained by making the 
shunt of the same material as the disc. 

Construction of Drum Instrument . In the Lipman form of in¬ 
strument, !Fig. 227, a thin cylinder or drum, A , of aluminium, is 
pivoted in the air-gap between the poles of external and internal 
electromagnets, JB and C , respectively. A permanent magnet, I> 
provides damping. 

The external electromagnet is wound with both primarj^ and 
secondary windings, E , F , respectively. The primary winding!*, E, 
is designed for series connection in an ammeter and for shunt con¬ 
nection (together with a suitable 
series resistance) in a voltmeter. 

The secondary winding, F, is of 
low resistance and is connected 
directly to the magnetizing winding, 

G, on the inner electromagnet. 

The flux produced by the external 
magnet, J3 , is proportional to, and is 
practically in phase with, the current 
in the primary winding. This flux 
takes the path (shown by the chain- 
dotted line) through the unwound 
poles of the inner magnet. 

The flux produced by the inner 
magnet is proportional to, and in 
phase with, the current in the mag¬ 
netizing winding G. Since this cur¬ 
rent is obtained by transformer 
action, it will have a phase difference of nearly 90° from the cur¬ 
rent in the primary winding. Hence a travelling field is produced in 
the air-gap between the poles of the internal and external magnets, 
and a torque is produced on the drum. 

Ranges of Ammeters and Voltmeters . Since the deflecting torque 
is due to an electromagnet, a definite number of ampere-turns are 
required, with a given instrument, to obtain a full-scale deflection. 
Hence, with ammeters, the number of turns and size of conductor 
in the exciting coils must be chosen with reference to the range 
required. The maximum range for a direct-connected instrument 
of the above types is about 25 A., above which low range (5 ampere) 
instruments must be employed in conjunction with current trans¬ 
formers. 



!Fig. 227. Areangeihent of 
Electric and Magnetic 
Circuits of Drum-type 
Induction Voltmeter 
C Nulder liros. <£■• ' Thompson ) 
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4 

227 


5 

294 


0 40 

0 32 78 138 219 255 280 

winding (20° C.) = 79 O; total resistance 


11-5 W. 
12 . 


With voltmeters, the exciting coil is wound for a lower voltage 
than that corresponding to the maximum scale reading, and a 
non-inductive resistance is connected in series with the winding 
for the purpose of reducing errors due to variations of frequency 
and temperature. 

Bata of Induction Instruments. (1) The following data refer to a 50-cycle 
ammeter, range 0-5 A., of the type shown in F lg. 226. 

Scale reading (amp.) 0 1 2 * 

"Deflection (degrees) 0 20 80 los 

At full-scale reading „ __ _ . r KTTT 

Voltage at instrument terminals = 1*5 V. Bower loss — o-5 W. 

Impedance — 03 Volt-amperes = 7-5. 

(2) The following data refer to a 50-cycle voltmeter, range 0-120 V., of the 

tyPS ScaTe 0 40 . 60 80 100 110 120 

Deflection (degrees) 

Resistance of primary 
instrument = 1150 Cl. 

At full-scale reading— 

O'perrtm'' 1 ’ current = 100 mA.. Power loss 

Impedance = 1200 Cl. Volt-amperes = 

Theory of Disc Type Induction Ammeters and Voltmeters. The theory of 
these instruments may be developed fairly simply by assuming the fluxes to 
vary sinusoidally ; by neglecting the effects of magnetic saturation, hysteresis, 
and core loss in the operating electromagnet; and by assuming that the paths 
of the current in the disc are unrestricted by its dimensions. 

Torque. To obtain an expression for the torque, it is first necessary to 

determine the resultant force acting upon the disc. This force is the difference 

between the forces due to the interaction of (1) the flux in the shunted pole 
and the induced current due to the flux in the unshunted pole ; and (2) the 
flux in the unshunted pole and the induced current due to the flux m the 
shunted pole. Obviously, only the currents in the portion of the disc under 
the pole faces need be considered. , 

The E-M-F. induced in the disc by the flux of the unshunted pole is 
e x = — 10“ s d<& x \dt = cod> lm X lO- 8 sin (cot — £7t), 
and that due to the flux in the shunted pole is 

e 2 — — 10-8 X d<&z}dt = co<J> 2wi X 10*8 sin(co* — y — 4re). 

Each of these E.M.Es. may be considered to act independently in producing 
currents in the disc. Assuming each current to circulate in a circular path 
concentric with the pole face at which the inducing flux is produced, and 
neglecting the inductance of these paths, the current in an element of the 
disc (see Fig. 22S) under the shunted pole is 
di x = e x f {%rzxp !d dx), 

where doc is the width of the element, a? its radius, <5 the thickness of the disc 
(assumed to be uniform), and p the specific resistance. Renee the current 
in the portion of disc under the shunted pole is given by 

r a + f* r, L S r a + ib &; 

%X ~ Ja- ill _ 27Zp Jo.- ib X 
e,<5 . a -j- , , 

= 2 lS l0g ‘ ! <*'-"46 ~~ 

phere a is the distance between the centres of the poles and. 6 is the breadtr 
>f each pole-face. 



COMMERCIAL MEASURING INSTRUMENTS 


367 


Similarly, the current in the portion of the disc under the unshunted pole is 

- . a, —{- -S-& 

*» ” -2^ lo «« irvp; = k ' e ‘lp- 

Substituting for e x and. e. 2 in terms of <D 1?n and cl> 2 ^, we have 
i x = sin {cot - 1-tt), 

si — y — 1-rc), 

f 

where / is the frequency (= co/ 2 tc) and 1c = 2-77^ x 10' 8 . 

The instantaneous values of the forces due to the interaction of these 
currents and the fluxes are 

Ti — xVr *&i/bd 

for the portion of the disc under the unshunted pole, and 
JP 2 = -f b - cl> 2 /6c2 

for the portion of the disc under the shunted pole, d being the transverse 
width of each pole face. 

F r ~ Ez - Ti = &2 (//p) ( E» lm €> 2m [sin (cot - y) sin(co£ - £tc ) —sin u>£ sin (wf —y —I-ttt)] 
= &z(f Ip )^i m [— sin (co£ — y ) cos cot -f- sin cot cos(co£ — y) ] 

— & 2 (///>) ®i m < I > 2 m C~ cos a)i (sin cot cos y — cos cot sin y) 

-+- sin cot (cos co£ cos y + sin cc£ sin y ) ] 

Therefore the torque acting upon the disc is 

= k'(f/p)<&,~. si .... (178) 

where the constant involves and the radius of the resultant force with 
respect to the pivotal axis of the disc. 

Observe that the time angle cot does not appear in this expression, and 
therefore the resultant force does not alternate or pulsate but has a constant 
value for given conditions. 

In an uncompensated instrument, <1^ and <J> 2 are independent of f and p. 


~fj 

X 

r- 

-A 


Fig. 228. Pertaining to Caectjx.ation of Currents in Disc of 
Induction Instrument 

so that the readings of such an instrument would be affected by variations 
of frequency and temperature. 

The effect upon the torque of the inductance of the current paths in the 
disc may be allowed for in the following manner : Let L denote the inductance 
corresponding to the mean current path in each of the zones already con¬ 
sidered. Then the impedance of each current path is eqnal to 

V(1 4- co 2 L z /JR z ) = RV( 1 -b co 3 -r a ) 

where t — LfJEi and R s is the resistance of each current path ( = ejq === e 2 /i 2 ). 
Hence, if <p is the phase difference between the currents and the E.Tsl.Fs., the 
torqne is now given by 

** - y. 
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The value of v, however, is usually such as to make the term co 2 t 2 small 
with unity for the range of commercial supply frequencies, and 
Vf v : v-_w;. conditions the inductance of the current paths m the disc has 

Little effect upon the torque. . , 

Form of Scale Coirsidering the case of constant frequency and temperature, 
the deflecting torque, as given by equation (173), may be written 


- = k* <&i 


, <E>o 


Since the controlling torque is due to a spring, we_havej) c = k Q 0, where 
6 is the angle of deflection. Hence, for equilibrium, V d = » c , or 

k d sia V = k c°‘ 

How when the effects of magnetic saturation, hysteresis, and eddy currents 
in the operating magnet are ignored, we may write O x m m sin y — 
where JT is the current. Whence, from the preceding equation. 


0 = lcl z 

or J = 

Thus the scale must be divided according to a parabolic law, and, in 
consequence, the divisions at the upper limit of the scale are considerably 
more extended than those at the lower limit. In order to obtain a more 
uniform scale, the disc is cam-shaped, so that the surface of the portion 
acted upon by the operating magnet decreases as the deflection increases. 


Electrostatic Voltmeters. In these instruments the deflecting 
torque is due to the electric force (attraction or repulsion) between 
two charged conductors. The instruments, therefore, are free 
from errors due to magnetic and heating effects, frequency, and 
wave-form. Moreover, by suitable design, electrostatic instruments 
may be employed for the direct measurement of high voltages 
with a high degree of accuracy and with an almost negligible 
expenditure of energy. Electrostatic instruments, particularly 
those for low-voltage circuits, are characterized by the smallness 
of the operating torque in comparison with that of electromagnetic 
instr um ents, and, in consequence, special features are necessary to 
avoid errors due to pivot friction ; for example, the moving system 
may be supported by a unifilar or bifilar suspension instead of being 
pivoted, or, alternatively, knife-edge supports may be employed 
instead of pivots. 

Construction. The majority of electrostatic voltmeters are vir¬ 
tually modified forms of the Kelvin electrometers (quadrant and 
attracted-disc, or absolute, types). The simplest form of Kelvin 
instrument (Fig. 229), which is suitable for pressures from about 
800 to 10,000 volts, is a modified form of quadrant electrometer. 
It consists essentially of a single flat paddle-shaped aluminium 
‘"needle, 55 A , which is connected to one terminal and is supported 
on knife edges, so as to swing between two vertical quadrant plates, 
JB } which are both connected to the other terminal of the instru¬ 
ment. A pointer, P, is attached to the upper extremity of the 
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needle, and th© lower extremity is extended into a curved, ann, C, 
to which the lever, JD, carrying the control and balance weights is 
attached. Carefully adjusted weights (supplied with the instru¬ 
ment) may also be hung from the extremity of the arm so as to 
increase the controlling force and thereby extend the range of the 
instrument (which is designed for test-room work). 

The damping device is operated by the observer and consists 
of a stiff horizontal wire, II, which can be brought lightly against 



(<*) (6) 

Fig. 229. Kelvin Electrostatic Voltmeter 
(a) View of instrument showing tinfoil screen.; ( b ) Diagram showing essential parts. 
(ILelwvn, Bottomley & Baird) 

the back of the pointer and thereby damp the movements by 
mechanical friction. This wire is suspended so as to hang normally 
clear of the pointer and is operated from the outside of the case 
by an insulated lever. 

Low-voltage instruments, in which flat needles are employed, are 
of the multi-cellular type with a suspended moving system. 
Twelve or more needles, and a corresponding number of pairs of 
fixed quadrants, may be necessary, according to the range. The 
suspension usually consists of a fine phosphor-bronze wire or strip 
which supplies the control. Liquid damping is employed. 

25 -(T.5245) 
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An alternative construction (due to Ayrton and Mather) employs 
a cylindrical “ needle ” and fixed cylindrical segments concentric 
with the needle. The needle is mounted vertically in pivots which 


enable a very small clearance to 



Fig. 230. Extea High-yoltage 
Electrostatic Voltmeter. 

(Kelvin , JBottomley & Baird) 


be adopted. between the moving 
and fixed parts. Spring control 
and pneumatic damping are 
employed. 

Ezctrci-high voltage instruments 
(for measuring voltages above 
20,000 V.) are usually modifica¬ 
tions of the absolute, or attracted 
disc, electrometer. Special pre¬ 
cautions must be taken in the 
design to shield the working parts 
from the influence of neighbour¬ 
ing conductors, to avoid the for¬ 
mation of brush discharges, and 
to secure adequate insulation. 

The essential parts of one form 
of instrument are shown dia- 
grammatically in Tig. 230. The 
fixed disc. A, is of aluminium, 
the edges being turned-up and 
rounded. It is mounted hori¬ 
zontally upon an insulating pillar 
fixed to a substantial slate base 
The moving disc, E, is dished 
to a spherical shape and is sus¬ 
pended from a lever fixed to a 
horizontal spindle which carries 
the pointer, JP, and an aluminium 
sector, C, which moves between 
the poles of a permanent magnet, 
JD , and provides the damping. 


Gravity control is employed, and the whole of the working parts 
are enclosed in a metal case, which is provided with a small window 


for observing the scale. 


Theory o£ Electrostatic Voltmeters. Consider an instrument of the quadrant 
type having a single needle and a pair of double 1 quadrnnts arranged sym¬ 
metrically with respect to the needle. The I:isi ru*i .hi i : hoc equivalent to 
a condenser, the capacitance of which varies with the deflection of the needle. 
Let C be the capacitance when the deflection is 6 and the voltage between 
needle and quadrants is J27. Then the energy of the system.'is given by W 
%CJS 2 ‘. Tet the deflection be now increased by SO due to an increase of 
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voltage 3E, and. let 30 be the change in capacitance. Then the increment in 
energy is 

3 TV = 

Hence if V {Z is the torque corresponding to the deflection Q and <5 S'. the 
increment in torque, the work; done in increasing the deflection of the 
system is 

SW - (ST rf +.6v a )dd. 

Whence (3 d + <5^ rf )<5(9 = %dC(E -f- 3E)% 

or + S&a = + <5.0 ) a 60 fdd 9 

and, in the limit, 

= VE-dC /dO 

Multipliers for Electrostatic Voltmeters . The range of a low- 
voltage instrument may be extended by means of a resistance 


(cl) 

Fig. 231. Aiteenative Fob-ms of CoNDENSBR-irui-TiPLiEB for 
Elb ctro static Yoltmeteb 

multiplier (or potential divider), in which the voltmeter is connected 
across a definite fraction of a high non-indnctive resistance (of 
from 10,000 to 100,000 O.), which is connected across the supply 
circuit. 

For high-voltage circuits condenser-multipliers are employed. 
Two methods of connection are possible; in one case. Fig. 231 {a), 
a condenser of suitable capacitance is connected in series with the 
voltmeter ; in the other case. Fig. 231(6), two or more condensers 
are connected in series across the supply circuit and the voltmeter 
is connected across one of them. 

With the first method, the additional capacitance required is 
extremely small and may only be a fraction of the capacitance of 
the voltmeter itself. In consequence, the multiplying factor will 
vary with the deflection of the voltmeter owing to the variation of 
the capacitance of the latter. 

The capacitance of the condenser-multiplier is easily determined. 
Thus, if the reading, u, of a voltmeter is to represent the voltage, V , 
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and the capacitance of the voltmeter at this reading is C[ v , the 
capacitance, C, of the condenser-multiplier is given by 

coCvV = OJ (x /£7 + 1 /O v 

v C 

or V~C + C v 

whence C — C v j (V jv — X) 

For example, if the 44 100 99 reading of a 120 V. voltmeter is to 
represent 10,000 volts, and the capacitance of the voltmeter at this 
reading is 70 /^wF., the capacitance required for the condenser- 
multiplier is equal to [70/(100 — 1) ==] 0*707 ju/uE. 

'With the alternative method shown in Fig. 231 (6), the effect of 
the variation of the capacitance of the voltmeter may be made 
extremely small by arranging that the capacitance of the condenser 
across which the voltmeter is connected is large in comparison with 
that of the voltmeter itself. Under these conditions, 

= GJ(Vjv-l). 

For example, if C 2 = 7 juE. (i.e. 100 times the capacitance of the 
voltmeter in the preceding case), and Vjv — 100, 

C ± = 7/(100 - 1) = 0*707 juF. 

With all condenser-multipliers it is highly important that the 
condensers have low dielectric losses and high insulation resistance. 

Rectifier Voltmeters. Electromagnetic voltmeters, on account of 
their relatively large operating currents are entirely unsuitable for 
voltage measurements in high-impedance circuits on account of the 
disturbing effect of the instrument on the circuit. Although electro¬ 
static instruments are free from this objection, they cannot he 
employed for measuring low voltages. Moreover, the form of scale 
is such that accurate readings cannot be obtained when the voltage 
to be measured is less than about one-third of that corresponding 
to full scale. 

These difficulties are surmounted in the rectifier-type of volt¬ 
meter. This instrument consists of a sensitive direct-current milli- 
ammeter or micro-ammeter, of the permanent-magnet moving-coil 
type, combined with a full-wave metal rectifier, of the copper-oxide 
type, and suitable series resistances. The connections are shown in 
Fig. 232. 

The rectifier is a specially small size of the ordinary copper-oxide 
rectifier, and must be suitable for the maximum operating current 
of the m il l i - a mm eter. This current should not exceed 10 mA., and 
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smaller values (e.g. 1 jnA. or lower) are desirable. Tbe resistance 
of the milh-ammeter should be as low as is consistent with the 
permissible errors due to temperature variation. 

The ft .M. S. value of the alternating voltage at the terminals of 
the rectifier to obtain full-scale deflection on a 1 m A 100-ohm 


milli-ammeter is about 1 volt. Such 
an instrument is made commer¬ 
cially for a minimum voltage range 
of 10 V. If a lower voltage range 
is required, this instrument should 
be used in conjunction with a 
suitably designed potential trans¬ 
former, rather than with a lower 
value of series resistance, as in the 
latter case the forward 55 resistance 



Fig. 232. Circuit Diagram of 
Rectifier Voltmeter 


of the rectifier will become an 


appreciable fraction of the whole resistance of the circuit between the 
instrument terminals, and errors will arise due to the non-linear 



Fig. 233. Characteristic Curves for Typical Rectifier Instruments 
( Westinghouse Brake and Signal CoS) 


characteristic of the rectifier, a typical example being shown in 
Fig. 233. 

Rectifier A mm eters. The rectifier principle may be applied to the 
measurement of small currents (e.g. below about 2 A.) by supplying 
the rectifier from a suitable current transformer. For such purposes 
a rectifier instrument possesses the great advantage that the power 
consumption is only about of that required by an electro¬ 

magnetic A.C. ammeter of the same range. Owing to the small 
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output (about 1 mVA.) required from the secondary of the current 
transformer, this can be built with a mu-metal core of small size, 
thereby giving a very compact and portable combination. 

Errors of Rectifier Instruments. The principal sources of error 
are due to wave-form and temperature. 

Errors L>%ie to Wave-form. Due to the fact that the D.C. milli- 
ammeter measures the mean value of the rectified current, the scale 
readings will only be absolutely correct when the wave-form of the 
voltage or current supplied to the rectifier is the same as that of 
the voltage employed for calibration. The errors resulting from the 
use of an instrument (which has been calibrated with a sine-wave 
voltage) on a circuit having distorted wave-forms containing second 
and third harmonics are shown in the accompanying table— 


Order of hamonic 

2nd 

2nd. 

3rd 

3rd 

3rd 

3rd 

Amplitude of harmonic (per cent 
of amplitude of fundamental) . 

10 

20 

10 

20 

30 

20 

Phase difference of harmonic with 
respect to fundamental . 

0° 

0° 

0° 

0° 

0° 

180° 

Percentage error of instrument . 

- 0-5 

- 2-0 

-b 2*7 

-+- 4-4 

4- 5-0 

- 9-2 


Temperature Errors. The temperature error due to self-heating 
is negligible owing to the very small amount of power dissipated in 
the rectifier and instrument. Errors, however, will occur if the 
ambient temperature has a value different from that at which the 
instrument was calibrated. The general effect of a rise in tem¬ 
perature is to lower the voltage drop across the A.C. ter min als of 
the rectifier and to increase the leakage or '‘reverse” current. 
These two effects, however, are inter-related because the leakage 
current is related to the voltage drop in the manner shown in Fig. 
233. Hence the total error due to ambient temperature is less than 
the separate errors due to the temperature coefficients of the “for¬ 
ward 55 resistance of the rectifier and the resistance of its leakage 
paths. 

In the case of an instrument calibrated at an ambient temperature 
of 20° C., the errors are well within those allowable for a sub¬ 
standard instrument. 


Wattmeters 

Electro-dynamic Single-phase Wattmeters. The mechanism of a 
commercial electro-dynamic wattmeter closely resembles that of an 
electro-dynamic ammeter, but the moving coil of the wattmeter 
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has a high, non-inductive resistance connected in series with it and 
is provided with separate terminals. The fixed coil is connected 
either directly in series with the circuit, or in the secondary circuit 
of a t£ series ” or 114 current 55 transformer, the primary of which is 
connected in series with the main circuit. The moving coil, together 



Fig. 234. Mechanism or Electeo-dynamic Wattmeters 
(Nalder JBros. and Thompson) 

(a) Assembled mechanism of single-phase wattmeter ; (6) Moving system, showing 
damping vanes and control springs ; (c) Mechanism of polyphase wattmeter (p. 381) 
with one of lower current coils and cover of one of damping chambers removed, 
these being shown separately at ( d) and (e) respectively 


with a non-inductive series resistance, is connected across the main 
circuit in order that the current in this coil shall be proportional 
to the voltage of the circuit. 

The mechanism of a typical instrument is shown in Fig. 234. 

W Ranges. The maximum current range of commercial electro¬ 
dynamic 'wattmeters is from 100 to 200 A. For higher currents the 
fixed coils are usually wound for a maximum current of 5 A. and 
are supplied from the secondary winding of a current transformer 
of suitable ratio. 

The moving coil is usually wound to carry a current of from 
0-02 A. to 0-03 A., and therefore the resistance of the moving-coil 
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circuit must be of the order of from 30 to 50 ohms per volt of 
pressure range. 

T’or pressures up to 600 V. a series resistance is employed, but 
for higher pressures an instrument having a 110 V. pressure circuit 

is employed in conjunction with a 
potential, or shunt, transformer. 

Theory of the Electro-dynamic Watt¬ 
meter. Let the current and pressure in 
the circuit to which the wattmeter is 
connected be given by i = I m sin (cot ~m) 
and e = jB7 m sin cot, respectively. Then 
if the inductance of the moving-coil 
circuit is ignored and the resistance of 
this circuit is denoted by R, the current 
in the moving-coil will be given bv i« = 
(E m /R ) sin cot, * 2 

If this current is small in comparison 
with the current in the main circuit, the 
current in the fixed coil will be equal 
to and in phase with, th© latter. 
Hence, with an air-path magnetic circuit and no eddy currents in the coils 
or their supports, the flux due to the current in the fixed coil will be pro¬ 
portional to, and in phase with, the current in the circuit Moreover, in the 
case of a deflectional instrument, if the flux density is assumed to be uniform 
throughout the space occupied by the moving coil, the torque at any instant 
will be given by 



Fig. 235. Theoretical Scale- 
forms eor Electro - dynamic 

WATTMETER 


^d(inst) = Jc z M iA H sin(0 + 6) 

— (*2^M sixi (/3 + 0) E m!R) sin - cot sin {cot — <p ) 

= (k z M M sin(p + 6 )IE JR ) [cos cp - cos(2eoi - cp) ] 

where is a constant, the maximum mutual inductance of the fixed and 
moving coils, and (f3 -f- 6) the deflection of the moving coil from the position 
corresponding to the coincidence of the magnetic axes of the coils. 

Therefore the mean torque during a period is 


1 C'l 

' d T J 


^d(inst) dt 


KzM- M sin(0 -+- 6) T „ 

-—— -- I E cos cp 

k^M^. sin(y8 
R 


0 ) ; 


where F (= El cos cp) is the power in the circuit. 

Form of Scale. Since spring control is employed, the controlling torque 
is *x»» "where Q is the deflection from the zero position. Hence, for 

equilibrium, we have == §T C , or, for a dejiectioncil instrument, 

k 2 ikf M sin(ft + 6) ^ ^ k ^ Q 

Whence jp = k& ! sin. (@ + 0) ( 179 ) 

where k = k x R \k z ikf M . 


Typical scales calculated from this equation are shown in Fig. 235. 
Correction for Power Expended in Wattmeter. If the current (i 2 ) in the 
mo , v f§- coil circuit is not small in comparison with the current in the circuit, 
and. the wattmeter is connected in the manner shown in Fig. 236a, then if i 
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denotes the current in the ie load.,” the current l x in the fixed coil is i x == i -4- i. 
Hence the torque is now given by 


^clUnsi) = m (s, + fc 2 sm(£ 0) 

— ^ 2-^21 + 0) | I ™P™: sin cot sin(co£ — <p) -f- sin 2 cot i 

and the mean torque by 

^ d ~ ^ d^inst) * ^ = “jcg ** sin(^ -f- 0) ^JE cos -f- 

Whence, equating deflecting and controlling torques, we have 

sin(/S + e) + Af) _ 

and P^=R X -E 2 /R, .... (ISO) 

where J P 1 ( — Q'lc^Rjlc^NL-N) is the reading (watts) of the instrument. 

Therefore, to obtain the power supplied to the load, the power expended 
in the pressure-coil circuit must be subtracted from the power (i^j) indicated 



Fig. 236. Alternative Connect ions foe, Wattmeter 


by the wattmeter. If the wattmeter is connected as shown in Fig. 2366, the 
power expended in the current coils must be subtracted from the power 
indicated by the instrument. 

In practice, this correction need only be applied to cases where small 
powers are to be measured. For example, if a wattmeter, the press ur e 
circuit of which has a resistance of 3333 ohms, is connected as in Fig. 236 a. 
and indicates a power of 15 watts, the power actually supplied to the load, 
assuming the pressure to be 100 volts, is 

JP = 15- 100 2 /3333 = 12 watts. 

Correction for Inductance of Moving-coil Circuit. The error due to induct¬ 
ance in the moving-coil circuit is most easily calculated in instr um ents of the 
non-deflectional, or torsion-head, type, as the moving coil always occupies a 
standard position relative to the fixed coil, and, therefore, the mutual induc¬ 
tance, if any, is constant. If E, R denote the inductance and resistance, 
respectively, of the moving-coil circuit, the current in this circuit, when the 
impressed E.1SI.F. is e — sin cot, is now 

£ 2 ' — \E m l-y/ (R 2 -+- co 2 E 2 )J sin (cot — a.), 

where tan a — coE/R =• cor. Thus, the current in the moving coil is not in 
phase with the impressed E.M.F. ; moreover, its value and phase difference 
are both affected by frequency. 

The deflecting torque at any instant t is 


^ tZ (.inst) 


7c z -ZVf M i i, 
Jc^JSdC -^1 , 




^/(R 2 + co 2 E 2 ) 


sin. (cot — a) sin (cot — cp) 


Jc'I^E^ . . , . k'I m E m co'r . . , . . 

■m m -tost sm (cot — cp) --— , cos <*& sm (cot — cp) 


1 H- co 2 r 2 " ~ ~ v 1+ ct> 2 -r : 

/R, 1 /a/(1 4- a> 2 r 2 ) — cos a, and cor/V(1 -+- co 2 N) 
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Whence the mean deflecting torque during a period is 
i rT k'lE 

■s a ; = Trj c ** unst) at = r + n>3 ^ v 

= h'^IE cos cp + ( 1 Sm V _ 


k' IE cot 


1 4~ co 2 t 
co 2 t' 


1 4 ~ co 2 t 2 


sin cp 
IE cos <p 




Since the term o^v 2 is usually very small indeed in comparison with unity, 
we have, to a very close approximation, 

ST d ' = k'{IE cos cp + cot IE sin cp) 

= k'{E -f- COT IE sin cp) 

If k ± 0" is the controlling torque, we have, for equilibrium, 
k'{E + cot IE sin cp) = k x 0" 

Whence JP = kQ" - cot IE sin cp - - • - • . (181) 


where k = j k' — kj_E jk^JY !-^j 

Thus the effect of inductance in the moving-coil circuit is to cause the 
wattmeter to read high (on lagging power factor) by the amount cot IE sm cp, 
and therefore this quantity must be subtracted from the wattmeter reading 
to obtain the true power. For leading power factors the wattmeter will 
read low, and the quantity cot IE sm cp must then be added to the wattmeter 
readincr to obtain the true power. 

h- should be noted that the correction factor is zero at unity power factor 
(on the assumption that co 2 t 2 is negligible in comparison with unity), and 
approaches its maximum value {cot IE) as the power factor approaches zero, 
so that when the wattmeter is used on circuits of very low power ractor, the 
correction factor may require careful consideration. The percentage error 


IE cos cp 


100 COT tan cp. 


which, for a power factor of 1 per cent {cp = 89*4°), becomes equal to 
9550 cot, and, for a power factor of 0-175 per cent {cp == S9-9 ), becomes 
57300 cot- For example, if the inductance of the moving-coil circuit is 
6 milli-henries and the resistance is 3000 ohms, t — L jR == 2 X 10 ®, aiid, 
for 50 frequency, cot =311 X 2 X 10' 6 = 6-28 X 10 4 . Hence, if this 
instrument is used on circuits having a power factor of 1 per cent, the error 
in the wattmeter reading is (9550 X 6-28 X 10" 4 = ) 6 per cent, and, if 
used on circuits having a power factor of 0*175 per cent, the error is 
(57300 X 6-2S X 10~ 4 =) 36 per cent. 


Induction Wattmeters. The induction principle may be applied 
to indicating wattmeters, bnt such instruments are only suitable 
for circuits in which the frequency and voltage are constant. 

The travelling magnetic field is produced by the joint action of 
two electromagnets, one being series wound and the other shunt 
wound (Tig. 237). The exciting current of the series magnet is 
proportional to the current in the circuit in which the instrument 
is connected, and that of the shunt magnet is proportional to the 
voltage of this circuit. 

Tn the hypothetical case when the resistance of the shunt magnet 
is zero and both magnetic circuits are free from saturation and 
hysteresis, the fuses will have a phase difference of (90 =F <P ) degrees 
(<p being the phase difference between voltage and current of the 
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main circuit), and will be proportional to the current and voltage, 
respectively, of the main circuit. Hence, if these magnets act upon 
a spring-controlled pivoted disc or drum (assumed to have no in¬ 
ductance), the deflecting torque (p. 367) will be proportional to the 
product of the fluxes and the sine of their phase displacement, i.e. to 

El sin(90 =p cp) = El cos cp, 

and the angular deflections will be proportional to El cos cp, or to 
the power in the circuit. 

If, however, the shunt winding possesses appreciable resistance, 
the flux of this magnet will not lag 90° with respect to the applied 
voltage, and, in consequence, the 
phase difference between the fluxes 
will be smaller than (90 =F <p) degrees, 
as in the hypothetical case. Some 
means of increasing the natural lag 
of the flux of the shunt magnet is 
therefore necessary in a commercial 
instrument. 

Construction of Drum-type Induc¬ 
tion Wattmeter. The Lipman form 
of operating magnet for a drum-type 
induction instrument is readily 
adaptable to wattmeters. Thus the 
only changes required are in the 
windings. The winding, G , on the 
inner electromagnet, C , (Fig. 237) is 
arranged for direct series excitation, 
and the winding, E , on the external electromagnet, B, is arranged 
for shunt excitation (with suitable series resistance to “swamp” 
the effects of resistance changes due to temperature). 

The large air path in the magnetic circuit of the wound pole of 
the inner magnet, causes the flux produced by the series winding, 
G , to be proportional to, and in phase with, the current in the 
circuit. 

On the other hand, the comparatively low-reluctance magnetic 
path of the flux of the outer magnet, together with the lowr resist¬ 
ance of the excitation winding, E, cause the flux to have a phase 
difference of nearly 90° from the voltage at the terminals of this 
winding (which is proportional to the voltage of the circuit). 

To obtain the exact value of 90° for this phase difference, auxiliary" 
coils, F , are wound on the limbs of the outer magnet and are con¬ 
nected in a closed circuit with an adjusting resistance, R , in series. 



Fig. 237. Arrangement of 
Electric antd Magnetic 
Circuits of Dritm-induction 

W ATTMETER 
(N alder Bros, and Thompson) 
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Tbe transformer action between th.e windings E and F causes a 
modification of the resultant ampere-turns acting on the outer 
magnet, and the resistance, R, enables the phase of these ampere- 
turns to be adjusted, so that the flux lags exactly 90° from the sup¬ 
ply voltage. The vector diagram (Fig. 76) of the transformer is 
directly applicable. 


Theory of Induction Wattmeter. The theory of the uncompensated watt¬ 
meter is developed, in a manner similar to that (p. 366) of the induction 
ammeter. Thus, if magnetic saturation and hysteresis are absent, the flux 
due to the series winding is directly oportional to. and in nhase the 

current in the main circuit, i.e. 1 I rn sixi(cot . ^ lase 

difference between voltage and current in the main ■, the 

flux due to the shunt winding is 

O a = [& 2 -S? w /V(^ 2 2 + co 2 .£ 2 2 )] sin(o>£-a- 7 r-£)) 

= - 57 w /v'(-K 3 2 -{- co 2 & 2 2 )] cos(coi + 

where Ii 2 , L s denote the resistance and inductance, respectively, of the sh un t 
winding and (^rv~p) is the phase difference between the impressed E.M.P. 
and the flux in the shunt magnet ; {3 being equal to tan -1 R. 2 [ooL 2 . 

The E.M.F. induced in the disc by the flux <D X is 

e x = — 10' s d<3P i fdt — — kjcolm cos (cot — cp), 
and that induced by the flux <D 2 is 

e 2 — —10 ' 8 d<3> a Jdt — — \Jc z coE nn j {R z 2 -f- co 2 £/ 2 2 )3 sin {cot 4 - p) 
The currents in the disc are deduced in the manner given on pp. 366 to 367, 
from which follow the expressions for the instantaneous forces due to the 
interaction of these currents and the fluxes. Thus 


F x = k is'®! 

- fc G 


- k.y<X)E n 


p( 1 + co 2 T 3 2 ) V(-K 2 2 + co*E z 2 ) 

F 2 = k % 2 

t I ~ + A/ ~ k-iE, 

“ fc ( p(r+- 5 «F.* ) 0< " (0>t - y) X 

Vhence the torque acting upon the disc is 
- Ft) 

JKcoE m I^ 


sin (cot -j- p)^ ( k x I m sin (cot - 99 )) 


. p(1 + mV) V(R ,z + [<=os(coi + P) cos (a>t-<p) 

-f- sin(ct>£ -f- p) sin(o>Z — cp) ] 


FcoEyyLm 


P(1 T C0 2j 7~ 3 2 ) V(^2 2 + n> 2 -^2 2 ) 


cos ( 9 ? + P) 

El cos {<p + p) 


pi 2 (l -f- co 2r r 3 2 ) V(l -f~ 1 /ct> 2 ‘T a 2 ) J 
where r 2 = L z fR z . 

Therefore, if the torque is to be proportional to the power in the main 
circuit, P must be zero. Tinder these conditions we have 


pE. 2 { 1 + co 2 v 3 2 ) VCl + 1 /m 2 T 2 2 ) 

This equation shows that the indications of the induction wattmeter are 
less affected by variations of frequency than those of the induction ammeter. 
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Polyphase, or Rouble, Wattmeters, These instruments are in¬ 
tended for measuring power in polyphase circuits by the two-watt¬ 
meter method (p. 195), and consist of two single-phase wattmeter 
mechanisms combined into one case and hawing a single pointer 
and scale. The instruments may be of either, the electro-dynamic 
or the induction type. 

In the electro-dynamic instrument the two moving coils are fixed 
to a common spindle which carries the pointer, control springs, and 
damping vanes. The two systems are shielded from each other by 
means of a flat shield of laminated iron fixed between the upper 
and lower systems perpendicularly to the spindle (Tig. 234). 

The induction type of polyphase wattmeter consists usually of 
two single-phase instruments, the two discs being fixed to a common 
spindle which carries the pointer and control spring. Each dis c 
is provided with its operating and braking magnets, as in a single- 
phase instrument. 

WATT-HOUR OR ENERGY METERS 

General Requirements. In all cases of electric supply for power 
and lighting the charge to the consumer must be based upon the 
energy (in kilowatt hours) supplied. The measurement of this 
energy is effected by an integrating wattmeter operating on the 
induction principle, which principle is particularly suitable for 
house service meters on account of the lightness and robustness of 
the rotating element and the absence of rotating or moving contacts. 
Moreover, on account of the smallness of the variations of voltage 
and frequency in commercial supply systems the accuracy of the 
induction meter is unaffected by such variations. The accuracy, 
however, is affected if the wave-form of the supply is badly 
distorted. 

Theory. The induction energy meter may be derived from the 
induction wattmeter by substituting for the spring control and 
pointer an eddy current brake and a counting train, respectively. 
Eor the meter to read correctly, the speed of the disc must be 
proportional to the power in the circuit in which the meter is 
connected, and to fulfil this condition : (1) The torque due to the 
current generated in the disc by its rotation in the magnetic field 
of the operating magnets must be negligible in comparison with the 
operating torque ; (2) the friction must be compensated at all 

speeds ; and (3) the braking torque must be directly proportional 
to the speed of the disc. 

Condition (1) is satisfied if the angular speed of the disc is very 
low in comparison with the angular speed of the trave l l in g magnetic 
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field, and in commercial meters the speed of the disc is of the order 
of 30 revolutions per minute at full load. 

On account of the low speed of rotation of the moving system 
the friction after starting remains constant, and may be com¬ 
pensated by a constant torque acting in the same direction as the 
main driving torque. This compensating torque is obtained by 
producing a slight dissymmetry of the shunt flux, by means of an 
unsymmetrically placed shielding plate or magnetic shunt. 

With the friction compensated, and with correctly adjusted 
operating magnets, the resultant torque acting upon the disc will 
be proportional to the power in the circuit, and if the speed of the 
disc is to be proportional to this quantity, a braking torque varying 
directly as the speed, must be applied to the disc. The braking 
torque is produced by eddy-currents induced in the disc by its 
rotation in a magnetic field of constant intensity, the magnetic 
field being provided by one or two permanent magnets, so placed 
as to be unaffected by the alternating-current operating magnets. 

For a given disc and brake magnet, the braking torque varies 
with the distance of the poles from the centre of the disc, the 
maximum torque occurring when the distance of the centre of the 
pole faces from the centre of the disc is equal to 83 per cent of the 
radius of the disc.* This feature is utilized when testing the meter 
to obtain a final adjustment of the speed to a definite value, 
corresponding to a given power. 

Construction. Numerous forms of construction for house-service 
induction meters have been devised, the principal differences in 
construction being confined chiefly to the arrangement of the 
magnetic circuits of the operating magnets, the method of obtaining 
the correct phase difference between the fluxes of the series and 
shunt magnets, and the method of compensating for friction. 

In all cases the rotating disc, of aluminium, is fixed to a vertical 
spindle, the lower end of which is supported by a jewelled footstep 
bearing and the upper end is supported by a guide bearing. To this 
end is fitted either a pinion or a worm, from which the counting 
train is driven. When a pinion is fitted to the spindle, the worm is 
fitted to an intermediate spindle, this arrangement possessing the 
advantage of reduced friction compared with a direct worm drive. 
The worm drive to the counting train is necessary, because the 
spindles of the latter are horizontal. 

Two forms of magnets, in which alternative methods of com¬ 
pensation are employed, are shown in Fig. 238. 

* Electrical Measziriruj Instruments, Drysdaie and Jolley, Part I, p. 105- 
Ulae theory of the eddy-current brake is given on p. 102 of this volume. 
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The friction compensating torque, in one case. Pig. 238 (a), is 
produced by an unsymmetrical magnetic shunt, C , at the pole-face 
of the shunt magnet, A ; and, in the other case. Pig. 238 ( b) 3 by an 
unsymmetrically-placed loop of brass or copper, G, which surrounds 
the pole-face of the shunt magnet at the air-gap, and is adjustable 



Fig. 238.. Typical Arrangements op Operating Magnets, Disc, 
Bease Magnets, anjd Compensating Devices in Watt-hour 

Meters 

(A.ron Electricity Meter, and Metropolitan- Vickers Electrical Co .) 

in a direction parallel to the pole-face. These devices are called 
4 4 light load adjustments.” 

The correct phase difference (viz. 90 — <p°) between the shunt and 
series fluxes is obtained in one case. Fig. 238 (a), by a loop of brass 
or copper, JD, symmetrically placed over the shunt pole and adjust¬ 
able in a direction perpendicular to the pole-face ; and, in the other 
case. Fig. 238 (6), by shunting the series windings, or, alternatively, 
by providing a secondary winding, H s of a few turns on the series 
magnet and closing this through a loop of resistance wire, R, having 
an adjustable slider. 

These devices are called 44 inductive load adjustments.” 
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Theory of Shielded-pole Shunt Magnet. Consider the simple case of the 
magnet shown in Fig. 239, in which the shielding coil B surrounds the pole 
face of the core which is magnetized by the shunt-excited coil. Then 
if <3> is the flux at the pole face, and the vector, O <J>, of this quantity is taken 
as the reference vector in the vector diagram. Fig. 240, the saturation ampere- 
turns for the magnetic circuit are represented by OA, which is slightly in 
advance of the flux owing to hysteresis and eddy currents in the core. 

The E.M.Fs. induced in the exciting and. shielding coils are represented. 
by OB x and OB respectively, both lagging 90° with respect to the flux. 



Fig. 239 Fig. 240 

Circuit and Vectoe Diagrams foe Shielded-pole Shunt-excited 
Electromagnet 


The current in the shielding coil is represented by OI z , which also represents 
the ampere-turns due to this coil. Hence the ampere-turns to be provided 
by the exciting coil are represented by OG, which is equal to the vector sum 
of the saturation ampere-turns, OA , and the ampere-turns, OB, balancing 
the ampere-turns due to the shielding coil. The exciting current is therefore 
represented by OI. 

The voltage to be applied to the exciting coil is obtained by determining 
the internal E.M.Fs. in this coil. These E.M.Fs. comprise the E.M.F., OB x , 
induced by the alternations of the flux <P ; the E.M.F., Oa, due to the 
resistance of the coil ; and the E.M.F., Ob, due to leakage reactance. The 
resultant internal E.M.F. is therefore represented by O-V, and the applied 
E.M.F.—which balances the resultant internal E.M.F.-is represented by O V. 

2STow, in the induction energy meter, O V must lead the flux vector by 90°, 
and an inspection of the vector diagram will show that this result can be 
obtained by suitably adjusting the ampere-turns of the shielding coil, this 
adjustment being effected either by alteration of the resistance of the 
shielding coil, or by altering its axial position. 

Adjustment of Meter. The adjustments are effected when the 
meter is first tested, the method being as follows : Assuming correct 
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voltage and frequency to be maintained, the meter is run at its full 
load current alternatively on loads of unity power factor and a low- 
lagging power factor, and the speed is adjusted to the correct value 
by varying the positions of the brake magnet and the shielding loop. 
For example, if the meter runs fast on inductive load and correctly 
on non-inductive load, the shielding loop must be moved towards 
the disc. Again, if the meter runs slow on non-inductive load, 
the brake magnet is moved towards the centre of the disc. 

The meter is next run on a light load (i.e. about of full load) 
and the friction compensating device is adjusted to give the correct 
speed. In making this adjustment, care must be exercised to see 
that friction is not over-compensated, otherwise the meter will run 
when only the shunt magnet is excited*. The adjustment should 
be such that : (1) The meter will start with a non-inductive load 
of 0-5 per cent of full-load ; and (2) with a non-inductive load of 
gijth of full-load the speed is within 2 per cent of the correct speed 
at this load. 

Accuracy. In commercial meters manufactured to the specifica¬ 
tions of the British Standards Institution, the permissible error is 
± 2 per cent for all loads between th of full load and 25 per cent 
overload, and at any power factor between unity and 0*5, lagging 
and leading. 

Effects of Temperature Variations. Energy meters are inherently 
almost free from errors due to temperature variations, as changes 
in the resistance of the disc affect both the driving and braking 
torques in the same manner. Moreover, the error which would 
be caused by the diminution of the flux of the shunt magnet due 
to the increase in resistance of the shunt coil with increase of 
temperature is, to some extent, balanced by the decrease in the 
flux of the brake magnet. The resultant error at full-load, unity 
power factor, may be of the order -{- 0-05 per cent per 1° C. rise 
in temperature. 

Polyphase Watt-hour Meters for Unbalanced Loads, t For the 

measurement of energy in polyphase circuits with unbalanced 
loads, a double-element watt-hour meter is usually employed. 
This meter consists essentially of two single-element meters with 
a common spindle and a single counting train. The series and 
* With some meters this is prevented, by a small iron tongue, or vane, 
fitted to the disc in such a position that when the tongue is adjacent to the 
brake magnet the attractive force between tongue and magnet is jnst sufficient 
to prevent rotation of the disc with full shunt excitation and no current in 
the series coil. In other cases two holes are pierced in the disc. 

f For the measurement of energy in three-phase circuits with balanced 
loads, a single-phase meter may be employed. See Tower Wiring Diagrams , 
Third Edition, pp. 116, 118. 

26—(T.5245) 
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s^nt magnets of each element are connected according to the 
two-wattmeter method of measuring power in polyphase circuits, 
and each set of magnets acts upon a separate disc to avoid mutual 
interference. Each element is provided with the same adjustments 
as in a single-phase meter, and, in addition, one element is provided 
with an adjustment (usually a magnetic shunt fitted to the shunt 
magnet) for obtaining equality between the torques of the elements 

_ when the meter is operating with 

-^ a balanced three-phase load of unity 

^f§_ power-factor. 

Marking of Terminals of Poly- 
’ d— phase Watt-hour Meters. The 

ig following scheme is employed for 

, marking the terminals of meters 

| and the phases of the supply 

p4 9 Y oioo system, in order that no ambiguity 

_shall exist about the manner in 

Ned, I L.- 1 \ Blue which the meter is to be connected 

1 - in service- Moreover, the scheme 

also removes any ambiguity con- 

TTj _L-jl,- cerning the connections of a meter 

§*=". .-jHF" — — ^ w j len ^ calibrated at the maim- 

T) pj- g gg facturer’s testing department. 

__ o_ '2 The standard direction of phase 

sfae^ rotation shall be counter-clockwise. 

„ _ __ r> v The phase, or line wire, of reference 

Fig. 241. Connections toe Poly- 9 . - 

PHASE Watt-hotjb Metee when of the supply system shall be num- 

XJsbd with Current and bered 1 and coloured white ; the 

Potential Teanseoemees phase which lags 120° shall be 

numbered 2 and coloured blue, and the other phase (which lags 


Blue 

Fig. 241. Connections toe Poly¬ 
phase Watt-houe Metee, when 
Used with. Current and 
Potential Teansfoemees 


240°) shall be numbered 3 and coloured red. 

In connection with power and energy measurements by the 
two-wattmeter method, the current coils of the instruments 
shall he connected in the cc blue ” and cc red ” phases, and the 
common terminal of the potential circuits shall be connected to 
the “ white 55 phase. The ic blue ” phase is then the 4 ‘ leading 55 
phase and the s£ red ” phase is the ct lagging 55 phase.* 

The terminals of the element (of the meter) which is to be 


* This designation of the e< leading ” and lagging *’ phases follows from 
a consideration of t-he phase differences between the line currents and the 
voltages impressed upon the potential circuits of the instruments. For 
example, for the standard conditions and unity power factor, these phase 
differences are 30°, leading, for the element connected in the “ blue ” phase, 
and 30°, lagging, for the element connected in the “ red ” phase. 



COMMERCIAL MEASURING IN SIR UM ENTS 


S87 


connected in the 41 lending ” phase shall be numbered. 2 and 
coloured blue ; those of the element which is to be co nn ected 
to the “ lagging ” phase shall be numbered 3 and coloured red. 

When a meter has been calibrated with current and potential 
transformers, the terminals of these transformers are marked 
in a manner similar to those of the meter, to ensure that when 
the meter is put into service the connections between trans¬ 
formers and elements may be the same as when the meter 
was calibrated. A diagram of connections for a typical case is 
given in Fig. 239(6). 

POWBE-FACTOE METEES 

General. The term power-factor meter (or phase meter) refers 
to an instrument for indicating directly, by a single reading, the 
power factor of the circuit to which it is connected. Instruments 
are available for indicating the power factor of either single-phase 
or polyphase circuits, under balanced and unbalanced loads. 

Principles of Operation. Power-factor meters operate on the 
electromagnetic principle, and are of either the moving-coil (electro¬ 
dynamic) or the moving-iron types. In general, both types have 
two electromagnetic systems ; one system being supplied with 
current equal, or proportional, to the current in the circuit of which 
the power factor is to be measured, and the other being supplied 
with current proportional to the voltage of the circuit. The coils 
of one system are arranged to produce either a rotating magnetic 
field, or a number of alternating magnetic fields having a time- 
phase difference with respecff to one another, the axes of the fields 
being displaced in space by angles equal to the time-phase angles,. 
The coil, or coils, of the other system usually produce an alternating 
magnetic field, the axis of which is fixed in space. 

The direction of the resultant magnetic field in space depends 
upon the relative positions of the axes of the rotating and the 
(single) alternating fields at the instant when the latter (i.e. the 
alternating field) attains its maximum value. Hence, since these 
fields are excited by currents proportional to the current and 
pressure of the circuit, the position of the resultant field in space 
will depend upon, and vary with, the phase difference between 
these quantities, i.e. with the power factor of the circuit. 

The position of the resultant field is indicated by a pointer 
and scale, the pointer being fixed to a spindle, which, in the 
moving-iron instrument, carries a set of moving-iron vanes, and 
in the electro-dynamic instrument carries the coils which produce 
the rotating magnetic field. 
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alternating currents 

With both types of instalment the moving system is perfectly 
balanced and is free from controlling forces. Hence, when an 
instrument is disconnected from a circuit the pointer remains in 
the position which it occupied at the instant of disconnection. 
With these general remarks we will consider the theory of the 
moving-coil and moving-iron instruments. 

Electro-dynamic Power-factor Meters. In instruments for single¬ 
phase and balanced three-phase circuits, the alternating magnetic 



Fig. 242 . Peinciple of Electro-d ynaiviic Power-factob IVLeters 

(a) Single-plxase instrument; ( b ) Three-phase instrument. 

field, is produced by a pair of coaxial coils supplied with, current 
proportional to the current in the circuit. 

The rotating magnetic field is produced by a pair of intersecting 
coils, which are fixed to a common spindle. The coils are supplied 
with equal currents, proportional to the voltage of the circuit, the 
phase difference between these currents being approximately 90° in 
the single-phase instrument and 120° in the three-phase instrument. 

The two moving coils should be exactly similar, and the angular 
displacement of their axes should be equal to the (time) phase 
difference between their currents. 

In a single-phase instrument the requisite equality in, and phase 
difference between, the currents is obtained by connecting a non- 
inductive resistance in one circuit and a reactance, of the same 
ohmic value, in the other circuit, as shown in Tig. 242 (a). 

In a three-phase instrument. Fig. 242 (6), the angular spacing, 
2 p, of the coils may he chosen according to the type of scale required. 
For example, with a spacing o£ 120° a normal cosine-law scale is 
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obtained., as with a single-phase instrument; but if the angular 
spacing is increased, certain parts of the scale are opened out (i.e. 
the range in power factor for a given angular deflection of the 
pointer is diminished). 

The current is led into and out of the moving coils by fine silver 
ligaments, which are so arranged as to exert no controlling force 
on the moving system. 

Theory of Electro-dynamic Power-factor Meter for Balanced Three-phase 
Circuits. Let 2/5 denote the angular spacing between the two moving coils 
and 0 the angle of displacement of the pointer (which is symmetric all y placed 
with respect to the moving coils) from the central plane perpendicular to the 
axis of the fixed coil (Fig. 2426) when the moving system is in equilibrium. 
Then, if the supply system is symmetrical, and the line voltages are given by 

v - sin(coi -f- £rr), v z _ 3 = V m sixx(cot - %tc), v 3 . x = T m _ v _ £tt) 

the voltages impressed upon the moving-coil circuits will be given by 
^ 3-1 = V m sin(co£ - £tc) ; == F m sin (cot - f tt ). 

If JR is the resistance of each of the moving-coil circuits, and self and mutual 
inductances are negligible, the currents in the coils will be 

(F^/.K) sin (cot - £tc) ; i B = ( V^/R) sin(cot — § re). 

The current in the fixed coil is given by i — sin (cot — frr — 9 ?), where 

cos 97 is the power factor of the three-phase circuit. 

Hence the instantaneous torques acting on the moving coils are 

&A(inst) = k i i A sin(/3 -f- 0) 

= k I m ( V mf R ) sin(/5 -+- 6 ) sin(cot - - 97 ) sin(co* - £ 7 c) 

S B “* ~ Jc i sin (/3 — 0 ) 

= — h J m ( V rn fit ) sin (/5 — 0) sin (cot — f tc — 97 ) sin (cot — §tv) 
and the mean torques are 

«T A = k I (VlJR) sin(/3 -j- 0) cos(£tt + 9 ?) 
cT-b = — 7c JL ( VI JR ) sin(/5 — 0) cos(^tc — 9 ?) 

Since the condition for equilibrium of the moving system is that S" B = 0, 

we have 

sin(/5 + 0) cos(^tt -+- <p) — sin(/5 — 0) cos (-&tc — tp) 
i.e. sin(/!5 6) [' x/ § cos 9 ? — £sin cp ] — sin(/5 — 0) cos <p -J- sin 9 ?] 

or V ' 3 cos 9 ? [sin(/0 -j- 0) — sin(/5 — 0) ] = sin 9 ? [sin(/5 — 0) + sin(/5 -j-0) ] 

v ' 3 cos 97 cos /5 sin 0 = sin <p sin /? cos 0 

Whence tan 0= (1 / -\/ 3 ) tan J3 tan 9 ? . . .. . . (183) 

If the angular displacement of the coils is 120°, /? = 60° and tan (3 = \/3. 
Hence 

tan 0 = tan 97 , 

and 0 = 9 ? 

Thus the angular deflection of the pointer from the plane of reference is 
equal to the phase difference between the phase E.M.F. and current in the 
circuit to which tho instrument is connected. 

Observe that the indications of the instrument are unaffected by variations 
of frequency : they are also unaffected by wave-form distortion. 

Comparison of Theoretical and Practical Scale Shapes. The form 
of scale deduced theoretically in the preceding section refers to 
an ideal instrument in which : (1) The magnetic field produced by 
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the fixed coil is (a) in phase with the current (i.e. there are no 
eddy currents in the conductors or coil supports), ( b) uniform over 
the space traversed by the moving coils when the latter are deflected 
over the full scale ; (2) the moving coils are identical in dimensions 
and number of turns, and their self and mutual inductances are 
negligible in comparison with the resistances of the circuits; 
(3) the friction is zero ; (4) the reactance employed in the single¬ 

phase instrument has no losses and produces no distortion of the 
wave-form of the current. 

The agreement between the form of scale of a commercial instru¬ 
ment with the theoretical form of scale will depend upon the 
closeness with which the actual instrument approaches the ideal. 
For example, in a typical high-class instrument (such as that 
manufactured by the Weston Electrical Instrument Co.), the 
several layers of the moving coils are interlaced at the diametrical 
crossing points, so that each coil has the same mean diameter. 
The coils are extremely short and of light weight, and the moving 
system is pivoted in jewelled bearings. Moreover, in the polyphase 
instruments the values of the series resistances in the moving-coil 
circuits are such that the self and mutual inductances of these 
circuits are negligible. Again, the supports for the fixed coils are 
constructed of a material having a high specific resistance, and the 
amount of metal located in the magnetic field is reduced to a 
minimum, so that the eddy-current losses are very small. 

In consequence of these features, the scale is almost identical 
with that for an ideal instrument, as is shown by the following data— 

Deflection. 9° . 0 10 15 20 25 30 35 40 43 

Actual scale mark¬ 
ing (cos <p) - 1-0 0-985 0-942 0-88 0-808 0-735 0-665 0-599 0-537 0-5 

Theoretical scale 

marking* (cos q>') 1-0 0-987 0-9505 0-895 0-8275 0-77 0-682 0-605 0-54 0-5 

Calibration. Since the indications of the polyphase electro¬ 
dynamic power-factor meter are unaffected by frequency variations, 
the instrument may be calibrated on a direct-current circuit. The 
normal current is passed through the fixed coil, and such voltages 
are applied to the moving-coil circuits that the torques corre¬ 
sponding to a given position of the moving system are the same 
as the mean torques under normal operating conditions. The mean 
torques under normal operating conditions are given by the 
equations on p. 389, thus 

^a === Jcl(VJR) sin(/3 -f- 0) cos(-J -tt —j— ( ^?) 

— ~ M(V/R) sin(Jt - 6) cos(^Tr — ,<p) 

* Calculated from tan rp' = -y/3 tan 0/tan 43°. 
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and the torques with direct current passing through the coils are 
— hT IA sin (/3 -f~ 0) = kI'(V/ jR) sin(/5 -j- 0) 

§r B / = “ kl'IjJ sin(/3 — 0) — kT(V s '/R) sin(/3 - 0) 

where l 7 is the current in the fixed coil and J A ', J B ', the currents in 
the moving coils, and VA, V B ', the voltages applied to these circuits. 
The constant h has the same value for both direct- and alternating- 
current operation. ^ 

Hence, with normal current in the fixed coil, we have 

(TV/-R) si n(fi 0) = (V/R) sin^ -f- 0) cos(^-tt + cp) 

or V A — V cos(^wr + cp) . . . (184) 

and similarly TV = V cos(Jtt — cp) . . . (185) 

where V is the normal (alternating) operating voltage. 



Fig. 243. CoisnsrncTiorisrs foe Calibrating Electro-dynamic 
Three-phase Power-factor Meter 


Thus, if the normal operating voltage is 100, the values of V A 
and V B to be appalled to the moving-coil circuits to obtain the 
deflection corresponding to a given power factor (lagging) are 

cos cp 1-0 0-95 0*9 0*8 0*7 0*6 0*5 0*4 0-3 0*2 0*1 

86-6 81-16 56*13 39*33 24-61 11-9 0 -11*13-21*74-31*63-41 

86-6 91-17 99*74 99*29 96-35 91*93 86-6 80*4 73-65 66*34 58-43 

To obtain the deflections corresponding to leading power factors, 
the moving-coil circuits must be interchanged with respect to 
TV, TV- The connections are arranged as shown in Tig. 243 ; 
the moving-coil circuits are supplied —via a change-over swatch and 
suitable rheostats—from a source having a voltage equal to twice 
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the normal operating voltage of the instrument, and the fixed coil 
is supplied with current from a low-voltage battery.* 

Moving-iron Power-factor Meters. These instruments may he 
divided into two sub-classes, according to whether the operation 
depends upon a rotating magnetic field or a number of alternating 
fields. Since, in both forms of instruments, all coils are stationary, 
the moving system may be given complete freedom of movement, 
and a scale extending over the full 360° of arc may, therefore, be 
employed as shown in Tig. 244. 

The essential features of a rotating field instrument for balanced 
polyphase loads are shown in Fig. 245. The electrical portion of 
the instrument consists of (1) a set of coils. A, capable of producing 
a uniformly rotating magnetic field when supplied with suitable 
polyphase currents ; and (2) a single coil, R, which is fixed coaxially 
inside A and is excited from one of the phases of the (polyphase) 
system. The outer coils, A , are sur¬ 
rounded by a laminated iron ring and 
are usually supplied, by means of 
current transformers, with currents pro¬ 
portional to the line currents in the 
polyphase system. The inner coil, ' B, 
together with a series resistance, is 
connected across two line wires of the 
system. 

Fig. 244. Moving-ieoit The moving system consists of a 
Form of Power-factor pair of light iron vanes, C, C , fixed 
Extendiitg Over 360° the ends ox an iron core and pro- 

(Naider Bros, and Thompson) jecting perpendicularly from the latter in 
opposite directions, as shown in Fig. 245. 
The core and spindle arecoaxial with the coils A, B and the vanes 
project over the ends of coil B. The iron core is fixed to a 
spindle which is pivoted in jewelled bearings and carries the pointer 
P and the light mica damping vanes D 

The moving system is perfectly balanced and is free from con¬ 
trolling forces. Hence, when the coils A, B, are excited, the iron 
vanes C , C, set themselves along the direction of the resultant 
M.M.F. due to these coils. 

The theory of the instrument may be developed in a similar 
manner to that of the electro-dynamic instrument by considering 

* If calibration at power factors below 0 - 5 is not required, tbe right-hand 
rheostat, Hh, Fig. 243 (which is necessary for obtaining the reversal of 
the voltage VA), may be dispensed, with, in which case the voltage of the 
direct-current supply should, he equal to the normal operating voltage of the 
instrument. 1 s 
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the moving core and vanes to be magnetized, by the inner coil B , 
with current which is proportional to, and in phase with, the line 
voltage of the system. Then, if the effects of hysteresis and eddy 
currents are ignored, the core, vanes, and inner coil are equivalent 
electromagnetically to a rectangular moving coil pivoted within 



£ 



Sketch of MovingSyjs tern 


Fig. 245. Moving-ikon Form; of Powbb-factok Metbe nsr which 
a. Rotating Magnetic Field is Employed 


the outer coils. A, the centre line of the moving coil being coincident 
with the axis of the iron vanes. 

Expressions for the torque acting upon such a coil are readily 
obtained, and it is easy to show that the angular deflection of the 
coil from a given position is equal to the phase difference between 
the voltage and current in the polyphase system. 

In the actual instrument, however, the effects of hysteresis and 
eddy currents in the moving core and iron vanes, and the inductance 
of the inner magnetizing coil, B. cause the indications to be affected 
by variations of frequency and wave-form. Hence the instruments 
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must be calibrated at the particular frequency at which they will 
be used. 

The essential features of alternating-field instruments (due to 
Lipman, and manufactured by Messrs. Nalder Bros, and Thompson) 
for three-phase balanced and unbalanced loads are shown in Tigs 
246, 247.* 

In the instrument for balanced loads (Tig. 246) the moving 
system comprises three pairs of iron wanes and cores, C l9 C 2 , C 3 , 
which are fixed to a common spindle pivoted in jewelled bearings, 
the spindle also carrying the pointer, JP, and mica damping vanes, D. 

The vanes are sector-shaped—the arc subtending an angle of 120°_ 

and the vanes forming each pair (which are magnetically connected 
together by the core) are fixed 180° apart (as in the rotating-field 
instrument. Fig. 245). The cores are separated on the spindle by 
distance pieces, S, of non-magnetic material, and the axes of 
symmetry of the three pairs of vanes are displaced 120° with 
respect to one another. 

The cores and vanes are magnetized by the fixed coaxial 
pressure coils B t , B 2 , B z , which are mounted coaxially with the 
spindle and are excited with currents proportional to the phase 
voltages of the three-phase system. 

The current coil. A, is wound in two equal sections, which are 
mounted parallel to each other on opposite sides of the spindle, 
with their magnetic axes lying in a plane passing through the 
pivotal axis of the moving system. The two sections are connected 
in series or parallel, according to the current range of the instrument, 
and are supplied with current proportional to the current in one 
of the line wares of the three-phase system. 

In the position of equilibrium of the moving system the resultant 
mean torque is zero, i.e. the mean torque acting on one pair of 
vanes is balanced by the mean torques due to the other pair of 
vanes. Under these conditions, and if the effects of hysteresis, 
eddy-currents, and inductance of the pressure-coil circuits are 
ignored, it can be shown that, for the pair of vanes which are 
magnetized from the same phase as the fixed coil, the angle of 
displacement of the axis of symmetry of these vanes is equal to 
the phase difference between the phase voltage and current of the 
three-phase system. 

The instrument for 'unbalanced loads operates on the same 
principle as, but the construction differs in a number of features 
from, the instrument for balanced loads, since the moving syste m 

* See also Power-Factor Meters,” by F. E. J. Oekendexj., Electrical 
Review, vol. 93, p. 164. 



Eig. 246 Fig. 247 

(a) Frinciele of Moving-iron, Alternating Field, Three -phase 
POWER-PACTOE METERS FOR BALANCED AND UNBALANCED LOADS 

(6) Diagrams of External Connections 

The moving system consists of two sets of vanes, C ± , G 2 , each set 
comprising three 120° sectors fixed with their axes of symmetry 
120° apart and. magnetically connected together by iron cores ; 
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the two sets of cores being separated on tbe spindle by a distance 
piece of non-magnetic material, S . The cores and vanes are 
magnetized by the two coaxial pressure coils j B x , B%, which, together 
with suitable non-inductive series resistances, are connected across 
the line wires of the three-phase system. 

Six current coils, A ± —A 6 are employed, three coils being provided 
for each set of vanes. Each group of (three) coils is star-connected, 
and the two groups are connected in parallel and supplied, by 
means of current transformers, with currents proportional to the 
currents in the line wires of the three-phase system. Alternatively, 
for low-voltage circuits and currents not exceeding 30 A., the star 
connections may be omitted, in which case the corresponding coils 
of each group are connected in parallel with each other and inserted 
directly in the line wires of the three-phase system. 

The current coils are of the flat type ; they are mounted parallel 
to one another and adjacent to the vanes, the magnetic axes of 
the coils being perpendicular to the spindle and coplanar with the 
vanes. 

The mean resultant torque acting on one set of .vanes is due to 
the combined effects of the currents in all line wires and the voltage 
across one pair of line wares, while the mean resultant torque acting 
on the other set of vanes is due to the combined effect of the currents 
in all line wires and the voltage across the other pair of line wires. 
These torques balance each other in the position of equilibrium 
of the moving system, and this position, therefore, corresponds 
to the average phase difference between the phase voltages and 
currents for the three-phase system. 

In the single-phase instrument the moving system consists of two 
sets of vanes arranged as shown in Fig. 249. The two magnetizing 
coils are supplied, from the single-phase system, with currents 
having a phase difference of 90°, a reactance being connected in 
series with one coil and a non-inductive resistance in the other coil. 
The current coil is similar to that of the three-phase balanced-load 
instrument (Fig. 246). 

Synchroscopes 

A synchroscope, or synchronism indicator, is a special form of 
phase meter for indicating the phase coincidence of the E.M.Fs. of 
two alternators, or two alternating-current supply systems, which 
are to be operated in parallel. 

Requirements. When an alternator is to be operated in parallel 
wdth other alternators already in service, the switch connecting the 
incoming machine to the bus-bars must be closed at the instant 



COMMERCIAL, MEASURING INSTRUMENTS 397 


when the E.M.F. of this machine is equal to, and is in phase-opposi¬ 
tion with, the E.M.F. at the bus-bars, and the frequency of the 
two E.M.Fs. has the same value. With a polyphase machine the 
direction of phase rotation must agree with that of the bus-bars. 

The equality in the magnitudes of the E.M.Fs. is indicated either 
by two voltmeters or a differential voltmeter (called a “ parallel¬ 
ing ” voltmeter). The latter consists of two moving systems fitted 
to a common spindle and acted upon differentially by operating 
coils excited from the bus-bars and the incoming m ac hin e 
respectively. 

The coincidence of phase* may be indicated in a number of ways, 
such as by incandescent lamps suitably connected ; by a com¬ 
bination of vibrating reeds ; and by a special form of phase meter. 
Two important requirements—especially in large generating stations 
where the consequences resulting from incorrect closing of the 
switch are very serious—are that the coincidence of phase shall be 
indicated accurately, and that accurate indications shall be given 
of small phase differences in the E.M.Fs. of the incoming machine 
and bus-bars. These requirements are satisfied only with the 
phase-meter type of indicator, in which precautions have been 
taken to secure sensitiveness and low inertia of the moving system.| 
Moreover, this type of indicator also indicates whether the frequency! 
of the incoming machine is lower than, equal to, or higher than, I 
the frequency at the bus-bars. 

With polyphase alternators and systems, the phase coincidence 
is indicated by a single-phase instrument connected across corre¬ 
sponding line wires of the bus-bars and incoming machine. The 
direction of phase rotation of the incoming machine must agree 
with that of the bus-bars, and this must be tested before any 
attempt is made to parallel the machine. Methods of testing the 
phase rotation are given in Chapter XVIII. 

Principles of Operation. The electromagnetic principle of opera¬ 
tion is employed in the phase-meter type of synchroscope. Both 
the moving-iron and the electro-dynamic forms of construction are 
employed in practice, but the moving-iron form of instrument is 
in more general use, as the moving system can be given complete 
freedom of movement, and the pointer can travel over the full 360° 
of arc, as shown in Fig. 248. To obtain accurate indications from 
a moving-iron instrument, however, the effects of hysteresis and 

* Although the E.M.Fs. are actually in phase-opposition relative to each 
other, it is convenient to consider that they are in phase but that one is re¬ 
versed relatively to the other. The term cs phase coincidence,” as employed 
in connection with synchroscopes, is to be interpreted in this manner. 
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Fig. 248. External 
View oe Moving-iron 
Synchroscope 
( N alder Bros- <£? Thompson > 


eddy currents in the moving-iron elements must be reduced to a 
minimum, and the inertia and friction of the moving system must 

he as small as practicable. __ 

The moving-iron instrument may operate 
with either a rotating magnetic field or 

an alternating magnetic field. When a / y rsi0W ^^(^^, < f AST 
rotating field is employed, the moving- /#/ JR 

iron vanes are liable to be acted upon ! v 1 ■ 

by the rotating field, as in an induction \‘\ // 

instrument, and precautions must be Jy' 

taken to reduce to a negligible amount 
the torque due to this effect. Instruments 
which operate with an alternating field 

are free from this defect. Syistchiroscoee 

Construction. A diagram showing the ( N alder Bros . & Thompson > 

connections and essential parts of th 

moving-iron synchroscope is given 
in Pig- 249.* This instrument is 
of the Lipman alternating-field 
type. The moving system is 
identical with that of a single- 
j phase power factor meter, and the 

^ magnetizing coils B x , JB 2 and the 

?> method of obtaining the required 

* £_ f phase difference in their exciting 

-ftjfCII-?RfZTS currents are also identical in the 

<TA> A two cases. The magnetizing coils 

are excited from the incoming 
v dQ machine. 

B 2 ^3fir -WW”*' The field coil, A , however, is 

l^L ll wound with fine wire and, together 

jj with a non-inductive series resist- 

.. — _ ance, is connected to the bus-bars. 

j Theory of Action of Moving-iron 

11 1 i Instrument. "When the frequency of the 

pa MM incoming machine is equal to that at the 

^ 1 2 bus-bars, the action of the moving-iron 

Fro. 249. Priinciiple oe Moving- synchroscope is identical with that of 
iron AT. mT^.nisrArTTsrc.-Tr , TTnT,i~> the corresponding form of power-factor 

Synchroscope meter, the angular displacement of 

the pointer from the central position 
being proportional to the phase difference between th© two E.M.Fs. When, 
however, the E.M.Fs. have different frequencies, the moving system rotates 
in one direction or the other, according to whether the frequency of the 

* For other examples, including lamp synchroscopes, see Dower Wiring 
Diagrams , Third Edition, pp. 124—128 
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incoming machine is higher or lower than that at the bus-bars. The speed 
of rotation, in revolutions per second, is equal to the difference between the 
two frequencies. 

Hence if E x , E 2 denote the E.IM.Es. applied to the fixed and moving-coil 
circuits, f the frequency at the bus-bars, / dr f' the frequency of the incoming 
machine, the instantaneous torques are 

^jxUnst) = cos(0 — 90°) sin [2 tu(/ + f')t dr a ] sin 2 tt ft 

= k x E x E u cos(0 - 90°) [cos (dr 2tc f't dr «) - cos(2 tt( a) ] 
S’ndnst) = - m cos 6 sin[2Tr(/ dr S')t - dr a ] sin 2tt/£ 

== — k x E x E z cos 6 fcos( 2tz f't dr a— )— cos (2 tx {2 dr a. —J-tt) ] 
where a is the phase difference between the two E.M.Fs. 

If /' — 0, i.*e. the frequency of the incoming machine is equal to that at 
the bus-bars, the above expressions reduce to 

Unst) = k x E x E 2 sin 6 [cos dr « ~ cos(4tt/£ ±a)] 
and ^jaUnst) — — cos 6 [sin dr a — sui(4tc/£ dr a)] 

Hence the mean torques are 

= k x E x E 2 sin 6 cos dr « 
and ST b — — k x E y E 2 cos 6 sin dr a - 

The condition for equflibrium is that «T A -{- §T B == 0, 
i.e. sin 6 cos dr « — cos 6 sin dr cc . . . . . (186) 

or 6 = dr « 

Thus the pointer is stationary, and its deflection from the “ zero ” position 
(which is vertically upwards) represents the phase difference between the 
E.M.Fs. 

If the frequency of the incoming machine differs slightly from that at the 
bus-bars, the torques tending to deflect the moving system will be given by 
cT a — k x E X E Z sin 0 cos (dr 2-rzf't -4- a) 
and S’ B = — k x E x E 2 cos Q sin(dr - 2-nij't -f- a) 

since the component torques having a frequency of 2 f dr S' will have no 
effect upon the moving system. 

Hence, for equilibrium ST A -{- cT B — 0, or 

sin 0 cos(d: 2rcf't dr a) — cos 8 sin(dr 2rcf't ± a) . . (187) 

i.e. <9 = dr 2jz f't dr « 

Thus the moving system rotates with an angular velocity equal to that 
corresponding to the difference in the two frequencies (i.e. one 'revolution 
corresponds to a difference of one cycle in these frequencies), and the direction 
of rotation depends upon whether the frequency of the incoming machine 
is higher (/'' positive) or lower (f' negative) than the frequency at the bus-bars. 


Frequency Meters 

Principles of Operation. A number of principles may be employed, 
sucli as (1) mechanical resonance, (2) electrical resonance, (3) varia¬ 
tion of electrical characteristics with frequency of two parallel 
circuits containing resistance and inductance. Instruments operat¬ 
ing ..on electrical principles form interesting examples of the 
application of the elementary principles discussed in the earlier 
chapters. 

Mechanical Resonance or V ibrating-r eed Frequency Meters. In 

these instruments a number of steel reeds, which are so tuned that 
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the natural frequencies of successive reeds differ slightly from one 
another, are acted upon by an electromagnet excited from the 
supply system. Only those reeds having a natural frequency 
approximately equal to that of the exciting current will show 
visible vibration, and, if this frequency coincides with the natural 
frequency of any particular reed, that reed will have a large ampli¬ 
tude of vibration. If the frequency of the exciting current lies 
between the natural frequencies of two adjacent reeds, these reeds 
will vibrate with approximately equal amplitudes, which, however 
will be less than the maximum. Thus the accuracy with which the 
frequency can be measured depends upon the interval between the 
natural frequencies to which the successive reeds are tuned. This 
disadvantage has led to the disuse of this form of frequency meter, 
the defleetional type being now always employed. 

Electrical Resonance Frequency Meters. The operation of these 
instruments depends upon the principle that both the power and 
factor of, and the current in, a series resonant circuit supplied at 
constant voltage change with the frequency. At resonance fre¬ 
quency the power factor is unity and the current is a maximum ; 
when the frequency is decreased or increased, the power factor 
becomes lagging or leading, respectively, and the current di mi nishes 
rapidly (see Fig. 46, p. 87). 

Construction. The instruments are similar in construction to 
the moving-coil and moving-iron forms of single-phase power-factor 
meters. The operation of the moving-coil form of instrument may 
be made to depend upon either the variation of power factor, with 
frequency, of a single resonant circuit, or the variation of current, 
with frequency, in two resonant circuits which have different 
resonance frequencies and are connected in parallel. With moving- 
iron instruments the operation depends upon the variation of 
power factor, with frequency, of a single resonant circuit. 

Moving-iron, Resonant Circuit, Frequency Meter. The circuits of 
an instrument of the Lipman type are shown in Fig. 250. The 
moving system is practically identical with that of the synchroscope 
(Fig. 249), and the two magnetizing and field coils are also 
identical in the two cases. 

The resonant circuit consists of the field coil, A , and a condenser 
of suitable capacity connected in series, the field coil itself providing 
the required inductance. This circuit is adjusted so that its reso¬ 
nance frequency corresponds to the mid-point of the frequency 
range of the instrument. 

The deflection of the moving system from the central, or mid¬ 
scale, position is proportional to the phase difference between the 
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voltage impressed upon, and the current in, the resonant circuit, 
and the action of the instrument is similar to that of a single-phase 
po?tver-factor meter. 

An inductance, X 2 , is connected in series with the instrument for 
the purpose of rendering its indications practically independent oi 
the wave-form of the supply circuit. 

Frequency Meters with Parallel Circuits Having Dissimilar Elec¬ 
trical Characteristics. Frequency meters depending for their opera¬ 
tion upon the variation of current, with change of frequency, in 



Fig. 250. Pbincipl-b of Moving-iron, circuit Frequency 

Alternating-eieeid, Resonant- Metee 

circuit Frequency Meter ( Everett-Edgcumbe & Oo.y 


parallel-connected circuits containing resistance and inductance, 
or resistance, inductance and capacitance, are constructed in both 
the induction and moving-iron forms. 

In induction instruments two travelling magnetic fields act upon 
a pivoted aluminium disc or drum which is free from controlling 
forces. The torques due to these fields oppose each other, and 
follow different laws with respect to the frequency. Stability be¬ 
tween the torques for a definite frequency is obtained by shaping 
the disc or drum, so that one field acts upon a dimi n ishing surface, 
and the other field acts upon an increasing surface. 

The principle, of a moving-iron instrument (due to Coleman) is 
shown in Fig. 251. Two assemblies of soft-iron discs, R x , E Z) 

—(T. 5245 ) 





402 


alternating currents 

are mounted eccentrically on the spindle of the instrument, and 
are spaced sufficiently far apart to avoid mutual interference. The 
magnetizing coils, A ly A a , are connected in the branches of a parallel 
circuit, the constants of which are chosen according to the frequency 

range desired. . „ , ^ r . , 

Thus for a wide range of frequency, e.g. 40 to 60 cycles per sec., 
one circuit is principally resistive and the other is inductively 
reactive For example, a resistance is connected m series with the 
magnetizing coil A ± , and an inductive reactance is connected in 




Fio 252. Akrangembnt of Electric Ausn> Magnetic Circuits 
(a) of Induction Frequency Meter (Drum-type) 

The development of the cylindrical surface of the drum is shown at ( b ), and an end 
- view of the drum is shown at (c) 

(Nalder Bros. & Thompson ) 

series with the magnetizing coil -4 2 . The current in the former 
circuit is therefore independent of the frequency, while the current 
in the latter circuit is inversely proportional to the frequency. In 
order to reduce errors due to distorted wave-form, a choking coil is 
connected in series with the parallel circuits. 

For a medium range of frequency, e.g. 45 to 55 cycles per sec., 
one circuit contains a condenser and” a choking coil, which are 
adjusted to give a current which increases with the frequency over 
the range of the instrument. The other circuit is inductively 
reactive, as in the previous case. 

For a narrow range of frequency, e.g. 48 to 52 cycles per sec., 
both circuits contain condensers and choking coils, as shown in 
Fig. 251. One circuit, X ± C ± , is adjusted to give a current which 
rises rapidly with the frequency {over the range of the instrument), 
and the other circuit, J£ 2 G 2 , is adjusted to give a current which 
falls rapidly with the frequency. 
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Construction of Drum-type Induction Frequency Meter. Tlie 
arrangement of a Lip man type of instrument is shown in Fig. 252. 
The operating magnets resemble those of other Lipman induction 
instruments, but in the present case the poles of the outer magnet 
are cut away so as to reduce the pole arc. 

The outer magnet is wound with primary and secondary windings, 
E, E, respectively, as for a voltmeter, except that the secondary 
winding is designed for a higher voltage. A reactance coil, A, is 
connected in series with the primary winding to reduce errors due 
to harmonics if present in the wave-form of the supply voltage. 

The inner magnet has two independent exciting windings, G and 
H. Both are supplied from the secondary winding _F, but a react¬ 
ance, L, is connected in the circuit of G , and a resistance, R, is con¬ 
nected in the circuit of II. Another resistance, R, common to both 
circuits, is provided for adjusting purposes during the calibration 
of the instrument. * 

The exciting windings on the inner magnet produce, in combina¬ 
tion with the winding on the external magnet, travelling fields in 
the air-gap, which move in opposite directions relative to the drum. 
These fields are of equal strength at the frequency corresponding 
to the central scale position of the pointer. 

A change of frequency alters the relative values of these fiuxes 
(e.g. an increase in frequency will cause the current in coil G to 
decrease and that in coil H to increase), and the drum will, there¬ 
fore, take up a new position of equilibrium. 



CHAPTER XVII 

INSTRUMENT TRANSFORMERS 

Use of In str um ent Transformers in Practice. The range of alter¬ 
nating current switchboard instruments is nsnally extended by 
means of transformers—in preference to series resistances and 
shunts—as, in addition to extending the range, the transformers 
also insulate the instruments from the main circuit, and therefore 
enable low-volt age instruments (supplied through transformers) to 
be used with safety on high-voltage circuits. In such cases the 
current circuits of the instruments are designed for a maximum 
current of 5 A., and the pressure circuits are designed for a maxi¬ 
mum pressure of about 100 V. Again, with transformers, the range 
of an ins trument may be extended almost indefinitely with only a 
small increase in the power consumption, as the losses in the 
transformer are extremely small. 

The use of transformers with instruments, however, introduces 
slight errors into the instrument readings, and these errors must 
be taken into consideration when accurate results are required. 
Usually the errors are only important in connection with wattmeter 
readings at low power factors, and the method of applying the 
corrections is discussed later. 

Construction. Current Transformers. The primary winding of a 
current, or series, transformer is connected in series with the main 
circuit, and the secondary winding is connected to the current coil 
of the measuring instrument, the function of the transformer being 
to supply the instrument with current proportional to that in the 
main circuit and in phase opposition thereto.* The current range 
of the instrument connected to the secondary winding is usually 
5 A. 

The number of turns in the primary winding vary with the type 
of magnetic circuit and the magnitude of the current in the main 
circuit, and when this current is large the primary winding consists 
of a single conductor. 

The insulation of the primary winding is of extreme importance 
in transformers for high-voltage circuits. After being wound and 
insulated, the windings are impregnated, in vacuo, with insulating 

* Th© phase relationship of the currents is important only in connection 
with power measurements. 
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compound, and the entire transformer may be either immersed in 
oil or fitted into a case and filled with insulating compound applied 
in vacuo. 

The magnetic circuit is constructed of high quality laminations 
and may take the form of a ring, a rectangle, or a double rectangle, 
as shown in Fig. 253. For the highest accuracy the laminations 
must be of good quality alloyed iron, and the magnetic circuit must 
be without joints, thereby necessitating hand-wound coils. In 
commercial transformers, considerations of cost require the use of 



Fig. 253. Forms or Co re Construction for Current 
Transformers 

machine wound coils, and therefore a jointless magnetic circuit 
cannot be employed. Fut the laminations at the joints must be 
interleaved so as to reduce the reluctance. 

Potential Transformers. In these transformers the primary winding 
is connected across the supply system and the secondary winding 
is connected to the pressure circuit of the measuring instrument, 
the function of the transformer being to supply the latter with a 
potential difference proportional to the voltage of the supply 
system and in phase opposition thereto.* 

The primary winding must therefore consist of a large number 
of turns and must be adequately insulated. Moreover, the terminals 
must be separated from one another and must be adequately 
insulated from the frame by porcelain or other bushings. Fuses 
are necessary as a protection against breakdown of the insulation, 
internal short-circuits, etc., and these are usually mounted on 
bushings adjacent to the terminal bushings. 

The magnetic circuit is constructed of high-quality laminations 

* The phase relationship of th© voltages is important only in connection 
with power measurements. 
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and takes the form of a single rectangle (Fig. 254a) for single-phase 
transformers, and a double rectangle (Fig. 2546) for three-phase 
transformers. As former wound coils are only permissible m the 
present case, the laminations forming the cores and yokes must be 
assembled after the coils are in position and the joints must be 

interleaved. , . ... , , , 

The coils forming the secondary and primary windings are located 

symmetrically ~ 




(«) <*> 

IFig. 254. Forms or Coeb Consthtjction 
FOE Potential Tbanseobmees 


_ ^ one over 

the other on each core 
of the magnetic circuit, 
the primary coils being 
outside the secondary 
coils. For high-voltage 
circuits the primary coils 
are wound in sections, 
the several sections being 
separately insulated and 


connected in series. The windings are impregnated in vacuo in 
the same manner as those of current transformers. 

Connections of Transformers and Instruments. The diagrams of 
Fig. 255 show the connections of an ammeter, a voltmeter, and a 
single-phase wattmeter, or power-factor meter, when used with 
instrument transformers. 

If the ammeter, voltmeter, and wattmeter are scaled as straight- 
through (i.e. low voltage) instruments, the current in the main 



Fig. 255. * Connection Fialeam.s for Instruments TTsed with: 
IisrsTHxnycBisrT Transformers 


circuit will be given by : Ratio of current transformer X ammeter 
reading ; the voltage "by : Ratio of potential transformer X volt¬ 
meter reading ; and the power by : Wattmeter reading X ratio of 
current transformer X ratio of potential transformer. 

When extreme accuracy is required in connection with power 
measurements, the correction factors of the transformers must be 
known. 

In the connections for the wattmeter and power-factor meter, a 
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knowledge of the relative 'polarities of the secondary terminals of 
the transformers with respect to the primary terminals is important, 
otherwise the instruments may be so connected as to read 
improperly. 

The relative polarities of the terminals of the primary and 
secondary windings should be marked by the manufacturer, either 
by conventional signs or letters. In the event 'of a transformer 
having no markings the relative polarities of the terminals m^y be 
determined very simply by passing a small direct current t hr ough 
one winding and connecting a low reading permanent-magnet 
moving-coil voltmeter across the other winding. Then, if the 
voltmeter deflects up the scale on closing the direct-current circuit, 
the terminal of the transformer which is connected to the positive 
terminal of the voltmeter will have the same polarity as that which 
is connected to the positive terminal of the direct-current supply. 
Precautions should be taken to avoid leaving the magnetic circuit 
of the transformer in a highly magnetized condition, otherwise its 
accuracy will be impaired. 

Precautions to be Observed with Current Transformers- When 
using current transformers it is important that the secondary circuit 
be always closed when current is passing through the primary 
winding, otherwise the magnetic circuit may become highly 
saturated. The iron losses and the heating of the core will then 
become excessive, and a relatively high voltage will be induced in 
the secondary winding which may cause a breakdown of the 
insulation between adjacent turns and a burning-out of the trans¬ 
former. Even if the transformer is capable of successfully with¬ 
standing these abnormal conditions, it is highly probable that, when 
the primary current is switched off, or the secondary circuit is 
again closed, the magnetic circuit will be left in a highly-magnetized 
condition, which will impair the accuracy for future work. To 
restore the core to its normal magnetic state, it must be demag¬ 
netized by passing an alternating current through the primary 
winding (with the secondary winding open circuited) and gradually 
decreasing this current to zero. 

When current transformers are used with portable instruments, 
precautions are necessary to avoid errors due to (1) the relatively 
large stray magnetic field which may exist with open-type trans¬ 
formers fbr high-voltage circuits owdng to the separation of the 
primary and secondary coils ; (2) the inadvertent substitution of 

instruments having a range (e.g. 1, 2, or 3 A.) lower than the 
standard range (5 A.), as the former have a much higher impedance 
than the latter and may involve operating conditions in the 
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transformer which, may be quite different from the normal 
conditions. 

Theory of Current Transformer. In. an ideal transformer the magnetizing 
ampere-turns and the losses are zero, and therefore, (1) the ratio of primary 
and secondary currents is constant for all loads ; and (2) the phase difference 
between these currents is 1S0°. 

The vector diagram representing these conditions is shown in Fig. 256a, 
in which 0<P represents the flux ; OE x , CtE7 2? the E.M.Fs. induced in the 
primary and secondary windings (which are directly proportional to the 
numBers of turns in these windings) ; OV x ( — — OE x ), the potential difference 
at the terminals of the primary winding ; 0-Z\>, the current in the secondary 

circuit lagging ° with respect to OE 2 ; OB, the ampere-turns due to the 
secondary winding; OA.(~ — OB ), the ampere-turns due to the primary 
winding ; and OI x , the current in the primary circuit. Observe that, since 
the resultant ampere-turns are zero, the ratio of currents is equal to the 
inverse ratio of turns, i.e. I x ll 2 = -ZV 2 JJSf x , where I x , I % , denote the primary 
and secondary currents, respectively, and JW X , iV 3 , the number of turns in the 
primary and secondary windings, respectively. 

In a practical transformer a definite number of ampere-turns are required 
for the mag netic circuit, there are losses in the core and windings, and 
magnetic leakage occurs between the windings. The vector diagram repre¬ 
senting these conditions is shown in Fig. 2566, some of the vectors being 
exaggerated to obtain legibility. The diagram is drawn with the secondary 
current as the vector of reference, since when this current, together with data 
of the transformer, are known, the induced E.M.Fs., the flux, and the primary- 
current may be readily determined. 

The E.M.F. induced, in the secondary winding is represented by OE 2 , and 
balances the vector sum ( Od ) of the internal E.M.Fs. due to the resistance and 

reactance of the secondary circuit, of which Oct, be -in phase opposition with 

respect to the secondary current—represent the E.M.Fs. due to the resistances 
of the secondary winding and load (i.e. ammeter or other instrument), 
respectively, and ah, cd —lagging 90° with respect to the current—'represent 
the E.M.Fs. due to the reactance (inductive) of the load and the leakage 
reactance of the secondary winding, respectively. 

The E.M.F. induced in the primary winding is represented by OE x , the 
ratio OE 2 fOE x being equal to the ratio of the numbers of secondary and 
primary turns. 

The flux is represented by 0<3>, which leads the induced E.M.Fs. by 90°. 
The magnetizing ampere-turns are represented by OD, and the exciting 
ampere-turns by OG, the latter leading the flux by the angle a. The exciting 
ampere-turns are the resultant of the ampere-turns due to the primary and 
secondary windings. Hence, if the ampere-turns of the secondary winding 
are represented by OB, then the vector sum (OM) of OB reversed and OG 
will represent the primary ampere-turns. The primary current is, therefore, 
represented by OI. 

The voltage at the terminals of the primary winding is represented by 
OV x , and is equal to the vector sum of the induced E.M.F. {OE x ) and the 
E.M.Fs. due to the resistance and leakage reactance of the primary winding, 
these E.M.Fs. being represented by Oe and Of, respectively. 

If this vector diagram. Fig. 2566, is compared with that. Fig. 256a, for an 
ideal transformer, we observe that, in the commercial transformer— 

1- The ratio of primary and secondary currents is not sijf^ctly pro¬ 
portional to the ratio of the numbers of turns. 

2. The phase difference between these currents is less than 180°. 

3. The ratio and phase difference are not constant, but vary with the 
magnitudes of the currents and the impedance of the secondary circuit. 

To approach ideal conditions in a commercial transformer, the exciting 
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ampere - turns must be small in comparison ■with tlie primary, or secondary, 
ampere-turns, and the resistance and reactance of the secondary circuit 
must be kept as low as practicable. 

Expressions for Ratio and Phase Angle of Current Transformer. The ratio of 
the primary and secondary currents (called in practice the “ ratio ” of the 
transformer) may be calculated from the vector diagram, the vectors concerned 
being drawn separately in Fig. 256c, in which the secondary ampere-turn 



Fig. 256. Vbctoe Diagrams for CcmuEisrT Transformers 


vector is reversed from its normal position. From this diagram we obtain 
the relation 

OA. — OB cos /3 -f- OO sin (a -J- g? 2 -J- /3) 
where /? is the angle between the primary ampere-turns vector and the 
reversed secondary ampere-turn vector. This angle (/3) is called the “phase 
angle ” of the transformer, and is usually very small (from about 0-5° to 3-0°). 

Substituting ampere-turns in this expression, we have 
1 X 2ST X = J 2 iV 2 cos -f- I 0 N X sin (a + + /5) 

where I Q is the fictitious exciting current (i.e. I 0 — exciting ampere-turns 

Whence cos / - —■ sin (a + « (188) 

or, since jS is a small angle, we have, to a very close approximation, 

^ ^ sin (a + <p z ) ..... (ISSa) 

Hence, on account of magnetizing current, losses, and reactance in the 
secondary circuit, the ratio of turns (i.e. N 2 /N 1 ) must be smaller than the 
ratio required for the currents. For example, a transformer designed for a 
ratio of 10 : 1 would have JSF 2 j2S r 1 equal to between 9*8 to 9*9. 

Observe that both the exciting current (I Q ) and a depend upon the flux 
density and the magnetic qualities of the core. With a given, transformer, 
the flux density is almost directly proportional to the E.M.F. induced in the 






410 


ALTERNATING CURRENTS 


secondary winding, and with a given secondary current, this E.M.F. is 
proportional to the impedance of the secondary circuit. 

An alternative expression for the ratio error may he obtained by resolving 
the exciting ampere-turns into in-phase and quadrature components with 
respect to the primary voltage V x . Thus, if these components are denoted by 
jV x I OJP and JSf x I 0Q respectively, and are represented by the vectors Of, Og 
respectively, in Tig. 256 (d), then, since is a small angle, we have to a very 
close approximation. 

N X I X = N 2 I 2 + BT x I 0p cos cp x + N X I QQ sin cp x . 

Whence the ratio error 

„ cos <p x H- Jsr x J 

= ( V x I op cos <p x 4- V X I 0Q sin (p x )/V x I x .... (189) 

Observe that V X I 0P and V x I 0 q are the in-phase and quadrature components 
respectively of the exciting volt-amperes. 

The phase angle, j3? is readily determined from the diagram. Fig. 256c. 
Thus 

a OC cos (a + + /?) I 0 N X cos (a -f- 9? 2 

tan p — - OB cos J3 ~ I 2 JST 2 cos /? 

Since /? is a small angle, we have, to a close approximation, 

? radians = 2 COS (a -f- (190a) 

Observe thab the vector OI 2 of the secondary current is leading with respect 
to the reversed vector of the primary current. 

Data of Current Transformer. A commercial current transformer, intended 
for a primary current of 50 A., a secondary current of 5 A., and a secondary 
Load of 40 V.A., has a ring core wound wibh 30 primary turns and 294 
secondary turns. The resistances (at 20° C. ) of the windings are 0-018 ohm 
(primary) and 0-65 ohm (secondary). The mean diameter of the core is 
10 cm. and the magnetic cross-section is 5 cm. 3 

Theory of Potential Transformer. In an ideal potential transformer without 
losses, the voltages at the terminals of the primary and secondary windings 
are equal to the E.M.Fs. induced in these windings, and their ratio is constant 
and equal to the ratio of the numbers of turns in the windings. Thus, 
V x j Fo = E x /E 2 — JS r x /-ZV 2 . Moreover, with constant frequency the flux in 
the core is proportional to the voltage applied to the primary winding. 

The vector diagram is shown in Fig. 257a, in which J> represents the 
flux in the core ; OE x , OE 2 , the E.M.Fs. induced in the primary and secondary 
windings, respectively; OV x {= — OE x ), the impressed E.M.F. ; OI 2 , the 
current in the secondary circuit ; OB, the secondary ampere-turns ; 
O A ( = — OB), the primary ampere-turns ; and OI x , the primary current. 

In the diagram for the practical transformer. Fig. 257 b, bhe secondary 
terminal voltage is taken as the vector of reference, O V z . The current in 
the secondary circuit is represented by OI 2 , which, in practice, lags by a 
small angle with respect to OV 2 . The E.M.F. induced in the secondary 
winding is represented by 013 2 , and is obtained by compounding with O V 2 the 
pressure drops due to the resistance and leaking reactance of the secondary 
winding, these pressure drops being represented by V z a and aE z , respectively. 

The flux leads O.W z by 90°, and is represented, by 0< 3>. The exciting ampere- 
turns are represented by OC, and from this vector and the vector OB, repre¬ 
senting the secondary ampere-turns, the vector OA, representing the primary 
ampere-turns, is obtained. The primary current is therefore represented 
by OI x . 

The E.M.F. induced in the primary winding is represented by OE x , the 
ratio OE x (OE 2 being equal to the ratio of the numbers of turns in the windings. 
The external voltage at the terminals of the primary winding is represented 
by OFj, and balances the induced E.M.F., OE x , together with the internal 
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E.Tvl.Fs. din© to tlx© resistance and reactance of the primary winding, these 
E.M.Fs. being represented by Oc and Od, respectively. 

Expressions £or Ratio and Phase Angle of Potential Transformer. The ratio 
of the primary and secondary voltages (called in practice the “ ratio ** of the 
transformer) is easily calculated from the vector diagram if the diagram is 
re-drawn with all secondary voltage vectors increased in the ratio 2SF x [N 2y 
and the secondary current vector diminished in the ratio JS T 2 12SF X ; i.e. the 
scale for secondary voltages is JSJ~ X /JSF 2 times that for the primary voltages, 
and the scale for secondary currents is 2V 2 /jV t -times that for primary currents. 
Thus the vector representing the E.M.F. induced in the secondary is now of 



Fig. 257. Vector Diagrams tor- Potential Transformer 


equal length to that representing the EJ.M.F. induced in the primary winding. 
The new vector diagram for the quantities concerned is shown in Fig. 257c. 

If the various voltage vectors are projected upon OV 2 produced, we have 

V x cos y == V 2 -j- UzRz cos <Pz + I 2 N 2 sin <Pz) * cos 0 + 2£ x sin 0 ) 

where y is the angle between O V 2 and OV x reversed ; 6 is the angle between 

OV 2 reversed and I x ; R 2 , are the resistance and leakage reactance, re¬ 
spectively, of the secondary winding ; the resistance and leakage 

reactance, respectively, of the primary winding. 

* Now y is usually much less than 1°, so that, to a very close approximation, 
cos y = 1-0 ; 

I x cos 6 — (I Z JV 2 /JST X ) cos cp 2 -f- I 0 sin a ; 

I x sin 6 — (I 2 N 2 [N x ) sin <p 2 -f- I 0 cos a 
Hence, substituting in the preceding expression, we have 
V x = j.fEl (-R* cos <p 2 + sin 9? 2 ) -f- R x ^ J 2 ” cos cp 2 + I Q sin 

sin cp 2 + I 0 cos 
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_ V ZL* 


v:*o 


_ v.Zi 

2 jsr 


+ J 2 cos <p 2 (Zi i ? 2 + w x -Ri) + A s “ V. (§; ^ 

—{— I 0 (R 1 sin ct —]— -XT x cos ct) 

1+ *.& r <>+(f;) 2 ^) c ° s ^+ (Pj^) shi *•] 

-4- I-(TZ- sin rr -4- "ST. 


Now I 2 JSf 2 fJSr ii is the component of the primary current which balances the 
secondary current I 2 , and is called the equivalent secondary current referred 
to the primary circuit. Similarly, Jt 2 (JSTjJ N g) 2 and XT 2 (iV 1 /.2V' 2 ) 2 are called the 
equivalent resistance and reactance, respectively, of the secondary winding 
referred to the primary circuit. These equivalent quantities will be denoted 
by I 2 , R 2 , XIV. Hence the preceding expression becomes 

V x = V 2 N X JN 2 + I'A tRi + XV) cos <p a 4- (XT x + X' a ) sin <p a ] 
4- I 0 {H l sin a 4- E x cos a) 
and the ratio ( V X JV 2 ) is given by 

Zx = Ni 
V 2 JV 2 

, V L(^i 4- ^V) cos <p z 4- <^i + XC 2 ') sin <p 2 ] 4- I 0 (R i sin a + X x cos a) ,, ; 

-r ' ~ t? “ (. Ayj 4 

v 2 


or, since <p 2 and a are usually small angles, we have, approximately, 

V i Ej. , 4- ^V) 4- Iq-^i 

y 2 — iV s F 2 


(191a) 


Observe that, on account of losses, magnetic leakage between the primary 
and secondary windings (to which the leakage reactances Z p XC 2 , are due), 
and magnetizing current, the ratio of turns (27-lJ JST 2 ) must be slightly smaller 
than the ratio required for the terminal voltages. Also, since I' z is usually 
small in comparison with J c , and XT* is greater than (jR x 4- XV)» the term 
I 0 J^ 1 in equation (191a) is more important than the term I 2 '(H 1 4- XV). 
Thus the ratio is given very approximately by 


V\ _N X , I 0 Z X 

v s xr 2 _+ ' v 2 


(1916) 


The phase angle, y, of the transformer is readily calculated from the vector 
diagram. Thus 


sin y 


M 




(J 2 XT 2 cos (p 2 — I 2 R 2 sin <p 2 ) 4- V (X x cos 0 — -RjSin 0 ) 


or, since y is a very small angle, sin y = y (in radians). 


v 


radians = [J 2 ' {(X x 4- Xg/) COS cp 2 

4- J 0 (X x sin a — R x cos a.) ] 


4- Rz') sin <Pz } 


(192) 


Application of Correction Factors for Ratio and Phase Angle. The correction 
factors for ratio and phase angle of instrument transformers vary with the 
magnitude and nature of the load connected to the secondary winding. 
The correction factors for a given transformer, are therefore expressed in the 
form of curves, typical examples being given in Figs. 258, 259. 

With measurements of current and voltage using instrument transformers, 
the instrument readings are multiplied by the ratio correction factors, the 
application of which in this case is quite straightforward. 
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With power measurements in single-phase circuits by the wattmeter method, 
correction, factors for both ratio and phase angle must be applied to the 
instrument readings, together with the correction factors for the wattmeter 
itself. 

In applying the correction factors for phase angle, we observe, from 
Fig. 2566, that, for the current transformer, the secondary current leads the 

reversed primary current, bu.t that, for the potential transformer and the 



Fig. 258. Correction Factor and Phase Angle Curves for 
High-class Current Transformer with Ammeter and Wattmeter 
Connected in Secondary 
(S ilicon-steel core) 

conditions represented in Fig. 257 b, the secondary terminal voltage is lagging 
with respect to the reversed primary terminal voltage. "With potential 
transformers, however, the secondary terminal voltage may be in phase 
with, or lagging, or leading the reversed primary voltage, according to the 
design of the transformer and the nature of the load. 

Hence, if cp is the phase difference between line voltage and. line current, 
the phase difference between the secondary terminal voltage of the potential 



Fig. 259. Correction Factor Curves for Potential 
Transformer 
(S ilicon-steel core) 


transformer and the current in the secondary circuit of the current transformer 
is cp — (/3 y ) when cp is lagging, and cp .-+• /S ± y when (p is leading, the 'plus 
sign being used in connection with y when the secondary terminal voltage is 
lagging, and the minus sign when this voltage is leading, with respect to the 
reversed, primary terminal voltage. 

If <3 is the phase difference (lagging) between the voltage applied to the 
potential circuit of the wattmeter and the current in this circuit, the phase 
difference between the currents in the fixed and moving coils is <p — -j-y -f- <5) 
when cp is lagging, and. cp + (3 dr Y <5 when g o is leading. 

Hence, if cos cp a is the apparent power factor determined from the ratio of 
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the uncorrected wattmeter reading and the readings of the ammeter and 
voltmeter, the power factor cos qo of the primary circuit is given by- 
cos [<p a ± ± y 6 ) ], the plus sign to be taken for lagging power factors 
and the minus sign for leading power factors. 

Therefore the power in the primary circuit is given by 

jP — [cos 9 ?/cos {cp a ±: (P ± V + <5)> ] 

X wattmeter reading X corrected ratio of current transformer x corrected 
ratio of potential transformer, when the power loss in the instruments is 
ignored. 

Example. The following readings (corrected for calibration of instruments) 
were taken on a voltmeter, an ammeter, and a wattmeter connected (as in 
Fig. 255c) to instrument transformers on a high-voltage circuit, the load 
having a lagging power factor. 

Volts 100-2 ; Amperes 3-4 ; Watts 280. 

Data of the instrument transformers are as follow- 

Gurrent transformer - 

Nominal ratio - . . - . . 15 : 1 

Ratio correction factor for a secondary load of 3-4 A. 0-992 
Phase angle at this load (/?) . - . . 0-75° 

Potential transformer — 

Nominal ratio ...... 20 : 1 

Ratio correction factor ..... 1-001 

Phase angle (y) ...... —0-25° 

Hence, 

Current in main circuit = 3-4 X 15 X 0-992 = 50-6 A. 

Voltage of main eircuit — 100*2 x 20 x 1-001 = 2006 V. 
Apparent power factor (from instrument readings) 

-go 


100-2 X 3-4 


Phase difference (cp a ) between voltage and current in 
instrument circuits = cos -1 0-822 = 34-7° 


Actual phase difference (q?) between voltage and current; 

in main circuit = <p a — (J3 — y) — 34-7 — 0-75 0-25 

= 34-2° ? 

Power factor of main circuit 


Power in main circuit 


= cos q? = 0-827 
0*827 

= ° X 280 X 15 X 0-992 


X 20 X 1-001 = 83,900 W. 

With power measurements in three-phase circuits by the two-wattmeter 
method the effect of the phase angles of the instrument transformers is to 
reduce the phase differences of the currents in the fixed and moving coils of 
the wattmeters by the angle j? ± y + (5. Hence, with balanced loads, the 
phase difference between the currents in the coils of wattmeter No. 1 is 
[30° -f- {<P — (j£? zt 7 + <5)}] == (30° + qp a ), and that between the currents in 
the coils of wattmeter No. 2 is [30° — {q? — (/3 dz y -f- <5)}] = (30° — 9? a ) y 
assuming that similar transformers are used in each phase. 

If V 2f I 2 denote the voltage and current for the secondary circuits of the 
transformers, the readings of the wattmeters represent the quantities 
V 2 I 2 cos (30® -f- qo a ), and V z J 2 cos (30° — cp a ). Whence the algebraic sum 
of the readings represents the quantity -\/3 . V 2 I 2 cos qp a . 

Therefore the power in the primary circuit is given by 
jP = 

X algebraic sum of wattmeter readings x corrected ratio of current trans* 
form er X corrected ratio of potential transformer. 



CHAPTER XVIII 

ALTERNATING-CURRENT MEASUREMENTS 

Ik this chapter we shall discuss a few of the methods available for 
determining the principal constants of electric circuits and apparatus 
as well as methods of measuring current, potential difference, and 
power. The methods of determining the direction of the phase 
rotation of a polyphase system will also be considered. 

Simple Measurement of Inductance and Capacitance by the 
Impedance 55 Method. This method possesses the advantage of 
simplicity. It is very convenient for the test-room and laboratory 
when a high degree of accuracy is not required, and when the value 
of the impedance under test is within the range of the instruments 
available. 

The general procedure is to measure the impedance of the 
apparatus (using the ammeter and voltmeter method) at a known 
frequency, employing preferably a source of sinusoidal E.M.E., 
and, if possible, an electrostatic voltmeter. 

Then, for the inductive circuit, if I is the current, V the applied 
voltage, f the frequency, and JR the resistance, the inductance is 
given by 

JR = V (V 2 - JR 2 ! 2 ) 1277/1 henries, 
or, if HI is negligible in comparison with V, 

A = V1277/1 henries. 

For the capacitive circuit 

C — II2tt/V farads. 

The mutual inductance of two circuits may be determined by 
measuring the induced E.M.F. in the secondary circuit when a 
known current, at a known frequency, is passing in the primary 
circuit. Then, if JE^ is the value of the induced E.M.F., I x the 
primary current, and / the frequency, we have JE. Z = 2rrfMI ls 
whence 

M = E,J2tt/I x 

It is to be observed that in all these measurements the accuracy 
of the results will be affected by any distortion of the wave-form 
from the sine wave, the greatest errors occurring in the measurement 
of capacitance. Examples, showing the magnitude of these errors 
for a particular case, are given in Chapter XIV. 
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alternating currents 

The error due to non-sinusoidal wave-form may be calculated 
and allowed for when the equation to the E.M.F wave is known. 
The method of doing so is explained m Chapter XIV. 

Ao-ain if an electromagnetic voltmeter is employed instead of an 
electrostatic voltmeter, the instrument should be so connected that 
its operating current passes through the ammeter, and the reading 
of the ammeter should be corrected to allow for this current 

Measurement of Power and Power Factor m Single-phase Circuits. 

We shall only consider the case in which the power to be measured 

is small and the measure- 



Fia. 260. Co nhste ctionts of Instruments 
for Measuring a. Small Amount of 
Power 


ments are to be made by 
means of a wattmeter, 
ammeter, and voltmeter. 
The connections should he 
made according to Tig. 260. 
The wattmeter reading then 
includes the losses in the 
pressure circuit of this in¬ 
strument and the voltmeter ; 
the ammeter reading in¬ 
cludes the currents in the pressure circuit of the wattmeter and 
the voltmeter. 

If jP, I, denote the true power and current, respectively, in the 
load ; JP'. I', the readings of the wattmeter and ammeter, respec¬ 
tively ; V the voltage at the load ; JP V the resistance of the volt¬ 
meter ; and R w the resistance of the pressure circuit of the wattmeter 
then 

JP = JP' - V z /B v - V 2 /K w 
and 1 = 1'- V/K„ - VIJR W 

The power factor is given by 
cos cp = JP jVI 

[Note. The corrections for the inductance of the pressure 
circuits are assumed to he negligible.] 

Example. The following readings were taken on instruments connected 
as in Eig. 260—- 

Volts 100 ; Amperes 0*4 ; "Watts 30. 

The resistance of the voltmeter was 1200 ohms, and that of the pressure 
circuit of the wattmeter 4,000 ohms. Calculate the power supplied, to the 
load and also the power factor. 

Employing the expressions previously obtained, we have 

Z> = 30 - 100 2 /1200 - 100 2 /4000 = 30 - 8*33 - 2-5 = 19*17 W. 

I = 0*4 - 100/1200 - 100/4000 = 0*4 - 0-0833 - 0*025 
= 0-2917 A. 

cos <p = 19*17/100 X 0-2917 = 0*657 
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JSTote that, if the power factor is calculated, from the uncorrected readings of 
the instruments, we obtain 

cos cp' = 30/100 X 0-4 = 0-75 

Measurement of Power in Single-phase, High-voltage Circuit, Using 
a Wattmeter without Instrument Transformers. When the power in 
a high-voltage circuit is to be measured by a cc straight-through ” 
wattmeter, a series resistance, of suitable value, must be connected 
in series with the moving coil of the instrument. If the moving- 
coil circuit is designed for a normal voltage V and the resistance 




Fio. 261. Correct ( a ) and Incorrect (6) Connections ot 
Wattmeter on High-voltage Cercttit 

of this circuit is JR, the additional resistance, R 1? to be connected 
in this circuit when the instrument is used on a circuit of voltage V 1 
is R T = RiV^jV — 1). The readings of the wattmeter must then 
be multiplied by the quantity (1 + R 1 /R) to obtain the power in 
the main circuit, and, if necessary, correction factors must be 
applied (as explained in Chapter XVI) for the power expended in 
the instrument, and for the inductance (and distributed capacitance, 
if any) of this circuit. 

Precautions must be taken when connecting the instrument to 
the circuit to (1) support the instrument upon an insulating stand 
(or, if one side of the system is earthed, to connect the instrument 
to this side of the circuit) ; (2) make a common connection between 

the fixed and moving coils as shown in Pig- 261a, to ensure that a 
high voltage cannot exist between these coils. 

It is of the utmost importance that the connections shown in 
Pig. 2616 be not inadvertently made, as in this case the full line 
voltage would exist between the coils, thereby causing a breakdown 
of the insulation and a burning-out of the instrument. 

Measurement of Power in Single-phase Circuits without Using a 
Wattmeter. The wattmeter method of measuring power is described 

28—(x.5345) 
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in Chapter V, and the corrections which have to be applied to the 
wattmeter readings under certain circumstances are discussed in 
Chapter XVI. In cases where a wattmeter is not available, and the 
conditions are favourable, the power (and power-factor) may be 
measured by alternative methods, known as the ** three-voltmeter 55 
and “ three-ammeter 55 methods. 

Three-voltmeter Method of Measuring Power and Power Factor. 

A non-inductive resistance is connected in series with the apparatus 
under test, and the voltages across the apparatus, non-inductive 
resistance, and supply are measured, preferably by electrostatic 
instruments. The diagram of connections is shown in Fig. 262, 



Method of Measuring Power 

and the vector diagram for the circuit is given in Fig. 263. From 
the vector diagram we have 

172 = Vi 2 _|_ y 2 2 + 2V 1 V Z cos <p 

where V is the line voltage, F x the voltage across the non-inductive 
series resistance, and V 2 the voltage across the apparatus under 
test. 

The power supplied to the apparatus is 

P = V 2 I cos <p = {V^V^jR) cos 99 , 
where R is the value of the non-inductive resistance. 

Hence, substituting in the preceding expression and re-arranging, 
we obtain 

P = |(F 2 - Vj*- V^)JR .... (193) 

Also cos cp = (F a - V x 2 - V 2 2 )/2V 1 V 2 . . . (194) 

These expressions are valid when the wave-form of the supply 
voltage is sinusoidal, and (in cases of non-sinusoidal wave-form) 
when the wave-form of the current is identical with that of the 
impressed E.M.F. 

Note. Equation (194) may also be employed to calculate the 
phase difference between two E.M.Fs. which are acting in series. 
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Thus if F 1? F 2 are the Tt.M.S. values of the separate E.M.Fs., 
and F their resultant, or vector sum, then if cp is the phase difference 
between F x and F a we have 

cp = cos 1 [(F 2 - F x 2 — F 2 )/2F 1 F 2 ]- 
Three-ammeter Method of Measuring Power and Power Factor. 
In this method a non-inductive resistance is connected in parallel 
with the apparatus under test, and the currents in this resistance, 
the apparatus, and the line are measured. The diagram of con¬ 
nections is shown in Fig. 264, and the vector diagram for the 
circuit is given in Fig. 265. From the vector diagram we have 
/ 2 = A 2 H- ^ 2 2 -h cos q> 

where I is the line current, the current in the non-inductive 
resistance, and 1 2 the current in the apparatus under test. 9 


o 

Fig. 264 Fig. 265 

Circuit and Vector Diagram for the “Three-ammeter” 
Method of Measuring Power 

The power supplied to the apparatus is 

JP — VI 2 cos cp = 1 l R . 1 2 cos Cp, 

where R is the value of the non-inductive resistance. Hence 
substituting in the preceding expression and re-arranging, we 
obtain 

R = -IR(I 2 - I r * - Z 2 2 ) .... (195) 

Also cos <p= (I* - I ± * - IA)!2IJ 2 .... (196) 

The validity of each of these expressions is governed by the 
same conditions as apply to the three-voltmeter method. 

Electrostatic Method of Measuring Power. In this method a 
quadrant electrometer is employed in conjunction with a standard 
non-inductive resistance and a potential divider. The method is 
particularly suitable for research and standardizing laboratories, 
and lias been perfected by the national Physical Laboratory for 
measurements of high accuracy.* It is the standard method of 

* “ The use of the electrostatic method for the measurement of power.” 
Journal of the Institution of Electrical Engineers , vol- 51, p. 294. 
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measuring power in the testing of watt-hour meters and the calibra¬ 
tion of wattmeters at this laboratory. The method also possesses 
advantages over other methods for the measurements of small 
amounts of power at high voltages and low power factors, such as 
losses in dielectrics. 

To measure power by the quadrant electrometer, a potential 
difference proportional to, and in phase with, the current in the 
circuit is applied to the quadrants, and the voltage of the circuit 
or a definite fraction thereof, is applied between the needle and 
quadrants. The deflection is then proportional to the power 
expended between the point to which the needle is connected and 





Fig. 266. Connections eob Measurement or Power by 
Quadrant Electrometer, 


the point which has a potential midway between the potentials of 
the quadrants, as proved later. 

Thus if the connections are arranged as shown in Fig. 266a— 
which refers to the case where the load is connected directly to the 
su PPly system—the deflection of the electrometer is proportional 
to the power expended in the load plus one-half of the power 
expended in the non-inductive series resistance, or shunt, to which 
the quadrants are connected. 

The correction for the power expended in one-half of the series 
resistance, R, may be eliminated either by connecting the needle 
to the mid-point of a non-inductive resistance (or a potential 
divider) connected across the supply system as shown in Fig. 2666, 
or, if this is impracticable, by inserting a second non-inductive 
resistance, r, in the main circuit, as shown in Fig. 266c, and making 
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the value of this resistance equal to %R(?z - 2), where R is the value 
of the resistance across which the quadrants are connected and n 
is the ratio: (supply voltage/voltage between needle and “ line ” 
quadrants ). 

If, however, the mid-point of the resistance JR can he utilized, 
the wattmeter reading is directly proportional to power expended 
in the load. This is the case when a fictitious load is employed as 
shown in Fig. 266d, which refers to the test circuit for the calibration 
of a wattmeter or a watt-hour meter. The current coils of the 
meter are supplied through a transformer from an alternator, and 
the pressure coils are supplied from another alternator. The latter 
is direct coupled to the first machine, and is so arranged that its 
frame may be given angular displacements with reference to t his 
machine, in order to obtain any desired phase difference between 
the current and voltage supplied to the meter. 

In cases where no correction is necessary for the power expended 
in the series resistance, R, the power is given by 

jP == Jen 6J2R (197) 

where 6 is the deflection, k the “ constant ” of the instrument 
(which is determined in the manner described later), and n, R refer 
to the quantities mentioned previously. 


Theory of Electrostatic Method of Measuring Power. Let e denote the 
instantaneous value of the potential difference between the needle and one 
pair of quadrants, and v the instantaneous value of the potential dfference 
between the quadrants. Then, from the law of the quadrant electrometer, 
the deflection, 0, is given by 

JcQ — ~ (2ev + v 2 )dt. 

-t- J o 

ISTow, with the connections arranged as in Fig. 266a, v — iJR, where i is the 
instantaneous value of the current in the circuit. Hence 

JcQ = ~ f T (2Rei + i 2 R' 2 )dt 

= | ~2R J T eidt q- R Hi 2 dt J 

1 rr 

But — j ei, dt represents the power ( JP ) supplied to the circuit, and 


1 rv 

Tjo 


represents the power 


(F r ) expended in the series resistance, R. 


Therefore JcQ — 2 R(P -f- ^.P R ) 

whence JP = Jed j2R — 


With the co nn ections arranged as in Fig. 2665, the potential difference 
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between the needle and the pair of quadrants connected to the load is 
[>(e 4- v) — vl. Hence 

t rT 1 f T 

Jc6 = j (2vl%(e -h v) -w] + v*)dt = — Jo ev dt 

i r T 

— R.-^j ez dt = RP 

Whence JP — Jed/R 

With the connections arranged as in Fig. 266c, the potential difference 
between the needle and the pair of quadrants connected to the load is 
( e _}_ i r _j_ iJR.) Jn — iR, where n is the ratio of the voltage across the tapped 





(b) 

Fig. 267 . Connections fok Caiibratin & Quadrant Electro¬ 
meter for Power MEASGiREMiEisrTS 


portion of the potential divider to the supply voltage, i.e. n = voltage across 
points a c /voltage across points a b. Hence 


Jed 


= -i f 1 (2v [(« ir -}- Hi) jn -f 
T J o 

2R i rT . f 1 rTi*R 
n T J o T J o n 


m j -f- v^)dt 
(2r - R(n - 2))dt 


The first integral represents the power (JP) supplied to the load. The 
second integral becomes zero when 2r = JR(n — 2), or when r = £R (n — 2). 
Under these conditions, we have 


P = nlcQ J2R 

When the instrument is used with a fictitious load, as in Fig. 266c£, the 
potential difference between the needle and the pair of quadrants connected 
to the load is (ejn — %v ). Hence 


Jed 


= 7pf* I2v(e/7i~£v) + v*Jdt 

2 r l ra 
n ‘ T J o 


r T . 2 R 

ez dt = -. 


whence P — nhQ /2 R 


Method of Determining the “ Constant ” of the Electrometer. The method 
employed by the 2STational Physical Laboratory requires the use of standard 
non-inductive resistances and an electrostatic voltmeter, the calibration of 
which is accurately known. The connections are shown in Fig. 267. . 

The alternating supply voltage is adjusted to give the normal voltage 
(100 Y.) between the needle and the neutral point of the quadrants (i.e. 
10O V. between points A. and JB, Fig. 267), and the potential difference between 
the quadrants is adjusted to 'any desired value by means of selector switches 
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connected, to standard non-inductive resistances. The resistance in circuit 
between the points A and J3 is maintained constant at 200 ohms, and, since, 
a constant potential difference of 100 V. is maintained between these points 
the current in the circuit is 0-5 A. Hence when the 2-ohm coils, C\, O,, are 
short-circuited the potential difference between the quadrants can be varied 
from 0*1 V. to 2 V. in 0-1 V. steps. 

[Note. The positions of the selector switches must always be such that 
equal resistances are included between each quadrant and the neutral point A. 3 
This potential difference can be extended up to 4 V., in 0*1 V. steps by 
unplugging the 2-ohm coils, G x , C 2 , but when 0 2 is inserted an equal resistance 
(■ G s ) must be cut out between the points A, JB, in order to maintain the total 
resistance between these points constant at 200 ohms. 




Connections of Wattmeter ajstd Instrument Tran'seormers for 

Measuring Tower nsr Baxanced and Hnbaxajstced Loads _.^ 

If Ox is the deflection from the “ electrical zero,” E the R.TvI.S. voltage 
between the points A, 25 ; I the current in the circuit ; R the resistance 
connected across the quadrants ; and k the constant of the instrument 
corresponding to the deflection 0 X , then, from the law of the electrometer, 

: 21R {E — -J = 2EIR 


whence k — 2EIR J0 X 

The 4 electrical zero ” is obtained by connecting both quadrants to the 
point A (as shown in the diagram b. Fig. 267), with normal voltage 
between the points A, JB. 

Measurement of Power in Three-phase Circuits. The principles 
of the methods of measuring power in three-phase circuits have 
been discussed in Chapter XX, and diagrams of connections for 
low-voltage circuits are given on pp. 194, 195, 199. 

With high-voltage circuits it is customary to use instrument 
transformers with the wattmeters, and connection diagrams for 
balanced and unbalanced loads are given in Pigs. 268, 269 
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In cases where it is desired to use straight-through wattmeters 
the connections must be made in accordance with Fig. 270, and 
two separate wattmeters (yiot a polyphase wattmeter) must be 

employed, both of which must be 
supported upon insulating stands 
The precautions already men¬ 
tioned in connection with the 
measurement of power in single- 
phase, high-voltage circuits apply 
with equal force in the present 
case. 

Alternating-current Potentio¬ 
meter Methods of Measuring 
E.M.F. The potentiometer 
principle of comparing E.M.Fs. 
enables measurements of high 
accuracy to be performed, as the 
balance is obtained by a null method. In the direct-current poten¬ 
tiometer the balance is obtained between the magnitudes of the 
sc unknown ” E.M.F. and the potential difference between certain 
points in the potentiometer wire, but in the alternating-current 
potentiometer the balance must he obtained between the phases of 
these quantities as well as between their magnitudes. 

The theory of the alternating-current, potentiometer is quite 
simple. Thus, if the 66 unknown ” E.M.E. is represented by 

E = Ejtpe = ± e t ± je 2 , 

and the potential difference against which it is balanced is 
represented by 

V = vjjpt — ± *>i ± i« 2 , 

then the condition of balance is 

V = E, 

le- 

d= ± je 2 
=t e i 
Azje-2 

Hence, two adjustments, which must be carried out in succession, 
are necessary in obtaining the balance with an alternating-current 
potentiometer. 


Hence V — E, and <p^ = 

Or, alternatively, -4- tq -4- = 

which requires -4- v 1 = 

and ± jv z = 




1 3 2 

p/WWWVVVVVV V^^ 





Fig. 270. Connections oe Watt¬ 
meters fob Measuring Power in 
High-voltage Clrciiit 
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Two methods of effecting the double adjustment have been 
devised : In one method (due to Drysdale) a phase-shifting trans¬ 
former is employed ; in the other method (due to Gall) the in-phase 
and quadrature components of the two quantities are balanced 
separately. In the Larsen A.C. potentiometer a standard variable 
mutual inductance is employed instead of a phase-shifting 
transformer. 

Gall-Tinsley Co-ordinate Potentiometer. This instrument (Fig. 271) consists 
of two potentiometers (which ar© called the “ in-phase ” and “ quadrature ” 
potentiometers) fitted into a common ease. The potentiometers ar© supplied 



Fig. 271. Co-ordinate Potentiometer 
(3. Tinsley & Co .) 


with equal currents (50 mA.) having a mutual phase difference of 90°, the 
currents being obtained from a single-phase supply system through a step- 
down isolating transformer, the latter being for the double purpose of isolating 
the potentiometer circuits from the supply system and for obtaining a suitable 
voltage (6 V.) for these cireuits. 

The correct value of the current in the “ in-phase ” potentiometer is 
indicated (to about 1 part in 10,000) by a sensitive reflecting electro-dynamic 
instrument which is connected in this circuit. The electro-dynamic instru¬ 
ment is not permanently calibrated (as is the case with the instrument used 
with the JDrysdale potentiometer), but the current in the potentiometer wire 
is adjusted to its standard value (50 mA.) by means of direct current and a 
standard cell, in the same manner as if the potentiometer were being used on 
a direct-current circuit. The control (torsion head) of the electro-dynamic 
instrument is then so adjusted to bring the “ spot ” to a definite position on 
the scale, and this position therefore indicates the standard value of current 
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in. the potentiometer wire when the supply current is either direct or 
alternating. 

The adjustment of the current in the 44 quadrature ” potentiometer to its 
correct value and phase difference is effected by connecting in this circuit the 
primary winding of a standard mutual inductance and balancing the E.M.F. 
induced in the secondary winding against a definite potential difference of 
the “in-phase” potentiometer- If the mutual inductance is so constructed 
as to be free from eddy currents, the E.M.F. induced in its secondary will 
have a phase difference of 90° with respect to the current in the primary. 
Therefore, when this E.M.F. is balanced against the potential difference of 
the “ in-phase ” potentiometer, the current in the 44 quadrature ” potentio¬ 
meter has a phase difference of 90° with respect to that in the in-phase 
potentiometer. 

By suitably choosing the value of the mutual inductance in relation to the 
frequency of the supply circuit, a simple relationship may be obtained between 
induced E.M.F. and frequency. Eor example, if the mutual inductance is 
0-3183 ( = 0*1 /nr) H., the E.M.F. (i&' 2 ) induced in the secondary winding 
when the standard current (50 mA.) is passing in the primary winding is 
given by— 

JS7 a = 2= 2 tc/ x (0*I/7r) X 50 X 10' 3 =// 10O. 

Thus E z — 0*5 "V. for 50 frequency. 

Therefore, if the supply frequency is 50, the potential slides of the “ in- 
phase ” potentiometer are set to 0*5 V. and. the magnitude and phase of the 
current in the 44 quadrature ” potentiometer are adjusted in succession until 
no deflection is obtained on the vibration galvanometer, the (alternating) 
current in the 44 in-phase ” potentiometer being maintained at the standard 
value. 

The 4< unknown ” E.M.E. to be determined is applied, via a vibration 
galvanometer, to both sets of potential slides (which are now connected in 
series with each other) and a balance is obtained by adjusting the potential 
slides, and, if necessary, changing the positions of the reversing switches, 
which are connected in series with them (see Fig. 272). The 44 in-phase ” 
component of the E.M.F. is then given, in magnitude and sign, by the settings 
of the potential slides and reversing switch, respectively, of the 44 in-phase ” 
potentiometer. Similarly, the 44 quadrature ” component of the E.M.F. is 
given in. magnitude and sign by the settings of the potential slides and 
reversing switch of the 44 quadrature ** potentiometer. By means of shunts 
incorporated in the instrument, the 44 constants ” of either set of potential 
slides may be changed to one-tenth normal, thereby enabling small mag¬ 
nitudes of either of the E.M.F. components to be accurately determined. 

The magnitude of the 44 unknown ” E.M.F. is, of course, given by 

VT(in-phase E.M.F-) 2 -j- (quadrature E.M.F.) 2 ], 

and its phase difference with respect to the current in the in-phase potentio¬ 
meter wire (which is the quantity* of reference for all E.M.F. measurements) 

is <p = tan -1 (quadrature E.M.F.)/(in-phase E.M.F.). 

Potentiometer Method of Measuring Impedance. The impedance 
to be measured lias a standard non-inductive resistance connected 
in series with it, and is supplied with current from the same source 
as the potentiometer. The potential differences at the terminals 
of the standard resistances and the impedance are then determined. 
Let these quantities, as determined by the Drysdale potentiometer, 
be and V^ fcpz, respectively, where V x , V z , are the settings of 

the potential slides and <p l3 <p 2 the settings of the phase-shifting 
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transformer. Then, if R s is the value of the standard resistance, 
the impedance of the apparatus under test is given by 
R S V 2 , 

Z = /(<p 2 - <p ± ) 

Whence Z R s V^jV x . 

Observe that, although the phase angles <p x , g? 2 are not involved 
in the determination of the numerical value of the impedance, a 


Four sets of 
Potential Terminals 



[Note.—T he lower portion of the dincrrmri 'ir.^ido U.e dotted rectangle) refers to the 
isolating transformers A., Ji, .-rmi T?!e jma“e-T! lit; ; r.g transformer, C] 

knowledge of these angles enables the resistance and reactance to 
be calculated. 

Tf the measurements are made on the Gall co-ordinate potentio¬ 
meter and are denoted by zb e x zb and zb e'i zb je'z* where 

d : c x ± e\ represent the settings of the potential slides of the 
kC in-phase 55 potentiometer, and zb zb e' 2 , the settings of the 
* 6 quadrature 5 ’ potentiometer when determining the voltages across 
the standard resistance and impedance, respectively, then 

^ = J R sV / [(e'i 2 + e' 2 2 )/(«i 2 + e 2 2 )] 
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Method of Testing Watt-hour and Power-factor Meters at Varying 
Power Factors. Two methods are available for polyphase meters 
and three methods for single-phase meters, two of the latter being 
similar to the methods employed with three-phase meters. The 
methods common to single-phase and polyphase meters are— 

1. Supplying the current and potential coils of the meters from 
sexDarate alternators, which are mechanically coupled together and 
have the same number of poles. The stator of one alternator is 



Pig. 273. Connections for. Testing Polyphase Watt-hour 
Meters on Fictitious Load 


so constructed that its magnetic axis can be displaced relatively 
to that of the other alternator, and by these means any desired 
phase difference may be obtained between the E.M.Fs. of the 
alternators. Thus, conditions equivalent to any desired power 
factor may be obtained in the meter circuits. The connections 
in the case of a single-phase meter have already been given in 
Fig. 266c?. 

2. Supplying the potential coils from the secondary winding of a 
phase-shifting transformer, the primary of which is excited from 
the system supplying the current coils. 

A diagram of connections for this method is given in Fig. 273, 
from which it will he observed that the current coils of the meters 
are supplied through step-down transformers (and, if necessary, 
current transformers), and the potential circuits are supplied, 
through auto-transformers, from the secondary windings of the 
phase-shifting transformer. Regulation of current in the tc current ” 
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circuit of the meters is effected by means of a regulating choking 
coil connected in the primary circuit of the step-down transformer, 
and regulation of voltage for the potential circuits is effected by 
means of tappings on the auto-transformers. 

The equivalent power in the meter circuits is determined by 
means of a standard electro-dynamic wattmeter, and the equivalent 
power factor is obtained either from the dial of the phase-shifting 
transformer or the volt-amperes in the meter circuits. 

The equalizing connections between the current and potential 
circuits are for the purpose of ensuring that the fixed and moving 
coils of the wattmeter are at the same potential. 

[Note. In both the above eases the meters are tested on a 
fictitious load, and the tests are effected with the expenditure of 
only a small amount of energy, viz. that necessary to supply the 
losses in the instruments and apparatus.] 

Another method—which is apxfiicable only to single-phase meters, 
and does not require the special apparatus which is necessary with 
the preceding methods—is based upon the phase relationship 
between the currents and voltages in a three-phase system. The 
connections are shown in Fig. 274 a, and Fig. 2746, and vector 
diagrams are shown in Fig. 274c. The load should he non-inductive 
and may consist of banks of incandescent lamps. 

The current coil of the meter under test, M, and that of the 
standard wattmeter, TV. are connected in series with the line wire. 
No. 3, which is common to the two loads. When a power factor 
between unity and 0*5 is required, the potential circuits of the 
instru m ents are connected between this line (No. 3) and one of the 
other lines (Fig. 274a), according to whether a lagging or leading 
power factor is required. But when a power factor between 0*5 
and zero is required, the potential circuits are connected across 
lines 1 and 2, as shown in Fig. 2746. 

The vector diagram for these conditions is shown in Figs. 274c. 
The current, 7, is the current coils of the instruments in the vector 
sum of the currents in the loads. The latter are represented by 
the vectors OI A , —which are in phase with the line voltage 

vectors 6>F 2 _ 3 , respectively—and the current in the instru¬ 

ment is represented by 07. Hence, if the loads are equal, OI bisects 
the angle between the vectors 07^, 67 2 . 3 , and is perpendicular to 
both OF x _ 2 and 0F 2 _ X . These conditions represent power factors 
(in the meter circuit) of 0*866 (lagging), 0*866 (leading), zero 
(lagging), zero (leading). 

With unequal loads, the vector OI will occupy a position inter¬ 
mediate between the vectors 07^, 07 2 _ 3 . 
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In the extreme ease, when one load (R) is zero, OI is in phase 
with OV ± .. 3 , and leads 60° with respect to OV 2 _. s . Hence these 
conditions represent power factors of unity and 0-5 (leading), 
according to whether the potential circuits are connected across 
lines 3 and 1, or across lines 3 and 2, In the other extreme case, 
when the load A is zero, the conditions are equivalent to power 



Fig. 274- Connections pob Testing- Snsr gee -phase Watt-hour 
Meters at Various Power Factors 


factors of unity and 0-5 (lagging), according to whether the potential 
circuits are connected across lines 3 and 2, or 3 and 1. 

In all these cases it is assumed that the symmetry of the three- 
phase system is unaffected by the unbalanced loading. 

If the direction of the phase rotation of the three-phase system is 
unknown, the phase of the current (i.e. whether lagging or leading) 
may be ascertained by a simple test, which consists of connecting 
an inductance temporarily in the pressure-coil circuit of the standard 
wattmeter, and noting the readings, with and without the induc¬ 
tance, for the same load conditions. If the reading with the 
inductance in circuit is larger than that without the inductance, 
the current is lagging ; if the reading is smaller, the current is 
leading. * . ■ 
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Determination of the Phase Sequence or Direction of Phase Rota¬ 
tion in a Three-phase System. A number of methods are available, 
some of which utilize the principles discussed in Chapter XX in 
connection with unbalanced star-connected circuits, while others— 
such as those employed in phase-rotation relays, and similar switch¬ 
board instruments—utilize the principle of the induction wattmeter. 



Fig. 275. Circuit and Vector Diagrams foe the Lamp-resistance 
Method op Determining Direction - or Phase Rotation 


A simple phase-rotation indicator, in which an unbalanced star- 
connected circuit is employed, requires only two similar incan¬ 
descent lamps (which form a visual indicator) and either an 
inductance (preferably iron-cored) or a condenser. These are 
connected in star as shown in Figs. 27 5a, 2756. When either of 
these circuits is connected to a three-phase system, the lamps will 
have unequal voltages impressed upon them, and this feature is 
utilized to determine the direction of the phase rotation, as -with 
the inductive circuit (Fig. 275a), the phase, or line wire, connected 
to the bright lamp is lagging with respect to that connected to the 
dim lamp, and with the capacitive circuit (Fig. 2756) the phase 
connected to the bright lamp is leading with respect to that connected 
to the dim lamp. 

The vector diagrams are shown in Figs. 275c, 27 5d.* The 

line voltages are represented by the vector triangle AEG , the line 
currents (which are obtained from the phase currents of the 
* See p. 456 for the method of drawing these diagrams. 
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equivalent delta-connected, circuit) are represented by the vectors 

OI x , OI % , OI z . 

Since the voltages across the lamps are in phase with the currents 
OI x , OI 2 , the potential of the neutral point O x is determined by 
drawing from the corners A and B of the triangle ABC, parallels 
AO ± . BO x , to the vectors BI X , CI 2 , respectively, to meet at the 
point O x . 

[Note. The vectors BI X , BI 2 represent the currents in the 
lamps A and B respectively.] 

Then AO ± represents the voltage across lamp A, BO ± the voltage 
across lamp B > and CO x the voltage across the remaining branch 
(inductance or condenser) of the circuit. 

Observe that with the inductive circuit (Figs. 275a, 275c), BO x 
is greater than AO x ; but that, with the capacitive circuit (Figs. 
2756, 275 d), AO x is greater than BO ± . Hence, since the vector 
diagrams have been drawn for coiinter-clockwise phase sequence, 
the bright lamp is connected in the “lagging phase 55 when an induct¬ 
ance is employed (Fig. 275a), and in the “leading phase 55 when a 
condenser is employed (Fig. 2756) ; the terms ‘Tagging phase 55 and 
“leading phase 55 referring to the phases in which the lamps are 
connected. 

In a practical form of this indicator for 200/230 V., 50-cycle 
circuits, ordinary 25 W. or 40 W., 230 V., lamps are employed, and 
the condenser has a capacitance of from 1 to 2 jllF. The voltage 
impressed upon one lamp is about SO per cent of the line voltage, 
and that impressed upon the other lamp is about 25 per cent of the 
supply voltage. 

Example. Two equal non-inductive resis tan c es and a condenser are 
connected in star, as in Fig. 275, and the combination is connected to a three- 
phase supply system. The capacitance of the condenser is so chosen that the 
reactance of the condenser branch is equal to the resistance of one of the 
non-inductance branches. Determine the voltages across the lamps and 
condenser. 

Let It denote the resistance in each of the non-inductive branches. Then 
— jit denotes the reactance of the condenser branch. 

The line currents may be determined either by the indirect method, which 
involves the conversion of the star-connected circuit into the equivalent 
delta-connected circuit, or by the direct application of Kirehhoff’s laws to the 
star-connected circuit. As the former method introduces some features of 
interest for the circuit under consideration, it will be adopted in present 
case. 

Thus, denoting the equivalent impedances between the line wires 1—2, 2—3 
3—1 (Fig. 2755), as Z a , Z & , Z c , taken in order, we have, from p. 450 

Z a = It 4 - R 4- R - Bl{-jit) = R(2 + jl) 

Z& = JR -jJR - JR . jJR I It = R(1 — j2) 

Z c = ~jJR -f- R -jR . RJR = R(1 -j2) 
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Hence, for counter-clockwise phase rotation, the currents in the equivalent 
delta-connected circuit are 




V (1 ±JO) V ■ 

R (2 + jl) — R (0 4 j0 ‘ 2) 


u> 

Ic 


V (- 0-5 -jO- 866 ) 

R (1 — j 2 ) 


^ ( 0-246 - JO-373) 


V (_ o .5 q_ JO 866 ) 
R (1 -j2) 


(- 0 446 ~j0-027) 


The currents in the star-connected circuit are then I x — I a — I c , 
I 3 = I- b — X a , J 3 = J c — X and the voltages across the branches of this 
circuit are Fi. 0 = RI X , F 2 -o — -K/ 2 , V 3 _ 0 — —jRI 3 . 

Whence Fi o = V (0-846 - jO-173) 

V x -o = V V(0-S46 2 + 0-173 2 ) = 0-S66 V. 

F2-0 = V (- 0-154-jO 173) 

V 2 _o = V V(0*1S4 2 -{- 0-173 2 ) *= 0*232 F. 

F 3-0 = F (0*340 + iO-0£?i?) 

F3_ 0 = F V(0-346 2 + 0-692 2 ) 4= 0*775 V. 

Wattmeter Method of Determining the Direction of Phase Rotation 
in a Three-phase System- When the power in the system is being 
measured by the two-wattmeter method (using separate watt¬ 
meters) the phase rotation may be determined at the same time by 
taking two extra readings with a reactance (e.g. either a condenser 
or an inductance) inserted at the junction of the two pressure-coil 
circuits, as shown in Fig. 276. The star-connected circuit thus 
formed is similar to the circuit in Fig. 276, and, therefore, the 
changes in the magnitudes and phases of the voltages impressed 
upon the pressure coil circuits of the wattmeters, due to the insertion 
of the reactance, will depend upon the direction of the phase 
rotation of the three-phase system. 

Vector diagrams representing the conditions when a condenser 
is connected in the pressure-coil circuits are shown in Fig, 
276. A study of these diagrams will show that if A, B, de¬ 
note the readings of the wattmeters when the connections are 
normal (A being the larger reading*), and A', R' , denote the 
readings when the condenser is connected in the pressure-coil 
circuits, then if 

A' A, B' < E ; or if A' < A, R' > R, 


* Tlie special case when file two readings are equal is considered in til© 
example wliieli follows. 

29— (T.5245) 
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wattmeter B is connected in tlie “ lagging ” phase when the power 
factor is “ lagging ” and is in the “ leading ” phase when the 
factor is “ leading.” 

To ascertain whether the power factor—or, more correctly, the 



current in the main, circuit—is lagging or leading, the following 
simple test is aicpliecL*— 

Open the common connection between current and pressure coils 
of the wattmeter which gives the larger reading when the connections 

* This test depends upon the phase relationship between the line voltages 
and currents of a symmetrical three-phase system. Thus, with normal 
connections the phase difference between the currents in the coils of the 
wattmeter giving the larger reading is (30° — <p), and when the common end 
of the pressure coil is transferred to the other line the phase difference becomes 
90° — 9 ?) when the power factor is lagging and (90 p + (p) when the power 
factor is leading. 
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are normal. Connect this end of the pressure coil to the line wire 
in which the second wattmeter is connected. If the new reading 
is positive, the current is lagging ; if negative , the current is 
leading. 

Experimental Verification. The following readings were obtained on two 
wattmeters connected, in accordance with the diagram in Fig. 2 76, to a three- 
phase circuit, the power factor of which could be varied as desired. The 
power factor was indicated by a power factor meter, and the direction of 
phase rotation was determined by an independent test- 


Reading of Wattmeter 
Connected in Line ISTo. 1. 

| 

Reading of Wattmeter- 
Connected in Line 2STo. 2. 

Power 

Factor. 

Phase 

Rotation. 

20 

47 

lagging 

2-1-3 

2* 

35* 

lagging . 

2-1-3 

48 

21 

1 leading 

2-1-3, 

17* 

44* 

leading 

2-1-3 

24 

48 

leading 

1-2-3 

46* 

17* 

leading 

1-2-3 

49 

20 

lagging 

1-2-3 

37* 

: 

3* 

lagging 

1-2-3 


* These readings were taken with a condenser inserted in the potential circuit of 
wattmeters. 

Example. Two similar wattmeter's are connected in the usual manner 
for measuring the power in a three-phase circuit and provision is made for 
inserting a condenser in the pressure-coil circuits in the manner shown in 
Fig. 276. The reactance of the condenser is equal to the resistance of one 
of the pressure-coil circuits of the wattmeters.* Determine, for power factors 
of 1-0, 0*707, 0*5, 0-2, and both directions of phase rotation, the relationship 
between the readings of the wattmeters (i) when the connections are iiormal ; 
(ii) when the condenser is connected in the pressure-coil circuits. The line 
voltage, current, and frequency are constant* 

The voltages impressed upon the potential coils of the wattmeters when the 
condenser is in circuit are calculated as in the above example, and are given by 

F x _ 0 = V ( G'846 — j O' 173), F 2 _ 0 = V ( — 0-154 -j'0173), for counter¬ 
clockwise phase rotation, and by 

FVo = V (0154 -h jO'173), -FVo = V ( — 0'846 + j'0173 ) for 

clockwise phase rotation, the voltage between lines 1 and 2 being the 
quantity of reference. 

For counter-clockwise phase rotation and with the condenser in the pressure - 
coil circuits the reading ( on the wattmeter connected in line 1 is equal to 

471.0 cos (18*4° -f- <p), and that (W' z ) of the wattmeter connected in line 2 is 
J a F 3 , 0 cos (18*4° <p), the plus sign being taken for lagging power factors. 

■Similarly, for counter-clockwise phase rotation, the readings are : W f \— 1 x FVo 
cos (18*4° -f- <p), W" 2 — I 2 FVo cos (18*4° + <p). 

* If JR is the resistance of the pressure-coil circuit, the capacitance required is given 
by C — 10«/co-K /iP. If the frequency is 50 and R => 3,180 Cl., C = 1 /^F. 
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The results are best expressed, in tabular form- 


Power 

Factor. 


1-0 

1-0 

0-707 (lag) 
0-707 (lead) 
0-707 (lag) 
0-707 (lead) 
0-5 (lag) 
0-5 (lead) 
0-5 (lag) 
0-5 (lead) 
0-2 (lag) 
0-2 (lead) 
0-2 (lag) 


Phase 

Rotation. 

TFx (without 
Condenser). 

W\ (with 
Condenser). 

TF a (without 
Condenser). 

CC 

0-866 VI x 

0*712 

VIx 

0-866 

Via 

C 

0-866 VIx 

0-22 

VIx 

0-866 

vu 

CC 

0-966 VIx 

0-398 

VIx 

0-259 

VI, 

CC 

0-259 VIx 

0-774 

VIx 

0-966 

VIZ 

C 

0-259 VIx 

0-104 

VI X 

0-966 

F7T> 

C 

0-966 VIx 

0-207 

VIx 

0-259 

VIZ 

CC 

0-866 VI, 

0-174 

VI X 

0 


CC 

0 1 

0-65 

VIx 

0-866 

fz 2 

c 

0 

0-0466 

VI X 

0-866 

VIZ 

c 

0-866 VIx 

0-174 

VI, 

O 


cc 

0-664 VIx 

- 0-102 

VIx 

- 0-315 

VI o 

cc 

- 0-315 VIx 

0-433 

VI i 

0-664 

Via 

c 

- 0-315 VIx 

- 0-0274 

VIx 

0-664 

vu 

c 

0-664 VIx 

0-116 

Vl\ 

- 0-315 

viz 


IV\ (with 
Condenser). 


0*22 PTo 

0-712 Vi 
0-104 VIZ 
0-207 VIZ 
0-398 Vlt 
0-774 FZ 2 
0-0466 PI 2 
0-174 FZ 2 
0-174 FJ2 
0-65 VI 2 

- 0-0274 Via 
0-116 Via 

- 0-102 F/ 2 

0-433 F7„ 


Watt-hour Meter Method of Determining Direction of Phase 
Rotation in a Three-phase System. For this method, an induction- 
tvpe polyphase watt-hour meter with the terminals marked accord¬ 
ing to the B.S.I. specification is required. The tests apjolied 



Fig. 277. Circuit and Vector Dia.gk.a.ms fob the Comparison 
of Puase Eotation by Damps 


depend upon the power factor of the load connected to the meter, 
and are as follows— 

1. When the load is non-inductive. Disconnect the 44 red ” 
element of the meter from the circuit and connect a non-inductive 
resistance * in series with the potential or shunt circuit of the 
44 blue 33 element. Take a reading. Next disconnect the 44 blue 33 
element from the circuit and connect the non-inductive resistance 
in series with the shunt circuit of the 44 red 33 element and take a 
reading with the same load as before. Then the element which 
gives the higher reading is connected in the 44 leading 33 phase of the 
supply system . 

* The value of the resistance should, be of the order of 500 ohms per 100 
volts of the normal operating voltage. 
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2. When the current is lagging. The test is similar to that for 
case (1), but the non-inductive resistance is not required. 

Comparison of Phase notation of Two Three-phase Systems. A 
simple method of comparing the phase rotation of two three-phase 
systems—e.g. two alternators which are to be operated in parallel— 
is to connect three similar lamps to the systems according to the 
scheme shown in Fig. 2,71a. Then, assuming the frequencies to be 
equal, if the systems have the same phase rotation, the lamps A 
and B —which are cross-connected in relation to the supply systems 
—will glow brightly, and lamp C will be either very dim or completely 
dark. On the other hand, if the phase rotations are not in the 
same direction, all the lamps will either glow with equal brightness 
or be completely dark. 

Vector diagrams for these cases are shown in Figs. 277b, 277c, 
respectively. The vectors OE x , OE z , OE 3 , represent the equivalent 
phase voltages of one system and OE\, OE'%, OE ' Q , represent the 
equivalent phase voltages of the other system- Then, if the two 
systems have the same phase rotation and equal phase voltages 
(E), and 6 is the phase difference between the systems, the voltages, 
V A , F b , F c , impressed upon the lamps are 

F A = 2E sin \6, V B = 2E sin 4(120° ± 6), 

V c = 2 E sin 4(120° =F 0). 

In the special case, when 0 = 0, 

F a = 0, F b = 2E sin 60° = V, V c = 2E sin 60° = F, 
where F(== \/3 . E) is the line voltage of each system. 

If the phase rotations are not the same, then 

F a = 2E sin id, F b = 2E sin i$, V c = 2E sin 40. 

If the phase rotations are the same, but the frequencies differ 
slightly, then 0 varies with respect to time and passes through a 
cycle of 360° during the time that one system is gaining or losing 
a cycle with respect to the other system. Hence, during the 
interval, the lamps A, B , C will each complete in succession the 
cycle dark-bright-dark-bright-dark. 

The order in which the lamps B and C light up depends upon 
which system has the higher frequency. This featui'e may be 
utilized in connection with the synchronizing of small alternators, 
and was formerly applied by Siemens to synchroscopes. 

Determination of Ratio and Phase Angle of Instrument Trans¬ 
formers. These quantities may be determined directly by means of 
the Gall co-ordinate potentiometer (Fig- 271). In the case of a cur¬ 
rent transformer, the secondary winding is connected to the normal 
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instrument load, in which is included a standard non-inductive 
low resistance. A similar resistance is connected in the primary 
circuit. The potential differences across these resistances due to 
the primary and secondary currents are measured by the potentio¬ 
meter, and from these measurements and a knowledge of the 
values of the standard resistances both the ratio and phase angle 
can he calculated. 

In the case of a potential transformer, the secondary winding is 
connected to an instrument load and also to a potential divider 

from which a suitable voltage is 
obtained for the potentiometer. A 
similar potential divider is connected 
across the primary winding. The 
voltages are measured by the potentio¬ 
meter, and the ratio and phase angle 
may be calculated from these measure¬ 
ments and a knowledge of the ratios 
of the potential dividers. 

When a co-ordinate potentiometer 
is not available, the methods now to 
he described may be adopted, the 
principles of which are based upon the 
potentiometer method of comprising 
E.M.Fs. A standard variable mutual 
inductance, standard non-inductive resistances, and a vibration 
galvanometer are required for the tests. 

Ratio and Phase Angle of Current Transformer. The connections 
are shown in Fig. 278, in which R x , R 2 re£>resent standard non- 
inductive low resistances, M a standard variable mutual inductance, 
and VG a vibration galvanometer. R z and .ML are adjusted succes¬ 
sively until there is no deflection of the galvanometer. Then, if 
the standard resistances are entirely non-inductive, the ratio is 



Fig. 278. Method oe Deter¬ 
mining Ratio ajstd Pbca.se 
Aistgie of Cu^iitEiNrx 
TlR-AIST seoemee 


given by 

^ = ^ VO + co*M*IRj>) .... (198) 

and the phase angle (3 is given by 

£ = tan -*co3I/R 2 ..... (199) 

Proofs. In. the proofs we shall consider that the standard resistances 
R i, have slight inductances L x , L*. respectively. Then, when the current 
in the vibration galvanometer is zero, we have 

/a C(-^2 4- Ia>Z* 2 ) — /ojikf] — 4- jooL x ) 


Jx _ R-> 4- 4n(A> - 41 ) . JR x R z -h ca*L x ( R 2 ~ 

Jl Hi 4 - JcoJL x R x z 4- co z JL7 JC ° L 4- coM x * J 
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WheriOe 


WD 


JR.,, 


co g (X 3 -M)‘ 


] 


li x z + co*L x * 

= i?2 ,/f l H- co a 

i^VL 1 + J 


which, when L x — 0, J0 Z 

lx _ 

/ 2 -K-l 


O, reduces to 

VU + 


Similarly, the pliase angle, /3, is given by 


0 : 


_ L a>JL> x R z — coR x (L., — il/)' 


+ co*L x {Z< z - M )Y 

which, when R x — 0, L z = 0, reduces to 
/3 = -tan. -1 coil/ JR 2 


(198cft) 


(199a) 


Ratio and Phase Angle of Potential Transformer. The connections 
are shown in Pig- 279 (a). A non-inductive high resistance R x „ 



Potential Traxsiformcer 


( a ) Connection diagram; (b), (c). Vector and circuit diagrams for lagging phase- 
angle ; (d), (e). Vector and circuit diagrams for leading phase-angle. 

(Note. In the vector diagrams the angle /? is shown much exaggerated. In practice, 
this angle may be only a small fraction of 1°.) 


together with two smaller non-inductive resistances, R s , are con¬ 
nected across the primary winding and the supply. A condenser, 
<7, of variable capacitance, and a two-way switch, S> are connected 
to the resistances _S 2 , R s , in such a manner that the condenser may 
be shunted across either R 2 or R s . The secondary winding, to which 
the instrument load is connected, is reversed and connected through 
a vibration galvanometer across the resistance R 3 . Zero deflection 
on the galvanometer is obtained by successive adjustment of JR 2 
and G , after a preliminary trial has been made to ascertain whether 
switch & should be in position 1 or 2. Then the ratio is given to a 
close approximation by 

Vx jj. H~ R'% ~f~ JRs 

V*~~ R& 


( 200 ) 











440 


ALTERNATING CURRENTS 


The phase angle, /?, is given "by 

ft = tan -1 co CR a (R± ~\~ Rz)I{^x + R"z + R 3 ) - - (201) 

when lagging (i.e. when the reversed, secondary voltage lags with 
reference to the supply voltage), and. by 

ff = tan -1 coCR ^/ [_R 2 H~ (-^1 + -^ 3 ) (1 ~F coCRq) 2 ] * (201a) 

when leading. 

Proofs. The resistances j R x , -R 2 , R 3 are assumed to be without reactance 
and. the condenser witbont losses. Then for the case when the reversed 
secondary voltage lags the snpply voltage (diagrams (&)? ( c )> tig. 279), we 
have from the circuit and vector diagrams 

Fa. = Fa + /(JR 1 + -Ra) J F 2 = /xRa- 

17, J x R a + (/1 + /a)(-Bi + -Ra) ^3 + (-Ri + Rg) (1 + /a//x) 

Hence, 4^4 = —-f -55 -- 7 ? 

T 7 2 /l-tl 3 . 

= (l?x 4~ -R 2 4- R 3 )/R 3 + 4~ JRa)* 

Wlience to a close approximation, 

V x fV s = (R x + R 2 *+ JRs)/-Rs- 

The phase angle is given accurately by 

(3 — tan - 1 coG(R x 4~ Ra)/C(Ri + Ra 4~ -^ 3 )/-® 3 ] 

= *azx-'coGR a (R x + JR a )/(Ri H- R 2 + R a ). 

For the case when the reversed secondary voltage leads the supply voltage 
(diagrams (cZ), (e), Fig. 279), we have from the circuit diagram. 

Fx - Fa 4- /xR a 4- /Ri; Fa — /R«- 

The ratio (F x / F 2 ) is best determined trigonometrically. Tlius from the 
vector diagram, 

Fx = V{C^(Ri -+■ Ra) 4~ ARa cos 0 a ] 3 + (Z X .R 2 sin 0 2 ) a > 

Fx/F s = VICRx -b Ra -h R 2 (A/-T) 2 ] 2 + (R z I x IJI*)*}fR 3 

Now, 

I x fl = 1/(1 + coCR z ); I X IJI Z = coCFRJi 1 + coOR*) 8 ; 
and since coC Re, may he ignored in comparison with unity, we have to a close 
appro ximation 

Fl/F 2 = (i? x + Ra + R 3 )/R 3 - 

The phase angle is given accurately by 

/? = tan -: 1 {I X R 2 sin 6 2 /[I x (R x 4- -R 3 ) 4 - J\R S cos 0.,! 1 
= tan- 1 coC'l? 2 2 /EiR 2 4- (Rx 4- R 3 ) (1 4- c OR pi 



CHAPTER XIX 

CALCULATION OF THREE-PHASE CIRCUITS 

Ik this chapter, some of the simpler methods of calculating the 
currents and voltages in three-phase circuits with balanced and 
unbalanced loads will be discussed. Consideration will be given, 
first, to circuits in which the loads are supplied at constant voltage, 
and then to circuits in which the voltage at the load is affected by 
the voltage drop in the generator and line wires. In all cases it is 
to be understood that the currents and E.M.Es. vary sinusoidally 
with respect to time, so that vector diagrams and complex algebra 
are applicable to the solutions. 

The simpler examples are calculated by graphic, trigonometric, 
and complex algebraic methods, so as to bring out the salient 
features of each. Rut with the more complicated cases of unbal¬ 
anced star-connected three-wire circuits, only complex algebraic 
methods of solution are given. In such cases, and also in the 
calculation of unbalanced delta-connected loads, the phase sequence 
of the generator has to be taken into account. It will, therefore, 
be appropriate now to consider this quantity and the manner in 
which the symbolic expressions of E.M.Fs. are affected by the 
phase sequence. 

Phase Sequence. A knowledge of the phase sequence, or phase 
rotation, of a polyphase system is necessary before a vector dia¬ 
gram can be drawn or the symbolic' equations written down. The 
vector diagrams previously given have all been drawn for counter¬ 
clockwise phase sequence, which is the standard direction, and the 
diagrams of the simple two-phase and three-phase alternators, 
shown on p. 175, have been drawn to give this sequence. A refer¬ 
ence to Eig. 100 (p. 175) will show that the E.M.Es. of the three- 
phase alternator reach their positive maximum values in the order 
E x , E xx , E xxx . Thus in the vector diagram (a), Eig. 100, if the vector 
OE x is the vector of reference, the vector OE n lags 120 degrees and 
the vector OE llx lags 240 degreesi 

Observe that if the direction of rotation of the armature is re¬ 
versed, the E.M.Es. will now reach their positive maximum values 
in the order I, III, II. Hence the vector diagram wall now have to 
be drawn with OEn lagging 240 degrees and OE ZI1 lagging 120 
degrees ; or, alternatively, OE xx leading 120 degrees and OE lxl 
leading 240 degrees. 
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Standard Phase Sequence and Generator Terminal Markings. The 

standard, phase sequence is counter-clockwise, as explained above. 
Hence, if the terminals of the generator are marked A , JB , C , it is 

understood that-(1) the E.M.E. between terminal B and the 

neutral point lags 120 degrees with respect to the E.M.F. between 
terminal A and the neutral point; and (2) the E.M.E. between 
terminal C and the neutral point leads 120 degrees with respect to 
the E.M.E. between terminal A and the neutral point. 

When a colour scheme of terminal or cable markings is employed, 
the standard colours are red, blue, and white (or yellow). The 
colour white (or yellow) is assigned to terminal A and all cables 
connected to it; blue is assigned to terminal E and all cables con¬ 
nected to it ; red is assigned to terminal C and all cables connected to 
it. Hence, with this scheme the 44 blue ” phase lags 120 degrees, and 
the “red 5 ’ phase leads 120 degrees, with respect to the C£ white ?? phase. 

Symbolic Representation of Phase and Line E.M.Fs. in a Three- 
phase, Star-connected System. With a symmetrical system the 
phase ELM.Fs. may be represented by either of the symbolic expres¬ 
sions (202), (202a), according to the phase sequence. 

Phase E.AI.Fs. for Counter-clockwise Phase Sequence -■— 

E x = E(1 + jO) 1 

E xx = E {cos - 120° -hi sin - 120°) = E( - O 5 ~ jO-866 ) l (202) 

Eju = .S’(cos - 240° + j sin - 240°) = E( - 0*5+j0-866) J 

Phase E .31 .Fs. for Clockwise Phase Sequence — 

■ffi = E(1 + jO) ] 

E xl = E(qos 120° + J sin 120°) == E(—0-5 + JO-866) (2G2c&) 

E^ x = E(co s 240° -h J sin 240°) = E(- 0 5 - j0-860) J 

Hence the line ELM.Fs. are given by the expressions. 

Counter-clockwise Phase Sequence - 

Fi-a = E x - Ejx = E(1 -f- 0 5 H- j 0-866 *= E(l-5 + jO 866) 

Fa s = E xx - E I1X = E(- 0 5 - JO 866 + 0 5 -JO866) = -J^/3E 
Fs i — E xtx - E x = E(~ 0 5 + jO-866 - 1 - jO) 

= E(- 1-5 4- JO-866) 

Clockwise Phase Sequence - 

Fi-2 = E x - Ejj = E{1 4- 0-5 — JO-866) = E{l-5 —JO-866) 

Fa s == Rxi -E XX1 = E{- 0-5 -b JO-866 + 0-5 + JO-866) 

= j <\f 3E 

Fa-i = -Ex = E( - 0-5 - jO-866 - 1 - jO ) 

== E( - 1-5 -JO-866) 
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These expressions and the vector diagrams of Fig*. 280 show that 
the phase sequence of a polyphase system affects the relative posi¬ 
tions of the E.1V1.F. and current vectors of the system, hut has no 
effect upon the magnitudes of the EJ.M.Fs. or currents when the 
system is symmetrical and balanced. The phase sequence, how¬ 
ever, may have a considerable effect upon these currents when the 
system is unbalanced, as is shown in the examples which follow. 

Calculation oe Tine and Load Ctoeents for Star- 
and Delta-connected Loads 

Calculation of Load and Line Currents for Delta-connected Balanced 
Load. This represents the simplest case of a three-phase circuit, and 



Fxg. 280. Vectob, Diagrams of Thp^e-phase Systems 
(a) Counter-clockwise (standard) phase sequence; (O') Clockwise phase sequence. 


the solution follows readily from the vector diagram of Fig. 117 
(p. 187). Thus the phase current is calculated first, and the line 
current is obtained from the relationship 

line current = -\/3 X phase current. 

For example, if V is the line voltage and Z is the impedance of 
each phase of the load, then the phase current is I ™ VjZ, and 
the line current is I — ^/SI vh . 

Calculation of Load Currents for Star-connected Balanced Load. 

The solution is simple in this case, because, as the load is balanced, 
the phase voltages are symmetrical. The appropriate vector dia¬ 
gram is shown in Fig. 113 (p. 185), from which 

phase voltage = line voltage/ ^/S. 
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Hence, if V is the line voltage and Z is the impedance of each 
phase of the load, the load (and line) current (7) is given by I = 

vj(vzz) 

Calculation of Load and Line Currents for Star-connected Unbal¬ 
anced Load Supplied from a Symmetrical Four-wire System (Voltage 
Drops in Lines and Neutral Ignored). The assumption that no volt¬ 
age drops occur in any of the lines or the neutral enables a simple 
solution to be obtained, as the phase voltages at the load are sym¬ 
metrical and are equal to 

line voltage/-y/3. 

Hence, if V is the line voltage and Z ± , Z 2 , Z 3 are the impedances 
of the several branches or phases of the load, the load currents are 

Zl = V/V3Z ± ; Z 2 = F/V3Z 2 ; 7 3 = V/^/3 2? a . 

The currents in the line wires are equal to the respective load cur¬ 
rents, and the current in the neutral is equal to the vector sum of 
the load currents. 

The current in the neutral may, therefore, be determined either 
graphically—by drawing to scale a vector diagram—or, analyt¬ 
ically, using either the symbolic method or the component method. 
In the component method the load currents are resolved into com¬ 
ponents along two axes perpendicular to one another, and the re¬ 
sultant is calculated. This method usually involves simpler work¬ 
ing than the symbolic method, especially if a suitable choice of 
axes is made. The worked example given below illustrates how the 
methods are applied to the solution of a particular problem. 

Example- An unbalanced star-connected, load-the branches of which 

have the following impedances- Z x = 2-5 /10° , Z 3 = 3-0/15°, Z z = 3-5/5° 

ohms—is supplied from, a three-phase, four-wire symmetrical system, the line 
voltage being 400 V., and the phase sequence counter-clockwise. Determine 
the currents in each line wire, ignoring the voltage drop in all line wires. 

The phase voltage of the system = 400 /-y/ 3 — 231 V. Hence, if the 
line currents are denoted by I l9 Z 2 , I 3> we have 

1 1 = 231/2-5 = 92-4 A. 

1 2 == 231 /3 = 77 A. 

1 3 = 231 /3*5 = 66 A. 

These currents are lagging with respect to the phase voltages by the angles 
10°, 15°, and 5°, respectively. 

The graphical solution for the current in the neutral wire is shown in 
Pig. 281, the vector diagram being drawn to a scale of 1 cm. == 10 A. By 
measurement, the vector OI 0 , representing the sum of the vectors OI x , OI 2 , 
OI 3 , is 1-38 cm., and therefore the current in the neutral wire is 1-38 X 10 = 
13-8 A. The angle between OI 0 and OI x is 41°. 

The analytical solution for the current in the neuti'al wire using the com¬ 
ponent method is as follows— 

One of the axes A.OA. x (Pig. 281) is taken along the direction of the current 
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vector* OJ x , ixx order that; this vector shall have no component along the 
perpendicular' axis BOJB x . 

The components along the axis AOA x are therefore 

I lf I 2 cos(120 -f- 15 — 10)° and I 3 cos(240 + 5 — 10)° 
fcheir sum is given by . 

= 92-4- 77 X 0-5736-66 X 0-5736 = 10-4 
The components along the perpendicular axis JBOJB r are 

I z sin(120 -+- 5—10)° and I 3 sin(240 -+• 5 — 10)° ; 
their sum is given by 

I v = -77 x 0-819 + 66 X 0-819 «= - 9-1 



Fig. 281. Graphic Solution for Current in Neutral Wire of 
Three-phase Four-wire System 
OI Q should, be reversed in direction. 

Whence the current in the neutral wire is given by 

I Q = Wa? H- -V) = V(10-4 2 + 9-1^) = 13-S A. 
and the phase difference of this current with respect to I x is given by 
<p 0 = tan' 1 I V II X = tan' 1 - 9-1/10-4 = - 41-2° 

Analytical solution for the current in the neutral using the symbolic method— 
The vector of reference is the phase voltage E x . 

Hence the expressions for the load currents are 
I x = 92*4(cos - 10° -h j sin - 10°) — 91 - jl6 

I z = 77 [cos - (120 -h 15)° + j sin - (120 4- 15°)] = - 54 4 - J54-4 
Z 3 = 66 [cos - (240 + 5°) 4- j sin - (240 4- 5°)] = - 27-9 4- J59-8 
Whence I 0 = - (/ x 4- / 2 4- A) = -S-7 4 - jlO-6. 

Hence, I 0 = V(S-7 3 4- 10-6 2 ) == 13-S A, 

and its phase difference with respect to E x is 

q> 0 =. tan- 1 '- 10-6/8-7 = 50-6° (lagging). 
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Calculation of Line and Load Currents for Three-phase, Delta- 
connected, Unbalanced Load Supplied at Constant Voltage. The 

simplest solution is a graphic one and' is shown in Fig. 282. The line 
voltages are represented by the vectors OV^-q, OV 2 - 3 , OF^. The 



Fig. 282. GEAPHiCAii SonxJTxoisr for Current in’ Delta-connected 

Load 


currents in the branches of the load, are calculated from the respective 
line voltages and impedances, and are represented by the vectors 
OI x , OI lx , OI m , which have phase differ¬ 
ences of (p x , cpz, 9 ? 3 , respectively, with respect 
to the line voltages. The line currents are 
represented by the vectors OI x> OI 2> OI s ; OI x 
being the vector difference of OI x and 0/ m , 
OZ 2 the vector difference of OI lx and OI x , 
and so on. 

The problem, however, may be easily 
solved by the symbolic method, the polar 
form described on p. 27 being preferable 
to the rectangular form. Thus, if the 'phase 
rotation is counter-cloch'wise^ the line E.M.Fs. 
are given by the expressions 

— yj-- 12 0/90 y __ yj--24o/9o 



Fig. 283. Ciecuit 
Diagram: for Delta- 
connected Load 


P^l -2 == V 0—3 —— r tj ''3-1 

and if the load impedances are arranged in the order Z 
as shown.in Fig. 283, the load currents will be given by 
J x = V x , z /Z x = I x J<Px°/9° 


yj 120/9 0 

, Z xx , z in 


iii — y 2 - 3 / 
/in ^ y 3-1/ Zu 


/ n J-(120+^ a o)/90 

; I XXI tI ~ ( 24 OHh 9? 3 O)/ 9 0 
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Hence the line currents are given by 

A = Ai~Ain = 7 Iir _7(i2°-^3 0 )/»o . . 

= I X J"<P l°/ 9 ° + / Iir J-( 60+ ^3°)/9O 
/ a = An - Jj ~ I a J-^ o+^ a o )/90 l x j-<p x * 90 

= I Z1 J-112 0+9? a °)/9O _j_ JjJ'-tlSO+^oj/oo 

A = An ~ Ai = J ra .7 flao - 9>3 °;/»o _ 7 ri jr-(i2o+<p 2 o )/90 

= 4 r J( 12 ° - ft°)/90 _}_ / h J{60 - M/90. 

or A = a/LA 2 "f" An 2 + 2 A An cos (60 4~ 993° — 94.°)] 

/ 2 = VKi I 3 + 7 i 2 + 2/ i / n cos[(180+9> 1 = > )- (120 -f<p a °)]} 
= Vdn 2 H- A 2 + 2/,/„ 00s(60 + <p° - <p 2 °) ] . 

/a =V| An 2 + Ai 2 + 2AiAn. cos[(120 - 9O - (60 - 9O ] ^ 
= VCAii 2 + Ai 2 4~ 2Ai An cos(60 + 9? a ° —993°)] 


(203) 


J. (204) 


The angles a l5 a 2 , a 3 by which these currents lag with respect to 
the voltage (JA— 2 ) between lines 1 and 2 are given by 

Asin - q?,° -j~ An sin -(60 + 993 °) 


— tan - 


tan - 


_ AEi _ 

A°os — 94 0 4" An COS —(60 + <P3°) 
Aisin —(120'4~ q? 2 °) + A sin —(180 - 


"94°) 


a, = tan" 


7jjCos —(120 —|— 9 ^ 2 ) — l - -A eos —(18,0 4 — 94°) 
Ansin -(240 4 - 993 °) 4 - Ai sin -(300 4 - (p 2 °) 
An cos —(240 4~ 9?3°) 4 - Ax cos —(300 4~ 9 ? 2 °) 


( 205 ) 


If, however, the phase rotation is clockwise, the line voltages for 
the circuit diagram of Fig. 283 will now be represented by 
F' x . a = VJ°, F ' a .3 = F«/ 120 ' 90 , FA -1 = YJ**** 0 , 
and the load currents will be given by 

A' = F'l-2/^1 = A 

A/ = FW 2 A =Ai^ 120 ^ 0)/90 

Am = F' 3-l/^ni = An^ 240 ^ 01 ' 90 
Hence tbe line currents will be given by 

A' = A' 1 - 7An = A J~ ( Pi 0 i 90 4 - AiiA 60 '^ 3 ^ 90 . 1 

A' == /Ax - /A = Ai e /(120-9? 2 o)/90 A 7(180-99!°)/90 . I (203a) 

A' = /All - A'II = 7 lrI 7C240-99 3 O)/<>0 + Ax J--( 60 -^ a o)/ 90 . ] 

or 

A' ^ a/TA 2 A An 2 4 - 2 A An cos(60 993 A 94 )] 1 

A* = VCAi 2 4 - A 2 4 ~ 2 Ac A cos(60 — 99^ A 9 4 )1 r 
J s ' = vTAn 2 4~ Ai 2 4 - 2AnAi cos(60 <y> 2 4 ~ 94 )1 J 


( 204 «) 
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Comparing these equations with those for counter-clockwise 
phase sequence, we find that the two sets of equations are similar 
except for the signs of the phase-angles cp ± , <p 3 , q? 3 . Hence in the 
special case where the branches of the unbalanced load have the 
same power-factor (i.e. <p ± — qp z = 9? 3 ), the magnitudes of the line 
currents will be unaffected by a change of phase sequence. 

Example. An unbalanced, delta-connected load, the branch-circuit 
impedances of which are Z 2 = 10/15°, Zjj = 5/30 °, Z 1U = 20/0 0 , is supplied 
from a symmetrical three-phase, system in which the line pressure is 100 volts. 
Calculate the line currents. 

Assuming the phase rotation to be counter-clockwise and the load im¬ 
pedances to be connected in the order Z l> Z II’ Z TEL\ the impedance Z t being 
connected between line wires 1 and 2 ; and denoting the load currents by 
L* -**n» and the line currents by I lt Z 2 , Z 3 , we have, 

Tj = J'" 1 5/ 9 0 = 10 , 7-3 5/90 

I 1 = 10A. 

J n = J-(l20+30)/9O _ 20 jr-iso/eo 


A 



20A. 

^ J- 240/90 _ J-240/90 

5 A. 

VL10 2 + 5 2 + 2 X 10 X 5 cos(60 -+- 0 - 15)°] = 14A. 
VC20 2 -{- 10 2 4 - 2 x 20 x 10 eos(60 4- 15 - 30)°] = 2SA. 
V[5 2 4~ 20 2 4- 2 x 5 X 20 cos(60 4- 30 - 0)°] = 20-6A. 


vector diagram drawn to scale is shown in Fig. 282. 


If the phase rotation is reversed the load and line currents are now 


r t = J-i “)/®0 = 10 .7-15/90 

I\ = 10 A. 

I' n = J{X20-3O)/9O = 20 ,790/90 

f u - 20 A. 

Z' m = «/“<240-0J/90 « 5 J24QJV0 

1 ' 1I3: = 5 A. 

Z\ = V[10 2 4 - 5 3 4- 2 x 10 x 5 cos(60 — 0 4- 1.5)°] = 12*3 
Z' 2 = V! 20 a 4 - 10 3 4 - 2 x 20 x 10 cos(60 - 15 + 30)°] = 24*6 
I' s = V[5 2 4- 20 2 4- 2 x 5 x 20 cos(60 - 30 + 0)°] = 24*4 


Methods of Determining Load Currents for Unbalanced Star- 
connected Load. Two general methods are available. One method 
involves the conversion of the unbalanced star-connected load into 
an equivalent delta-connected load and determining the line cur¬ 
rents in the manner described above. The other method involves 
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the determination of the phase voltages at the load, from which 
the load currents are readily calculated. 

The first method is more general in its application, as it requires 
no restrictions to be made concerning the symmetry of the system. 
For this reason we shall consider it before dealing with the appar¬ 
ently simpler method-involving the determination of the phase 

voltages at the load^—which, however, loses its simplicity when the 
system is unsymmetrical. 


Conversion of an Unbalanced 
lent Delia-connected Load. In 

may be the equivalent of the 
star-connected load, the joint 
impedances and admittances 
between corresponding ter¬ 
minals must be the same 
in both cases. Thus, if Z ± , 
Zz, denote the imped¬ 

ances of the branches of the 
star-connected load, and Z a , 
Z bi Z c denote the corre¬ 
sponding impedances of the 
branches of the equivalent 
delta-connected load (see Tig. 
284), then we have 


Star-connected Load into an Equiva- 

order that the delta-connected load 




!Fig. 284. Circuit Dligbams foe Equi¬ 
valent Star and Delta Circuits 


Joint impedance between terminals A and R of star-connected load 


= 4^i ~f- z. 


Joint impedance between terminals J3 and C of star-connected load 
= 4^2 H - 4^3 

Joint impedance between terminals C and A of star-connected load 
— Z 3 -J- Z L 


Joint impedance between terminals A and E of delta-connected load 

_ Zg(Z b H- Z c ) 

Za -f- Z b -j- Z c 

Joint impedance between terminals B and C of delta-connected load 
_ Zjy{Z a -f- Z c } 

Za. d~ Zb d - Zc 

Joint impedance between terminals C and A of delta-connected load 

_ ff c (4^ + ff & ) 

Za -f- Z b -j- Zi c 


30—(T-5245) 
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Hence for the delta-connected load to be tha equivalent of the 
star-connected load, we must have 


_ ^ _ __ + z a 

•i + - 2 ~ z a -F> & -f-'Zc I + 2 b /2* -h z c /z a 

~ ~ _ 2l>(2a + %c) _ 2a. + 2 c _ 

' ^ ~i" ? 3 Z a -{“ Z b ~f- 2 c 1 + 2 J 2 b ~j~ ZJZ h 

r ~ _ Z c {Z a + &>) _ + 

• 3 -h ^ + ^ 1 H- ZJZ C + 2*!2c 

Whence 

= 2?i + ^2 + (2x2J2z) 

Z h = 4- +-(2*2*12^ 

z c = Z 3 Z x +{Z 3 ZJZA 


(206) 


The method, of obtaining the latter group of equations from the preceding 
group is as follows— 

Dividing each equation, by the numerator of its right-hand, side, we have 

2% + 2* + 2* _ ^3 + ^1 _ 1 

2 a (2 b 4- Z c ) Z h (Z a + Z c ) £ c (Z a + -^ & ) 2 a 4- Z b H- 

from which we obtain 


(2x -+- 2D - (Z 2 -+- Z 3 ) 4- (Z 3 -h Z x ) 2Z X 

ZJZ b + Z c ) - Z b (Z a -f- 2 C ) 4- £<.(£« + ^ & ) 2 # a # 0 

(2x 4- Z 2 ) -1- (Z 3 + Z 3 ) - (Z 3 + Z x ) 2Z 3 

Z a (Z b -h z c ) + (# b (# a -h z c ) - Z c (Z a -h Zb - 2Z a Z\ 


1 

2 a + 2b + 2c 

_ X 

2a + 4- -^c 


- 4^(4^ 


~(2x -4 Z 2 ) 4~ (Z 2 -|- Z 3 ) -j- (Z 3 -j- Z x ) 


z 

Hence 


) + 

2a 

2 h 


+ 2 c) + 2 0 &a 


4? & > 


2 a 4" 2 h +2 c 


2x 

z’ 


2* 

z^ 


c __ 
“ a 


2b _ 

2 c 2x 2 , 

Substituting in the original equations we have 

z x 4 - z„ = z c {Z 3 jz x )-^ z c _ 2c2D2x 

whence 




2J2x + 2z!2* 


+- 2 2 ) 

2^2Z + 2^2* 4 


4^3 


2 C = ^3 4- 2x + (2x2*12*) 

Simil arly 

2 h = -^2 + ^3 +(2*2*12!) 

2a = 2x 4* Z 3 4" (2x2z!2s) 


Denoting the admittances of the star-connected load by Y l3 Y 2 , Y 3 , 
and the corresponding admittances of the delta-connected load by 
Yat Yb, Y c , then for the two loads to be equivalent we must have 

_ YY = r r»Tc _ r*r» ± r,r. ± 7 , 7 a 

Yt + Yo ■ “ + r„ + Y c ~~ Y, + Yc 
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y2 y& ^ , ycy g y^ y& -+- y& y c -f- y c y« 

y 2 + y 3 • & y c + r a ~~ y c + y« " 

_y . _z«z*_ + zkz« + hh 

+ 3Ti • • ■+• + Y b - Y a +~Y b 


Whence 


~y _ yxy 2 

- a y x + y 2 + y 3 

y __ y 2 y 3 

“ y x h- y 2 + y 3 

r __ y 3 yx 

* c ■“ yx + y2 + y3 


(207) 


Graphical Construction for Obtaining the Values of the Equivalent 
Impedances. As equation (206) shows the equivalent impedances 



Fig. 285. Grajphicax. Constxujctioxt for Equivalent larPEnAJsroES 

Z a , Z h . Z , c , to be complex quantities, their calculation involves the 
application of the symbolic method. If desired, however, the 
quantities may be readily obtained by a simple graphical con¬ 
struction, which involves the simple geometric processes of addition 
and proportion. 
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Tims, iet the complex quantities Z x Z 2 jZ 3 , Z 2 Z 3 jZ x , ^ 3 ^ l /Z 2j be 
denoted by Z d , Z e , Z f , respectively. Then we have 

__ ^ _ 9t 

Z 3 Z<z Z3 Z 2 Z-L 

Hence to determine, say, Z d , vectors OZ ± , OZ 2 , OZ 3 , representing 
the star-connected impedances Z x , Z 2 , Z 3 , are drawn from a common 
point, O (Fig. 28 5a), and a triangle OZ 2 Z cl , similar to triangle 
OZ 3 Z x , is constructed upon OZ 2 . Then OZ d represents the quantity 
Z d = Z X Z 2 {Z 3 , since OZ^JOZ^ = OZ x jOZ 3 . 

Therefore is given by the geometric sum of 
i.e. by OZ a (Fig. 285a). 

The quantities Z b) Z c , are determined in a similar manner, as 
shown in Fig. 285b, c. 

Example. Determine the line currents in an unbalanced, star-connected 
load when supplied from a symmetrical three-phase system at a line pressure 
of 100 V., the impedances of the branches of the load, being Z x — 5/ 30°, 
Z 2 = 12 /45 °, and Z s = 8/ 60 ° ohms. 

The graphic solution for the equivalent impedances of the del ta-connected 
load is given in Fig. 285. The analytical solution is as follows- 

The compound terms, Z x ZjZ^e tc., in the equations (206) for the equivalent 
impedances Z a , Z b , Z c , are first evaluated, using the polar form of symbolic 
notation, and. the vector addition is then carried out, using the rectangular 
form of notation. Thus 

^1^2 __ 5 X 12 J -( 30 _|_ 45 - G0)/9O _ 7.5 JT15/90 

&3 8 

__ 12 X 8 y(J5+60 - 3 0) / 9 O _ 19*2 «/ 75 / 90 

Z x 5 

= S X ° (JG0+30 - 45)/90 _ 3.33 ps/90 

Z^ 12 

Hence 

Z a --= (5 cos 30°-f- >5 sin 30°) 4- (12 cos 45° 4~ >12 sin 45°) 

4 - ( 7.5 cos 15° -b >7-5 sin 15°) 

= (4-33 4 - 8-48 4- 7-24) 4 - >(2-5 4- 8-48 4- 1-94) 

= 20 05 4 - jl2 92 

Z b = (12 cos 45° 4- 3 12 sin 45°) 4~ (8 cos 60° 4~ j S sin 60°) 

4- (19-2 cos 75° 4- >19-2 sin 75° 

= (S-4S 4- 4 4- 4-97) 4~ >(8-48 4- 6-93 4- 18-55) 

= 17-45 4 - j33-96 

Z c -= (8 cos 60° 4- >8 sin 60°) 4~ (5 cos 30° 4- >5 sin 30°) 

4- (3-33 cos 45° 4- >3-33 sin 45°) 

==(4 4 - 4-33 4- 2-36) 4- >(6-93 4 - 2-5 4- 2-36) 

= IO 69 4- jll 79 
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Whence 

Z a V"(20-05 2 + 12-922) = 23-83 Q 

cp a = tan' 1 12-92/20-05 = 32-8° 

= V(17-45 2 + 33-96 2 ) = 38-1 Cl 

<p b = tan" 1 33-96/17*45 == 62-8° 

= V(10-69 2 + 11-79 2 ) = 15-9 Cl 
<p c = tan' 1 11-79/10-69 = 47-8° 

Assuming the phase rotation to be .clockwise, and denoting the currents in 
the branches of the equivalent delta-connected load by I I b , I , and the 
corresponding line currents by I x , I 2 , I 3 , we have “ 

/ __ V* ~ 2 _ - JT-3 3 . 8/90 __ 4 - 2 . 7 - 32 . 8/90 

J-a 23-83 — * * *s / 

I b = = UJ7TT J~' XZO + 62.8)/90 = 2-62 ,7-182.8/90 

ip 5 oo • i. 

7 C = 1 = J--(240 4- 47.8)/90 __ (5-29,7-2 87.8/90 

Therefore, 

= -%/C-^a 2 + -^c 2 4~ t; cos ( 6C> 4“ <Pc ~ <7\x)°] 

= VC 4 * 22 + 6-29 2 + 2 x 4-2 x 6-29 cos (60 -1- 47-8-32-8)°] = 8-42A. 

' L = VUb 2 4- IP 4- 27 & J a eos(60 4-,<?>«-<7 & )°] 

= VC2-62 2 + 4-2 2 + 2 x 2-62 x 4-2 cos(60 + 32-8—62*8)°] = 6-6A. 
J 3 = VTI C 2 4- Ij> 2 4- 27 c 7 6 cos (60 -f- — <7 C )°] 

= a/[6-29 2 + 2-62 2 + 2 x 6-29 x 2-62cos(60 + 62-8- 47-S)°] = 7-42A. 

Determination of the Currents in an Unbalanced Star-connected 
Non-inductive Load Supplied from a Symmetrical System. Direct 
Geometrical JSIethod. In a sym¬ 
metrical system the line voltage 
vectors may be drawn in the form 
of an equilateral triangle, e.g. 

ABC (Fig. 286). If the point O 
in this triangle represents the 
potential of the neutral point of 
an unbalanced load connected to 
this system, then vectors drawn 
from O to the corners of the tri¬ 
angle will represent the voltages 
across the branches of the load. 

These voltages can be expressed 
in rectangular co-ordinates with 
respect to rectangular axes drawn through O when the line-voltage 
triangle ABC is drawn with the side BC horizontal. 

Thus let cc , y he the co-ordinates of A ; V denote the numerical 
value of the line voltage ; and E L , Ejj, E m denote the phase volt¬ 
ages (represented by OA, OB, OC). Then the co-ordinates of B are 
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K s = a? + £V, 2 /js = — (-\/3V/2 " y) > arLci the co-ordinates of C are 
^ = - (i-V - &), y c = - (V3F/2 - y ). 

Hence = a? 4 ^; i57 ir = (a? 4 |F) — j(*\/3V/2 — 2/); 

AlH — - K — CC; — jy^€»Vj^ — tf). 

Let R x , R 2 , R 3 denote the resistances of the branches of the load; 
Y :l , Y 2 , L, the admittances of these branches, and Z l3 I 2 , J 3s the 
currents in them. 

Then since I x 4 / 2 4 is ~ 0, 

A - -'(/«+ /») = ^^i= yi(* + i2/). 

Also -/a == *^nF 2 , an d ^3 -— EjxiY 3 . 

Hence 

/* + / 8 = FaCO* 4 £F) -i(-|FV3 - 2/)] 4 a;) -i(*FV3 -y)] 

Adding this to the preceding equation for — (/"a 4 I 3 ), we have 

0 = [x(F x 4 F 2 4 F a ) 4 iF 2 (T 2 - T 3 )] 4i[2/(F L 4 F 2 4 F a ) 

- (F a 4 r 3 )FV3] 

Therefore x(Y x 4 F 2 4 F a ) 4 *F(F a - F 3 ) == Q, 
and y(Y 1 4 T 2 4 F a ) - (F a 4 F 3 )iFV3 = 0. 

Whence a? = - *F( F a - F S )/(F 1 4 F 2 4 F s ) 

y = (*FV») (F 2 4- 4 F 2 4 - F a ). 

Ex am ple. Tliree non-inductive resistances of 5, IO, and. 15 ohms are con¬ 
nected in star and supplied from a 230-V. symmetrical three-phase system. 
Calculate the line currents. 

Denoting the voltage across the 5lQ. resistance by E x , and the voltages 
across the 10lQ. and 150. resistances by J27 n and E 11X respectively, the co¬ 
ordinates of E j with respect to the neutral point, O (Dig. 286), are given by 

cc = —4 x 230(4(7 — t4)/(^t 4 xV 4 4) 

= - 90*5 

y — i X 230V3 (4cr 4 tV)/(£ 4 4 4- 4) 

= 90*5 

'Therefore, .27 x — — 10-45 + J90-5 

E 1X = ( - 10-45 -i- 115) -j(199 - 90-5) 

= 104 55 -jl 08-5 

E lxl = - (115 + 10-45) -j(199 - 90 5) 

= - 125-55 -j 108-5 

Whence J x = -E7 x /5 = - 2-1 -+- j?T5-l 

> 2 = E xx f 10 = 10-5 — j 10-85 
I 3 = -E7 IIX /15 = - 8-37 - ^7-23 
Chech- A + /a 4 /s = 0-03 -J0-02 

£1sTote. The calculations are made to slide-rule accuracy only."] 

Hence, I x == V( 2-1® 4 1S-1 2 ) = 18-2 A. 

JT 2 = V(10-5 ? + 10*85®) = 15-1 A. 

= 4(8*37® + 7-23 3 ) = 11*05 A. 



CALCULATION OF THREE-PHASE CIRCUITS 455 

Direct Determination of Potential of Neutral 
Point of Load 

Determination of tlie Potential of the Neutral Point and the Phase 
Voltages for a Balanced. Star-connected Load Supplied from a Three- 
phase System. In this case the potential of the neutral point and 
the voltage across each branch of the load is easily determined 
graphically by drawing the line-voltage vectors in the form of a 
triangle and determining the centre of gravity of this triangular 
area. The point so obtained represents the potential of the neutral 
point, and vectors drawn from it to the corners of the triangle 



(a.) (b) (c) (d) 

Fig. 287. Method of X>ETEB.3vti3srnsrG Potential of IsTetjtrajl Point 
of a Balanced Stah-connected Non-fstdvctivf Load 


represent the voltages across the branches of the load. The con¬ 
struction is shown in Pig. 287, in which the triangle AJBC is drawn, 
having its sides AB, BC, CA , equal and parallel to the line-voltage 
vectors OV ± - 2 , OF 2 ._ 3 , OV 3 . x (Pig- 287c) respectively. The mid¬ 
points, <7, H 7 */, of these sides are joined to the opposite corners. 
The common point, O x , of intersection of these lines is the centre of 
gravity of the triangular area ABC , and represents the potential 
of the neutral point of the load* The voltages across the branches 
of the load are represented by the vectors O x A, O x B , C ± C (Pig. 287d£). 

JProof. Consider for simplicity a. rbon-'indtict'ive, star-connected, balanced 
load (Fig. 287a-). Let this be replaced by an equivalent delta-connected load 
(Fig. 2876). Then the currents in the branches of the latter will be pro¬ 
portional to, and in phase with, the line voltages : they may, therefore, be 
represented by the vectors OV !- 2 > OV 2 . s , OV (Fig. 287c), and by the triangle 
ABC (Fig- 287 d). The current scale and the magnitudes of the currents 
may be easily calculated. Thus, if JR is the resistance of each branch of the 
star-connected load, the resistance of each branch of the equivalent- delta- 
connected load is equal to 3 JR, and the currents in the branches of this load 
are given by 

/i = Yx-J 3i2, 


/ll = FW3-R: 


/ill = Fs-1 /3JS- 
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Hence the current scale of the vector diagram is equal to 1/3.R times the 
voltage scale. 

How the line currents are equal to the vector differences of the currents 
in adjacent branches of the delta-connected load : they are, therefore, 
represented in the vector diagram by the diagonals AD, BE, CE, of the 
parallelograms, ABDC, BCE A., CAFB, respectively, described on the sides 
of the triangle ABC. 

But the voltages across the branches of the star-connected load are pro¬ 
portional to, and in phase with, the line currents, and are, therefore, given by 



Hence AD, BE, CE, represent the voltages across the branches of the 
star-connected load to a scale three times the original voltage scale of the 
diagram. 

Since the diagonals AD, BE, CE, bisect the sides BC, CA, AB, of the 
triangle ABC, the former intersect one another at a common xDoint, O x , and 



Big. 2SS. Method of Beteir-runing Potential of Neuteax Point 
of a. Balanced Star - c onne cte d Inductive Load 
(a, b ) Equivalent circuit diagrams; (c) Vector diagram for (6); (cl) Construction for 
obtaining potential of neutral point. 

the distances O x G, O x H, O x J, are equal to one-third of the distances GC, HA, 
JB, respectively. Therefore, O x A, O x B, O x C, represent the voltages across 
the branches of the star-connected load to the ox'iginal voltage scale, and the 
point O x represents the potential of the neutral point of the load. 

The construction for the proof in the case of a balanced inductive load 
differs slightly from that for the ease when the load is non-inductive, as the 
currents in the branches of the load are not in phase with the voltages across 
these branches. Thus, in Big. 288c2, the triangle ABC represents the vector 
triangle for the line voltages. From the corners of this triangle are drawn 
the vectors BG, OB, AQ, representing the currents in the branches of the 
equivalent delta-connected load. If these vectors are mad© equal to the 
vectors AB, BG, CA, respectively, the current scale will be equal to 1}%Z 
times the voltage scale of 'he diagram, where Z denotes the impedance of 
each branch of the star-connected load. 

® The line-current vectors, BJ, ON, AS, are then determined by constructing 
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the parallelograms BGJH ., CLN1VI, A.QST ; and eacli parallelogram is rotated 
so as to bring tbe current vectors BG, CL, AQ, in line with the corresponding 
voltage vectors, AB, BC, CA . Then the new positions of the line-current 
vectors will represent the voltages across the branches of the star-connected 
load to a scale three times the original voltage scale of the diagram. Hence, 
if from the points ABC the lines A.W, BF, CD, are drawn parallel to Bj’, 
CN X , AS x , respectively, the former will intersect at a common point, O,, 
which represents the potential of the neutral point of the load. Moreover, 
since the points D, JBJ, F, are the mid-points of the sides AB, BC, CA ’ 
respectively, the point O z is the centre of gravity of the triangular area ABC. 

Hence, in all cases of balanced star-connected loads, the potential of the 
neutral point of the load may be obtained by determining the centre of 
gravity of the triangular area formed by the vector triangle of the line 
voltages. 


Potential Difference Between Neutral Points of Generator and 
Balanced Star-connected Load. When the supply system is sym¬ 
metrical the neutral point of 

a balanced star-connected j/n\ 11 

load is at the same potential j \ 

as that of the generator, jj \ 

since the line-voltage vectors j \ 

then form either an equi- l \ 

lateral triangle (when the \ 

number of phases is equal to \ 

three) or a regular polygon 

(when the number of phases Ei^=- - 

is greater than three), and Fig. 289. Showing Difference of 


(when the number of phases t i - 

is greater than three), and Fig. 289. Showing Difference of 
the potential of the neutral Potential Between Nedtrai Points of 

- , r . , , . AN UnSYMMETRICAL SYSTEM AND OE A 

pomt of the system is repre- Balanced Stab-connected Load 

sented by the centre of 

gravity of this triangle or polygon, which also represents the 
potential of the neutral point of the load. Hence the voltages across 
each branch of the load are equal to, and in phase with, the voltage 
across the corresponding phase of the generator, assuming the voltage 
drop in the connecting wires to be negligible. 

But wben the system is unsymmetrical, the potential of the 
neutral point of the system is not generally represented by the 
centre of gravity of the line-voltage vector triangle or polygon. 
In this case the voltages across the branches of the load are neither 
equal to, nor in phase with, the corresponding phase voltages of the 
generator. For example, consider an unsymmetrical three-phase 
system in which the phase voltages are represented by the vectors 
OE x , OE ll3 OE xxx , Big. 289. The line voltages are then represented 
by tbe sides of the triangle, E l3 E X1 , -£7 m , formed by joining the 
extremities of these vectors, and the potential of the neutral point 
is represented by O. The centre of gravity of this triangle is at 0 ± , 
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which therefore represents the potential of the neutral point of 
a balanced star-connected load supplied from the system. The 
voltages across the branches of the load are represented by vectors 
drawn from O x to the points JS X9 E-&, ^jn* 

The potential difference between the two neutral points is 
represented, to the voltage scale of the diagram, by the distance 
OO x . 

Hence, when a non-inductive star-connected balanced potential 
circuit is employed in connection with the three- and four-wattmeter 
methods of measuring power in three- and four-phase unbalanced 
systems (p. 195), the voltages across the branches of the potential 
circuit are not necessarily equal to, nor in phase with, the phase 
voltages of the system. Under these conditions, the readings of 
the separate wattmeters do not represent the power in the phases 
of the system, although the sum of the readings is equal to the 
total power. 

For example, in a three-phase unsynimetrical system the voltages 
across the branches of the potential circuits may be represented 
by O x E X) O x E u , O x E 1Jl3 Fig. 289, and the phase voltages of the 
system by OE l3 OE u , OE z ISTow O x E l is equal to the vector 
difference of OE z and OO x ; O x E xl is equal to the vector difference 
of OE u and OO x ; O x E llx is equal to the vector difference of OU 1Ll 
and OO x . Taking instantaneous values, and denoting the potential 
difference, OO l3 between the neutral points by v 03 the line currents 
by i x , i z , i z , and the phase voltages of the system by e l3 e n> e IIl3 the 
power measured by the separate wattmeters is given by 

Pi = H(#i — v 0 ) — i x e 1 — i x v a 

Pz = ^ 2 ( e u ~ v o) — ~~ 4 V o 

Ps ^ ^s( e nt~ v o) — H^nr^o 

Whence Pi A~ Pz A- Pa = i x e z + i z e lz + i 3 e Ilx - v Q (i x + i z +• i 3 ) 

= i z €-i A~ ^ 2^11 “h %& e iii 

since i x i 3 = o. 

Variation of the Neutral Point Potential of a Star-connected, Non- 
inductive Circuit when the Resistance of One Branch is Varied. 

Consider a star-connected, non-inductive circuit, of which one 
branch is variable, as in Fig. 290, to be supplied from a symmetrical 
three-phase system at constant voltage. The variation of the 
resistance of one branch will then cause a variation in magnitude 
and phase of the currents in all the branches, as well as a variation 
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of the potential of the neutral point. If the neutral point of the 
system is assumed to he at zero potential, the potential of the 
neutral point of the load may, according to the relative values of 
the resistances of the variable and fixed branches, have values 
between zero and the phase voltage of the system. For example, 
when the resistance of the variable branch is equal to that of each 
of the fixed branches, the potential of the neutral point is zero, 
and when the resistance of the variable branch is zero, the potential 



(CL) (jb) (c) 


Fig. 290. Cirotjix ajstd Vector Diagrams fob STAJB-co2snrECTEr> 
DSToN-nsrDucTivE Load with Oiste Branch Vajriajbi^e 

of the neutral point is equal to the phase voltage of the system. 
Again, when the resistance of the variable branch is infinite, the 
potential of the neutral point is now reversed and is equal to 
one-half of the phase voltage of the system. 

The variation of the potential of the neutral point and the phase 
difference between the currents in the branches of fixed resistance 
for various ratios of variable resistance/fixed resistance is shown 
in the curves of Fig. 291. 

Since the supply system is symmetrical, the currents in the 
branches of fixed resistance, and the voltages across these branches, 
must be always equal to each other, and the vector di f ference of 
these voltages must be equal to the (constant) voltage between the 
line wires to which the fixed branches are connected. Hence, if 
the line-voltage vectors are drawn in the form of an equilateral 
triangle, ABC (Fig. 2906), and the side BC represents the voltage 
between the line wires to which the fixed branches are connected, 
the potential of the neutral point of the load is represented by a 
point in the line AD, where JD is the mid-point of the side BC. 

When the resistance of the variable branch is equal to that of 
each of the fixed branches, the potential of the neutral point of 




the load is represented Dy me point o' true aisuanee vjlj oemg one- 
third of AD), and is zero, assuming the neutral point of the system 
to be at zero potential. When the resistance of the variable 
branch is decreased, the potential of the neutral point of the load 
increases, and is represented by a point, such as O x in OA. In the 
extreme case, when the resistance of this branch is zero, the potential 
of the neutral point of the load is represented by A, and the difference 
of potential between the two neutral points is equal to the phase 



Fig. 291 . Curves Relating to Fig. 290 


voltage of the system, OA. In the other extreme case, when the 
resistance of the variable branch is infinite, the potential of the 
load neutral point is represented by D, and since OD is equal to 
J OA , the potential difference between the two neutral points is 
now equal to one half of the phase voltage of the system, and is 
reversed in direction. 

The currents in the branches of fixed resistance, and the voltages 
across these branches, are represented, to different scales, by O x C 
and O^JB, and the phase difference between the currents, or voltages, 
is represented by the angle JBO x C. 

The current in the branch of variable resistance is given by the 
reversed vector sum of the currents in the branches of fixed resis¬ 
tance, and is represented by OI± (Fig. 290c). This current is in 
phase with the voltage across the variable branch, which is repre¬ 
sented by O x A (Fig. 2906). Thus, from the vector diagram, or the 
curves of Fig. 291, the value of the resistance of the variable branch. 
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expressed in terms of the resistance of the fixed branches, necessary 
to obtain a given phase difference between the currents in the 
fixed branches may readily be obtained. 

For example, suppose the currents in the fixed branches are to 
have a phase difference of 90°, the point 0 ± (Fig. 2906) is determined 
such that the angle BO^C is 90°. The value of the resistance of 
the variable branch may then be obtained either by calculation or 
from measurements on the vector diagram. Thus, if V denotes 
the line voltage, the voltages across the branches of the load are, 
from the geometry of Fig. 2906, equal to Fy/2/2 ; Fy/2/2 ; 
V(\/S — 1 )/2. Hence if R denotes the resistance of each of the 
fixed, branches, the current, J, in these branches is equal to 
F^/2 /2R> and the current, Z A , in the variable branch is numerically 
equal to the vector sum of the currents in the fixed branches, i.e. 
/ A — -y/2 . I — V/R. Hence the resistance of the variable branch 
is given by R ± = [V(-\/3 ~ l)/2]/(V/R) = R(V^ “ 1)/? = 0-3 66R. 

To obtain the value of R x from measurements on the vector 
diagram, produce C0 1 (Fig. 2906) to cut the side AB at E , and 
measure AE and BE. Then AEjBE — R ± /R. 

Conversely, if the side AB be divided at E such that AE/EB—R X /R 
and the point E is joined to the opposite corner C, then the point, 
0 ly of intersection of CE and AE gives the potential of the neutral 
point of the load. 

Proof. From JB and. O (Fig. 2906) draw BF and CF parallel to O x C and 
O x B respectively, and produce AD to the point of intersection, F, of BF 
and CF. Then triangles AO x E, AFB , are similar, and therefore 
AOJAF = AEJAB. 

Whence AO x jO x F = AE[EB. 

Now O/lj represents, to the voltage scale of the diagram, the voltage across 
the variable branch of the load, and O x F represents, to the current scale, the 
current in this branch, since, by construction, O x F is the vector sum of O x B 
and O x C 9 and the latter represent the currents in the fixed branches of the 
load. Hence, if the diagram is drawn for a voltage scale of 1 cm. = g volts, 
the current scale will be 1 cm. = q/R amp. 

y * -*'■-'-'1 _ t ? 

1 (q/F)O x F ~ O x F EB 

l_BO x C = 90°, AO x = ^B(V3 - l)/2, 

O x F = O x B . a/2 = a/2(V2 - A.BI 2) = AB. 

AO x __ ABKV 3- l)/2] = V3-1 = 0 . 366 
O x F ~ AB 2 

R x = 0-366 R, 

RJR — AEJEB. 

This graphical method of determining the potential of the neutral 
point may be extended to unsymmetrical systems, and to the more 


Whence 

Now, when 

Therefore 

i.e. 

and generally 
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general cases, when all branches of the load, are variable and the 
loads are inductive, provided that the power factor of each branch of 
the loaxd has the same value. 

In the general case, where the branches of the load have the 
impedances Z x , Z 2 , Z z> and the line voltages of the system are 
represented by the vector triangle ARC (Fig. 2926)—in which the 



Fig. 292. Cntcxno? and Vector Diagrams fob Stab-connegted 
Variable Load or Constant Power Factor 

side AR represents the voltage between the lines to which the 
impedances Z ± , Z 2 , are connected ; the side RC represents the 
voltage between the lines to which the impedances Z 2 , Z 3 , are 
connected, and so on—the side AR is divided at E such that 
AEjER = ZJZ 2 ; RC is divided at D such that RD/DC = Z 2 /Z 3 , 
CA is divided at F such that CF/FA == Z z JZ Then the lines 
joining the points A, Z> ; R, F ; C, E will intersect at a common 
point, O x , which represents the potential of the neutral point of 
the load. 

66 Floating ” Neutral Point. When the neutral point of the load 
is isolated from the neutral point of the generator, the potential of 
the former is subject to variations according to the unbalance of 
the load, and under certain conditions of loading a considerable 
difference of potential may exist between the two neutral points. 
Such an isolated neutral point is called a ec floating 95 neutral point. 

All star-connected loads supplied from polyphase systems without 
neutral wires have floating neutral points, and any unbalancing 
of the load causes variations not only of the potential of the neutral 
point but also of the voltages across the several branches of the 
load. Hence, when single-phase electric lighting loads are to be 
supplied from three-phase three-wire systems, the former must be 
delta-connected in order that the voltages across the branches of 
the load may not be appreciably affected by a slight unbalancing 
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of the loads. If a star connection of the load is desired, then the 
four-wire system must be employed, and the neutral points of load 
and generator must be connected together. 

Determination of the Potential of the Neutral Point and the Phase 
Voltages for an Unbalanced, Star-connected, Inductive Load Supplied 
from a Three-phase System. The solution will be obtained for the 
general case where the 
power-factors of the 
branches of the load may 
all be unequal. The line 
voltages of the system 
supplying the load are 
assumed to be known, as 
will generally be the case 
in practice. The simplest 
solution is a graphical 
one, the construction 
being shown in Pig. 293. 

Before the construction 
is commenced, however, 
the impedances Z a j(p a9 
Zzjqpb, Z c /cp c , of the equi¬ 
valent delta-connected 
load must be determined, 
either by calculation or 
graphically. Having 
obtained these quantities, 
the vector triangle ARC 
(Pig. 293) is drawn to 
represent the line voltages 
of the supply system. 

Prom the corners R , C, 

A of this triangle the 
vectors RJD, CC, AH, are drawn to represent the currents in the 
branches of the equivalent delta-conneeted load ; RL> representing 
the current in the branch sujiplied at the voltage represented by 
AR; CG- representing the current in the branch supplied at the 
voltage represented by RC ; and so on. The line currents 

are then determined by constructing the parallelograms RDEF, 
CGHJ , AHLJH y and are represented by the vectors RF , 
CJ , AM. If each of these vectors is nmltiplied by the 
impedance of the branch of the star-connected load through 



Fig. 293. GiuAjemcAD Solution for Deter¬ 
mining Potential of Point of 

UNBALANCED Star-connected Load 
(Any Power Factor) 


464 


ALTERNATING CURRENTS 


which the current (which is represented by the vector under con¬ 
sideration) passes, the resulting vectors will represent the voltages 
across the branches of the original star-connected load- • This 
multiplication is carried out by rotating the vectors through the 
appropriate phase angles, qp x , qp 2 , <p 3 , of the branches of the star- 
connected load, and at the same time changing the scale. The 
calculation of the new scale for the voltage may be avoided by 
employing the direct construction shown in Fig. 293, by means 
of which the load-voltage vectors are determined to the same 
scale as the line-voltage vectors. Thus the line-current vectors 
are rotated through the appropriate angles, <p x , cp z , q? s , to the posi¬ 
tions RE^, CJ X> AJM X , and parallels AO ±9 JBO l3 CO x , are drawn 
from the corners A y JB y C of the line-voltage vector triangle. 
These lines meet at a common point, 0 Xs which represents the 
potential of the neutral point of the load. Hence the vectors, 
AO x , BO x , CO x , represent the voltages across the branches of the 
load to the same scale as the vectors AIR, JBC, CA , represent the 
line voltages. 

JFVoojf. Let the impedances of the star-connected, load be denoted by 
Z x f cp x , Z 2 j Z z j and those of the equivalent delta-connected load by 
Z a j 9 ? 0 , Z b f cpjj, Z c f q> c Then if the line voltages are denoted by V ± . 2 , V 2 _ 3 , 
V z _ i, the currents in the branches of the delta-connected load are given by 
I 0 = Fx- a /^. Ib — Yz~ s/^b> Ic = Yz-itZ c 
Hence the line currents are given by 

/x = /«-/*,. /m — /*-/«■ /» = /«-/* 

Therefore the voltages across the branches of the load are given by 
F1-0 = /x^i = 2 A¥x - JZ a - Fa - 1/^0) 

Fa- 0 = / 2 -^2 = ZAYz - 3/^6 - Fi - z/Z a ) 

Fs - 0 = = ^a(Fa- J&o-Y»-z/ 2 b) 


Whence 
F1-0 “Fa 




Z* 

Z z Z x ~ 4 ~ Z2.Z3 
Z 2 -4- Z 2 Z z -J- Z z Z 


Z 3 

zA 


& 
~z r 


V1 - S (z 1 2 


Z z Z x + Z 2 Z 3 
z 2 + Z 2 z z -f ^ 3 ^. 


?,) Fs ' 3 (..z^z 
- 1 (_z^z 




■ ^ 2.^3 H - 

Z X Z 2 




(Fa-a + 


Fi - 


/ 


Z 3 Z X j- Z 2 Z z 


Similarly, 

and 


! {z x z z + Z z z 3 
= Fl - 2 

Fa-o-Fs-o — Fa-a, 
Fa-o-Fno = Fa - x- 


r> 

+ Vl - - (zl?^ 


■ ?‘2.Y , 3 ~t~ ■?; 


z 3 zj 


-1) 


2x2* 


-H ^2^3 


4* Z 2 Z z 


Z 3 z x ) 
~Kz ;) 
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Thus the voltages across the branches of an unbalanced star-connected 
load supplied from. a three-ph a system may be represented by vectors 
drawn from a particular point, o ■t \ ector triangle for the line voltages, 

to the corners of this triangle, and both quantities are represented to the 
same scale. Hence, in the construction of Tig. 293, since the lines AO x , 
BO x , GO x , were drawn parallel to the vectors representing the quantities 
I X Z X , I*.Z > 2 > their common point of intersection represents the potential 

of the neutral point of the load, and their lengths represent the magnitudes 
of the voltages across the branches of the load. 


CALCULATION OTP GENERATOR AND LOAD VOLTAGES 

Determination of tlie Generator Line Voltage for Three-phase, 
Three-wire. Systems, the Voltage at the Load Being Known. In many 
cases of the supply of electrical energy for power purposes the 
position of the <( load/* or place where the energy is utilized, is at 
a considerable distance from the generator, and therefore the 
impedance of the line wires will affect the voltages at the generator 
and load. As the loa.d must usually be supplied at a definite 
voltage we must show how the voltage at the generator may be 
determined. We shall assume the load to be concentrated at a 
single point and to be supplied from the generator through a single¬ 
circuit transmission line, as these conditions are representative of 
the practical case of a sub-station, or a distributing station, being 
supplied from a central generating station. 

Case I. Star-connected Load . The line currents and the potential 
of the neutral point of the load are first determined. The pressure 
drop in each line wire is then calculated and is added vectorially 
to the voltage across the corresponding branch of the load. The 
quantities so obtained rexaresent the voltages between each terminal 
of the generator and the neutral point of the load. The voltages 
between the terminals of the generator are therefore determined. 

The vector ’diagram is shown in Fig. 294, in which ABC represents 
the vector triangle for the known line voltages at the load ; O x 
represents the potential of the neutral point of the load ; and O^A, 
O x B, O-^C, represent the voltages across the branches of the load. 
The line currents are represented by the vectors O x I ± , 0^1%, 0^1 3 . 
The pressure drops in the line wires are represented by the vectors 
AD i BE , CF, these vectors being drawn in the positions shown 
for convenience of carrying out the vector addition. [2\ 7 o£e. AJD 
represents the pressure drop in line I, CF the pressure drop in line 2, 
and BE the pressure drop in line 3.] By adding, vectorially, the 
pressure drop in any line wire to the voltage across the corre¬ 
sponding branch of the load we obtain the voltage between the 
neutral point of the load and the terminal of the generator. These 
voltages are represented by the vectors O x D, O^E, O x F. Therefore 
3i—(T.5245) 
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shapes of the vector triangles for the generator and load voltages 
apply equally well to the present case. 

Determination of Load Currents and Voltages for Three-phase, 
Three-wire s Systems, the Generator E.M.F. being Known. In the 
preceding section we determined the voltage necessary at the 
terminals of the generator in order to give a definite voltage at the 
load. When the load voltages are symmetrical and the load is 
balanced., the voltages at the generator will also be symmetrical. 
But if the load voltages are to be symmetrical and equal when the 



Fig. 295. Graphical Method os’ Determining Generator 
Voltage iron. Delta-connected Load 

load is unbalanced, the voltages between the terminals of the 
generator must be unsymmetrical and unequal, due to the pressure 
drop in the line wires. Under these conditions there may be 
diffi culty in obtaining the required voltages. It will, therefore, be 
of in terest to consider the converse of the above case, viz. the 
determination of the voltages at the load when the internal E.M.Fs. 
of the generator are known. 

When a three-phase generator is unsymmetrically loaded, the 
voltages at its terminals will, in general, be unsymmetrical, although 
the E.M.Fs. generated in the phases may be symmetrical. Since 
the generated E.M.F. may be considered as equivalent to the 
no-load E.M.F., we may determine the terminal voltages when the 
generator is loaded by compounding the no-load E.M.Fs. of the 
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several phases with, the pressure drop in these phases due to 
impedance and armature reaction. The currents in the load may 
therefore be determined from the no-load generator E.M.Fs. and 
the impedances of the load, line wires and generator. 

Case I. Generator and Load Star-connected. The currents may be 
determined by two methods, one involving the calculation of the 
equivalent delta-connected circuit, and the other involving the 
determination of the difference of potential between the neutral 
points of the generator and the load. In the first method the total 



296. GrRAJ?m cal Method or DETKRJvriNnsro Load Voltage 
for Star-connected System 


impedance of each phase of the star-connected circuit (i.e. the sum 
of the impedances of each phase of the generator, load, and con¬ 
necting wire) is calculated, and the impedance of the equivalent 
delta-connected circuit is determined. This delta-circuit is then 
assumed to be supplied at the no-load generator line voltage, and 
the branch circuit and line currents are calculated. The line currents 
will be the same as those in the original star-connected circuit. 

If the potential difference between the neutral points of the 
generator and load is known, the line currents may be obtained 
by dividing the total impedance of each phase into the difference 
between the no-load E.M.F. of the appropriate phase of the generator 
and the potential difference between the two neutral points. Thus 
if the no-load phase E.M.Fs. of the generator are represented in 
Fig. 296 by the vectors OE u OE ll3 OE Ill3 and O x represents the 
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potential of the neutral point of the load, the current in phase X 
of the system is given by 0 1 ^7 I /(snm of impedances of phase I of 
generator, load, and connecting line wire). The currents in phases 
II and III of the system are obtained by dividing the E.M.Fs. 
represented by O x E £1 , 0 ± E 1U , by the appropriate impedances. The 
currents are represented by the vectors OI^, OI 2 , OI 

The voltages across the branches of the load are obtained by 
multiplying the line currents by the appropriate load impedances. 
These voltages are represented in the vector diagram of Fig. 296 
by the vectors OV x , OV 2 , OV 3 . 

The voltages at the terminals of the generator may be obtained 
by compounding the voltages across the branches of the load with 
the pressure drops in the line wires. The latter are represented by 
the vectors V ± V lg} V 2 V 2g , V 3 V 3g . Thus the phase voltages of the 
generator when loaded are represented by the vectors OV lg> OV 2g , 
OV 3{r , and the pressure drops in the phases of the generator are 
represented by the vectors E^V^g, EjjjV 3g . 

Case II . Generator and Load Delta-connected. In this case we 
reiolace the delta connections of the generator and load by equivalent 
star-connected circuits. The solution is then obtained in the same 
manner as for the preceding case. 

Determination of Load Currents and Voltages for Three-phase* 
Four-wire Systems, i.e. Three-phase Systems with Star-connected 
Loads and Neutral Wire. General Case — Voltage Drop in all Parts 
of Circuit Considered. The direct analytical solution to this 
case involves the application of I^irchhofPs laws and is given 
on p. 491. 

An alternative analytical solution may be obtained very simply 
by employing the principle of super-position of electric currents. 
Thus, since the resultant E.M.F. in each phase, taken from the 
neutral point of the generator to the neutral point of the load, is 
equal to the vector difference of the no-load phase E.M.F. of the 
generator and the potential difference between the two neutral 
points, the actual current in each circuit may be obtained by 
super-imposing the fictitious currents due to (1) the no-load genera¬ 
tor E.M.F. acting alone, (2) the potential difference between the 
neutral points acting alone. 

Let the no-load phase E.M.Fs. of the generator be denoted by E 13 
E lx , E 1XJ ; the impedances of each phase of the system (including 
the impedances of the generator, connecting line wire and load, but 
not the impedance of the neutral wire) by Z xf , Z 2t , Z 3t ; the 
impedance of the neutral wire by Z ol ; the actual currents in the 
neutral wire and the branches of the load by/ 0 , I x , I 2 , I 3 , respectively. 
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and the potential difference between tbe two neutral points by F 0 . 
Then 


To 

/i = 
/ 2 
/» 


(/i + / 2 + /a). 


1 

0 


Fo 


" z xt 


0 

1 

= 9 n 

Fo 

Z %t 

t 

Y 2t 

9 m - Fo 

_ fta _ Fo 


?*o t 

?*ot 


Fo = “ ToZoi 
= Ti - Ji" 

Tz - I*" 

= /*' ~ /a" . 


(208) 

(209) 

( 210 ) 


where ,I 2 3 I 3 , denote the phase currents which would be obtained 
if the two neutral points were at the same potential, and Ij", J 2 // , / 3 ", 
denote the phase currents which would be obtained if the generator 
E.MJETs. were zero and the potential V 0 existed between the neutral 
points. 

Hence I 0 = - [(/*' - I x ") (Tz ~ Tz") + (/s' ~ /s")] 

— ~ (/i' + / 2 ' “b To) + (T\" + Tz" + To") 

— ~ T'o + (/1" “h / 2 " + To") 

or Iq = — / 0 -f- T±" + Tz" -f~ To" 

= Yo/Zoi + V 0 /Z 2t 4- YolZzt + YolZot 

= YoiYoi + r lt + F 2 * + Tst) 


where I 0 ' denotes the current which would be obtained in the 
neutral wire if the impedance of this wire were zero, and Y ol , Y lt , 
Y 2 t 3 Y 3t , denote the admittances of the neutral wire and the several 
phases, respectively. 

Whence Fo = To'/(Y 01 Y lf Y 2t -j- Y 3t ) . . (211) 


The load currents I ± , I 2> I 3 , may be determined either directly 
from the E.MHTs. and impedances or, indirectly, by the super¬ 
position of the fictitious currents I x \ 1; II, I 2 " ; I 3 ', 1 3 ". In 
the latter ease we have 

/o' ^ Yo(Y ol -f- Y lt -f~ Y 2t + Y 3t ) 

/ 1 " = YoY xt ; 1 2 " = y 0 Y 2t ; I 3 " = FoFs* 
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Whence I x " 

To :: 

r lt 

(J^oz 4~ Yit 4- 

Y~ 2t 4 “ Yst) 

i* 

To :: 

r zt 

(¥qi 4 - Y±t + 

Tzt + r 3£ ) 

Iz" 

To :: 

r 3t 

( ¥01 4~ Y±t 4~ 

Yst 4- Yst) 

The geometrical construction for 

determining the currents 


/. L ", Iq"» 13 ", is as follows— 


A vector polygon is constructed to represent the admittances 



Fig. 297 . Gbaphioal Method or DETERMnsnnsrG the Fictitious 
C maB-EisrTs I/, J 2 ", I 3 " fob a. TBOEtEE-raA-SE Foub-wibe System 


Yit, Y zt9 Y 34 , Y ol , ( Y ol + T 1J5 -f- Y 2£ -j- Y 3£ ) ; the currents I x ', 

I 3 , are calculated ; their vector sum ( I 0 ‘ ') is determined graphically, 
and upon the vector representing this quantity is constructed a 
polygon similar to the admittance vector polygon, the vector I Q 
corresponding to the side of the latter which represents the quantity 
(^oz 4~ Y xt -b Y zt -f- Y st ). The currents I x ", I z ", I 3 ", in the 
admittances r». r 2t , r 3t , are then represented by the sides of the 
current polygon which are similar to the sides representing the 
latter quantities in the admittance polygon. 

The geometrical construction in Tig. 297 refers to the worked 
example which follows. 
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Example. An unbalanced star-connected, load of unity power factor— 
the branches of which have resistances of 1-0, 1-3, 1-S5 ohms—is supplied 
from a symmetrical three-phase star-conneeted generator through a four-core 
cable 1000 yd. long. The cross sections of the cores are 0-25, 0-25, 0-25, 
0*125 sq. in., and the core of smallest cross section forms the neutral con¬ 
ductor. The impedance of each phase of the generator is 0-13 /76° o hm. 
The no-load E.M.F. of the generator per phase is 240 V. and the phase 
rotation is counter-clockwise. Determine the currents and voltages at the 
load. 

The resistance of the cable connecting the load and generator is 0-1 Q. 
for the principal conductors and 0-2 Cl. for the neutral, the inductance being 
negligible in each case. 

The impedance per phase of the generator is 
Z — 0*13 cos 76° H- j 0-13 sin 76° 

= 00314 + jO-1262 

The total impedances per phase are therefore 

Z = 0 0314 -b JO-1262 + O l + 1-0 = 11314 •+• j0 1262 

Z 2f = 0 0314 4- jO-1262 + 0-1 + 1 3 = 1*4314 4- j0-1262 

Z At = 0 0314 4 - j0-1262 4- 0*1 4~ 1 85 = 1*9814 4 - J0*1262 

and the impedance of the neutral wire is 


■Whence the admittances per phase are 
Tit 

Y.. 


1*1314 

0-1262 

= 0-872 -JO 0973 

~ 1-1314 2 4- 0-1262 2 3 

1-1314 2 4- 0-1262 2 

1 4314 

O1262 

= 0*693 - JO 0611 

~~ 1-4314 2 4- 0-1262 2 3 

1-4314 2 4- 0-1262 2 

1-9814 

0-1262 

« O 502 -JQ-032 

1-9814 2 4- 0-1262 2 3 

1-9S14 2 4- 0-1262 2 


-f 3 1 

Yoi = 5-0 4- JO 


Yxt + T*t + Tat + Yoi = 7*067 -30 1904 

1 7-067 0-1904 

Y\. 4 - YZ 4- Y Sf 4- Yoi 7-067 2 4- 0-1904 2 3 7-067 2 4- 0-1904 2 

= O 1412 4- JO-0038 


Since the no-load phase E.M.Es. are given by the expressions 

E = 240(1 4- JO), E X1 = 240(— 0 5 -JO-866) = - 120 -J208, 

E X1J = 240(- 0 5 4- JO-866) = - 120 4- 208, 

the fictitious currents I x , I z ', I s', are 

I x ' = E x Y xt = 240(0*872 -JO*0973) = 209*3 -J23 4 
12 = E XI Y, t = (- 120 -J208) (0*693 -JO-061 ) = - 95-9 J136-9 

I 3 ' = E TXI Y 3t = (- 120 4- J208) (0-502 -JO-032) — - 53 5 -\-J108 3 

Whence 1 Q ' = I x ' 4 - / a ' 4 ~ Is = 59 9 -J52 

The fictitious currents I x ", I/', Is", are now obtained thus 

IN = lo'YxtKYxt 4 - Yst 4 - Yzt 4 - Yoi) 

— (59-9 —J52) (0-1412 4~ J0-0038) (0-872 - J0-0973) 

= 6*867 -J7-OS3 

IN — J 0 'YNiYxt 4 - Yst 4- Ys t + Yoi) 

= (59-9-J52) (0-1412 } JO-0O38) (0*693 - JO-061) 

= 5*565 -J5 458 

IN — Ic'YztKYxt 4 - Yst + Yst 4 - Yoi) 

= ( 59*9-J52) (0*1412 -+- J0 0038) (0-502 -J0 032) 
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Hence J x = — 209-3 — y23-4 — (6-87 — y 7-05) — 202-4 — j 16-35 

I x = a/ (202-4 2 + 16*35 2 ) = 203 A. 

/ 2 = A" - /a" = - 95-9 -y 136-9 - ( 5-56 -jS-46) = - 101-5 -J131-4 
Z 2 = a/ (101*5 2 + 131 *4 2 ) = 166 A. 

/ 3 = Js'-Js" = -53-5 + y 108-3 - (4-11 -y‘3-85) = - 57 6 -\-yl 12-1 
J 3 = a/( 57-6 2 + 112-l a ) = 126 A. 

/o = ~(/i + / 2 H- /s) = — 1(202-4 -y 16-35) + (- 101-5-y 131 4) 

+ (-57-6 -f- yll2-1)~\ = -43-5 -f- j35-6 
1 + 35-6 2 ) = 56*2 A. 

Phase difference between I 1 and £J Z = tan. -1 — 16*35 /202*4 = - 5° 

„ ,, ,, I z „ jE7 x = tan. -1 — 131*4/— 101*5 = —(ISO — 52-3)° 

= - 127-7° 

„ „ ,, J 3 ,, JSJj = tan- 1 112*1/—57*6 = -(ISO -f- 62-8)° 

= — 242*8° 

„ „ ,, I 0 „ E x = tan” 1 35*6/- 43*5 = - (180 -+* 39*3)° 

= - 219*3° 

The pressixres across the branches of the load are in phase with the 
respective currents, and their magnitudes are 


v x = 

1*0 

X 

I x = 203 V. 

V z = 

1*3 

X 

I z = 215*8 V. 

V 3 = 

1*85 

X 

I a = 233 V. 


The pressure drop in the neutral wire is 
V 0 = 0-2 X I 0 = 11-2 V. 

As a check on the above calculations we may calculate the potential 
difference between the neutral points by means of equation (211), thus 

Vo = fo'KYit + Y*t + Yst + Yoi) = (59-9-y52) (0-1412 4* jO-0038) 

= 8-58 -J7-06 

V 0 = a/(8*58 2 + 7-06 2 ) = 11*12 V. 

Phase difference between and V 0 — tan -1 — 7*06/8*58 = — 39-5° 

These values are sufficiently close to the previous values for all practical 
purposes. 

It will be of interest to calculate the pressure drop in the principal line 
wires and the terminal pressure at the generator. 

Pressure drop in the “ outer ” line wires 
V xl =0-1 X I x = 20*3 V. 

V zl = 0*1 X I 2 = 16*6 V. 

V 3l = 0-1 X X 3 = 12*6 V. 

The pressures between the terminals of the generator and the neutral point 
of the load are 

V lg - 0 = 203 + 20-3 = 223-3 V. 

V 2g - 0 = 215-8 -h 16*6 = 232-4 V. 

V ao - 0 = 233 + 12*6 = 245 6 V. 
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Til© generator terminal pressures per phase (i.e. the pressure between the 
terminals of the generator and. the neutral point of the generator) are 

V = J2\ -IxZ a = (240 + jO) - (202-4 -jl6-35) (0-0314 + jO-1262) 

' 17 = 231 6-j25 4 * 

y j = y ^oi'u 13 4— 25*4 2 ) == 232*9 ~V. 

Fu = Ext -IiZa = C- 120-5208 )- ( — 101-5 —jl31-4)(0-0314-\~j0-1262'\ 
= - f33-4 —jl91 

V lt = A /< 1 33*4 2 + 191 2 ) = 233 V. 

Fin = Eiu-IzEa = (-150 4-^03)- (-57-6 -\-j 112-1 ) (0-0314-\-JO-1262 
= - 104 -h j‘211-7 

V I1Z = V(104 2 211-7 2 ) = 235*9 V. 

Che line voltages at the terminals of the generator are 

= Fi -Fn = 231*6 -J25-4 - (- 133*4 -j!91) = 365 4- J165-6 
F ffl _ a = a/(365 2 4- 165-6 2 ) == 401 V. 

F ff2 - 3 = F„ “ F tII = ~ 133-4 jl91 ) — (— 1C 

^2-3= V(29*4 2 4- 402-7 2 ) = 403*5 V. 

F G 3-x = F XII -F t = - 104 4- j211-7 — (231 6 -j25 4 - = - 335 6 4- j237 
V gZ -i = V(335-6 2 4- 237 2 ) = 411 V. 
and the line voltages at the load are 

Fi —2 = Fx - Fa = 505-4 — jl6-4 — (— 135 -j 170-8) « 334-4 4- j 154-4 
F x _ a = VC334-4 2 4- 154-4 2 ) = 368-5 V. 

F 2-3 = Fa ~Fs = - 132-j170 8- (-106 5 4 - j207-3) = -25-5-J378 

F 2 _ 3 = V(25-5 2 4- 378 2 ) = 379 V. 

F 3-1 = Fa - F 1 = - 100 *^ 4 J207-3- (202-4 -jl6-4) = -303-04- J223-7 

F 3 _ 1 = VCSOS-O 2 4- 223-7 a ) = 381*5 V. 

[IN'ora. In this example the resistances of the line wires have been chosen 
much higher than the values which would be adopted in practice. ]| 
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APPLICATION OF KIRCHHOPF’S LAWS TO THREE- 
PHASE CIRCUITS 

KllKOBiMOirir’s laws enable analytical solutions to be obtained, for 
any electric network, whether it is supplied from a direct-current 
system or an alternating-current (single-phase or polyphase) system. 
The laws may be stated thus- 

1. At every junction of two or more branches of an electric 
circuit the algebraic sum of all currents is zero, i.e. the sum of the 
currents flowing towards the junction must equal the sum of the 
currents flowing away from the junction. 

For example, if at a junction of five conductors in a direct-current 
network, the currents jT 1s jT 2 , I 3 , in three of the conductors flow 
towards the junction and the currents 1 4 , J 5 , in the other two 
conductors flow away from the junction, then 

Al ^2 ~+~ ^3- ^4- ^5 = O, 

or /i + f 2 + J 3 = J 4 -f- I 5 , 

2. In every closed electric circuit carrying a current the algebraic 
sum of all E.M.Fs. taken in order round the circuit is zero, i.e. the 

E.M.Fs. due to the current-viz. the induced E.M.Fs. due to self, 

or mutual, inductance and the potential drop due to resistance, 
etc.—must balance the impressed E.M.F. (or the E.M.F. generated, 
or induced, in the circuit'by external means). 

For example, in a direct-current circuit of resistance, JR, 

X ( V — E — IB) = 0, or V = X (E -j- IB), 
where V denotes the impressed E.M.F. ; E , the internal generated or 
induced E.M.F. ; and I, the current. 

These laws may be called the generalized laws of electric circuits, 
as by their application the currents and voltages in any network can 
be determined. But with complicated networks the equations con¬ 
necting the currents and voltages may become so numerous that 
much tedious algebraic work is involved in their solution. 

Conditions to be Observed in the Application of Kirchhoff’s Laws 
to A.C. Circuits. In applying these laws to A.C. circuits we may 
consider either the instantaneous values of the E.M.Fs. and currents 
or the H.M.S. values of these quantities. When dealing with instan¬ 
taneous values only the magnitudes and directions of the E.M.Fs. 
and currents need be considered. The calculations, therefore, 
are carried out by ordinary algebraic methods. 
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But when B.M.S. values are employed the relative phase differ¬ 
ences of the currents and E.M.Fs. must be considered as well as 
their magnitudes. Hence, in this case, the calculations must be 
carried out by the symbolic method, as we are dealing with complex 
quantities. 

The method of calc'tdcUio?i in the case of complex circuits or 
networks is as follows— 

The complex circuit is reduced to a number of closed circuits, 
or meshes, in each of which a current is assumed to circulate in a 
definite direction independently of the currents in the adjacent 
meshes. The E.M.Fs. in each mesh are then calculated and are 
equated to zero in accordance with Kurchhoff’s second law, the 
number of equations so obtained being equal to the number 
of meshes. The values of the fictitious circulating currents are then 
obtained by solving these equations, and when these currents are 
known, the currents in, and the potential difference across, all parts 
of the network may easily be obtained. 

The process of obtaining the general equations for the meshes 
is quite simple, but the reduction of these equations to obtain the 
equations for the several currents is usually complicated when the 
number of separate currents exceeds three. 

In order to illustrate the method of procedure, we shall consider 
a number of cases. 

Calculation of Currents in a Three-phase, Three-wire System with 
Star-connected Generator and Load. Let the no-load phase E.M.Fs. 


'S' 


Fig. 298. Circuit Diagram for Staf/Stab Three-phase System 

of the generator be denoted by E x , E u, E lxt ; the line currents by 
lu 1 2 , d 3 l and the total impedances per phase (i.e. the sum of the 
impedances per phase of the generator, load, and connecting line 
wire) by Z lty Z 2t , Z zt . Then the system is equivalent to three 
meshes (Fig. 298), in which the externally-produced E.M.Fs. are 
E x — E 1X) E I3; — E xll , E JXX — E x ;■ and the fictitious circulating currents 
are I^ /,,, 7„. 
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Hence tlie general E.M.E. equations for the meshes are— 

TPx {T cc f z)Yxt {fx f v)Yzt ffit === 0 
E X1 - (I u - f„)Z zt - {I y - I z )Z zt - E xxx = 0 
JBJ m - (fz ~ fv)Yst - {f z - f x )Z lt — E x =0 

Since f x — f z = Tx* f y — Tx ~ fz, f z ~~ Tv — Tz> the preceding 
equations may be written in the form 

fxY'xt ~ — TTx ~ TTxx * - - (a) 

fzY^t “ TzZzt = TTxx ~ T'm * - - (/ 5 ) 

- TxYxt -h fzYzt = f? ni-^i • * (r) 

Applying Kirchlioff 5 s first law to the neutral point of the generator 
we have 

J-l I 2 I 3 = 0 - . . . . . (<5) 


The expressions for the line currents may be readily obtained 
from these four equations. For example, to obtain I x , eliminate 
Z 2 and I z from equations (a), (y), (<5), thus 


fxYxt !Y^t — / 2 

= (P,- 



. 

(<*') 

fxYxt lYzt — fz 

= (P,- 

Y'lu) IYa* 



iy') 

fx 4- i 2 + /3 

= 0 

* 



(<n 

we have 







PiA 

^x-^u 

4- 

•P. - P,„ 


7l V 1 + P 2i + 

4W 

p2 I 

?*zt 


/ 1 1 
fxYxt (^“ 4- g- + 

\^l< 4 / 2< 

1 "\ _ 

p,-p„ 

_4_ 

Pi - Pit, 


4W 

Yzt 


Yzt 



Whence 


fx 


Yxt Yzt (^i- ) . Yxt Yst {$* - -®m) 

— 4- 4- -7s* 7w 4- ^ + 7 3 * 

_ X ~ XX _. , -ffl - ^ III _ 

4- 4- YitYzt JYzt Yzt 4- Yxt + YztYxt / Y%t 


( 212 ) 

(212a) 


Similarly, 



y«r«cffxi--ffi,i) 
Tl* 4“ 5 r 2< - 4 7"s* 


YztYxt(TPn ~ TTi ) 
4- 7"2£ 4~ Tsi 


4“ Yzt 4- YztYztl Yxt 4^i«4- ■?'2i4 _ YxtYzt j Yzt 


(213) 

(213a) 


and 
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I* = 


YztYxA^i 


■Pi) 


YztYztiYxxx --Pii) 


7l* + 7 2 * + 7 3 


(214) 


^3* 4“ 7l* + YztYlt /4^2 


7 2 « + 7s* + YziYzt!Yx 


(214a) 


These are the general equations for the line currents. 

With symmetrical systems, however, the equations can be 
expressed in simpler form. Thus, if the phase rotation is counter¬ 
clockwise and the magnitude of the no-load E.M.IT. of each phase is 
denoted by E 3 then 

E x = EJ°, E 1X = EJ^ 20/90 3 JS m = EJ-**° i9 « 

E x ~E X1 = E(J°- jr-120/90) = jz(i _jr-i 2 o/ 90 ) 

E t ~ E llx = E(J° - J- 2^0/90) ^ j£(l _ J . 240/90) 

E xx - B m = J£(J-120,90 _ y-240/9O) 

When these expressions are substituted in equation (122) we 
have, upon re-arrangement. 


lx = 


7„(1 - <7-120/90) + F 3 ,(l - J-* 40/90) £ 


— y , r-x T' + r,.- 120,30 - 

7 ~r 7 2 / 7 3« 

Introducing the quantity Y lt J° into the right-hand side, and noting 
that J° = 1, we have 


A - 


7n 


7» + Yzt + 7; 


^(7i* + 7 2 * + Y st - (Yxt JO 


EY 


n,(i- 


+ ^<7-120/90)^^^-240/90) 
Y lt J° + E af <7-120/90 y 3i y-240/90N 


7 X * H- 7 2 * -f- 7 - 3 ; 


•)' 


(2126) 


Similarly when substitutions are made in equation (213) for 
E x> E X1 , and E IIX , we have, upon re-arrangement. 


7 it ~h Yzt + 7 3 


E\ Y 3t (J~ 120/ 90 — y-240/90) 


+ 7i*(^ : 


'-V 0 )} 
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Introducing the quantity T^J^ 120 / 90 , 

/, = ^— , 4 , xr js{r 3 t (.j- iz °i 9 °-j 


Y zt 4- r st ■“ * * ' JO) 

4 54 (4 120 ' 90 -,/- 120 / 90 ) + T xt ( J -^ Oj 90 - JO) | 

120/90 4 54 4- 54) 




54 4- 4a 


ljr-120/90 . 


• 2 ' V" r« t- r«. + r 

Similarly, equation (89) finally reduces to 


- 4 54^- 120/9 ° 4- 54^- 240 ' 90 ) l 

r lt j° -f- 54^- l3 ° /9 ° + r S tJ-^^y 213b) 


E 7o 


J^y-240/90 _ 


54^° 4 54</' 120/9 ° 4 YztJ ‘ 


. (2146) 


\ 54 4 54 4 54 

These equations may be readily evaluated when 54, 54, 54 are 
known, since for counter-clockwise phase rotation J° ~ 1 JO — 1 ; 
J- 120/90 = cos _ 120° 4 j sin - 120° = - 0 5 - JO 866 ; J-**ofOQ 

= cos — 240° — j sin 240° = — 0 5 -f- j 0 866. 

Whence 

54 4 r zt (-Q-5-JO 866) 4- 544g^4jg^ggg)' 


lx = &Yx 


r lt + Yz t + r a 


e = ey» 


(- 0 5 - 


jO 866 


Yxt + Y zt (-O 5-JO866) + Y at (-0-5 + JO-866)\ 

Y at J 


i. — E y» 


("°- 


Yxt 4- Y 2 

5 -f- JO 866 


Yxt + Y*t (- 0 5 -JO 866) + Yatir- O g ± jO-866)' 


1 ) 

. (212c) 

. (213c) 

. (214c) 


The difference of potential ( V 0 ) between the neutral points of 
generator and load is given by 

Vo ~ Vi ~ /i44 = Y'n ~ 544 ~ ^iii “ J 3 Y 31 

Hence, 


V n = EJ° - E ( 1 J° - 


Y ±t J° 4 T 2 ,J'- 12 °/ 90 4 54*4 240/90> 


-*( 


n, + n 


y lt ./° + yat^- 130 ' 90 + 

Yxt + 5^23 4 - 5^32 


)■ 


• (215) 


r /n e + y M (- 0 5-JO 866) + Y st (- 0 5 + JO-866) \ ^ ^ 
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With symmetrical systems and. clockwise phase rotation, we 
have 

E x = EJ°, E IZ = EJ^°‘ 9 °, E 1Z1 = ^7^240/90 
E x - E X1 = E(J° - = E( 1 - e/ 12 0/90) 

. E x -| ni = ^(J 0 -J 24 °/ 90 )=^(l-‘ 7240/90 ) 

^ TI ~ E XIX = E{J^»i*" - j **'"”'*) 

When these expressions are substituted in equations (212), (213), 
(214), we have, upon final re-arrangement and reduction, 
f Y lt J° -f- IW 12 ° /9 ° -h 3W 24O/90 \ 

^ = — h, + + ?» -) - - (212d) 

U = (l^o, 9 o_ - r ^ FT - zrr ^ -) . (213d) 

(i^ 10/9 °-—— rv 4-~^ 7 +~h/ -) • (214 ^ 

In the present case, , 7120/90 — cos 120° 4~ j sin 120° = — 0 5 
-f- jO-866 ; J 2 40 /9° = cos 240° + 3 sin 240° = - 0 5 ~ jQ-866. 

Whence 

_ /, Y lt -t-Y zt (-0-5+j0'866)A-rsA-0-5-j0-866)\ 

/l = - 14 V 1 rx, + r« + T7 t Z ' / 

. (212e) 

I 2 = EY 2t (- 0 5 + j0 866 

Tit + r 2e (-0-5+jO-S66) +Y at (-0-5-j0-866)\ , 

rx* + y 2i + r 3< 7 ( 13e) 


jg?r,, (i -/ 24 "/ 30 - 


. ( 212 d) 


(213d) 


. (214d) 


/l — 2?7i« i 


/ 2 = Y„ 


I„ = EY. 


0 5 - jO: 


Vit + T zt {- 0 5 •+ jO-866) 4- Y 3t (- 0 5 -jO S66) \ r , 

-+ r„ + TZ - ) ’ (21<te) 

and the potential difference between the neutral points of generator 
and load is given by 


Yit ± Yzti-O* -IjQ866) A-Ystir-O'S-jO-866) ' 

r,, + y** 4- r** 


(21 5b) 


Calculation of Currents in a Star-connected Load Supplied from a 
Large Three-phase System- The system to which the load is con¬ 
nected is assumed to be so large that the line voltages are unaffected 
by any unbalancing of the loads. 
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The equations (212), (213), (214) deduced, for the prece din g case 
are therefore applicable to the present case if the line voltages are 
substituted for the differences between the phase E.M.ITs. 

Thus 

/x = y + y* + y 3 (FaFi - 2 ~ YzYz - x) ■ ■ - (216) 

i z = + rl + y 3 {YaY - - 3 ~ YiVi - z) • • • <217) 

fa — y | y* | ( ) i Fa - l YaVa ■ 3 ) • - - (218) 

If we wish to calculate with impedances instead of admittances, 
then 


Fi - 2 

Fa -1 

^1 4~ ^2 4- ^1^2 /*^3 

-^3 4“ -^1 4" ^3^1 /4^2 

F 2 -3 

Fi - 2 

F 2 4" ^ 3 “1“ YaYa / -^l 

^1 4~ 4^2 4“ -^1^2 /^3 

Fa -x 

F 2 -3 

2/g [— ~ f~ / -'2'2 

4^2 4~ ^3 4“ /^x 


. (216a) 
. (217a) 
. (218a) 


With a symmetrical system and counter-clockwise phase rotation 
y x . 2 = VJ° ; F 2-3 = F^- 120/90 - * jr a _ L = yj- 240/90 

Under these conditions, we have 

v ^ + ^ + y - (r 2 ^°- r 3 ^- aio/9 °)^ - - ( 2166 ) 

= v ( Yl + 7 y\ + y 3 +i0)-r 3 (-0-5+jOS6e){) 

. ( 216 c) 

/* — F j y x + y 2 g + y 3 (r 3 ^- ,20 ' 9 °- 5W 0 )} - • (2176) 

- F ( f, + ?I + r. I 7 , 1 -o-s-jo.see)- y l(J +jo>}) 

- (217c) 

/ 3 = V ^ Tl + y* + f - (Y-lJ-** 0130 - y a ^- iao/8 °) j - (2186) 
= F ( y i+ y* + y 3 I Fx(-0-5+i0-S66)- r 2 (- 0-5 

- jO-866)\ ^ . . (218c) 


.(T.5245) 
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or, alternatively, 

i ‘- v (k 

Jo = V 


1 + JO 


0 5 4- JO 866 


( ? 

—(i 


4- ^2 

0-5 


-f- Z^Z^ / Z.T. 

-JO866 


Z* 


Z x -+- ZzZlIZz) ' (2md) 
1 —{— JO 

1 \2V7dy 


Z 3 —f- ^3 4* Z^Zq /Jj^L 

-0-5+ JO 866 

Z s + Z x + Z^ /Zz ^ 2 + ^3 + ^ 2^3 /^: 


z ± 4- ^2 + !Z, 

~ 0 5 ~ JO 866 


;)■’ 

d 


(218t2) 


Example. The diagram (Fig. 299a) represents a star-connected unbalanced 
load wbicb is connected to a three-phase system having sinusoidal E.M.Fs. 



the phase relations between the E.M.Fs. being indicated in the diagram. 
Determine the current in the condenser branch OA. (L. XI.) 

[ISTote. The reactance of the condenser branch OA is 5/— 90° ohms, 
and the impedances of the other branches, JOB, OC , are 22/60° ohms, and 
17 /30° ohms respectively. ] 

Denoting the terminals C, A, J B, of the load by fche numerals 1, 2, 3, 
respectively, we have, for the impedances of the branches, 

Zx = 17/30° = 17(cos 30°.+ j sin 30°) = 14-74 + j‘8-5 
Zz = 5 /- 90° = 5(cos - 90° 4- j sin - 90°) = O ~j5 
Z a = 22 /60° = 22(cos 60° + j sin 60°) «=? 11 + J19-06 
Whence Z x Z 2 jZ 3 = (17 X 5/22)Ji 30 - 9 °- 6 °)/9o =- S-SOd' 120 / 00 

= 3*86(-0%5r- 0 - 866 ) 

= -193 -J3-35 
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Z z Z a JZ 1 *= (5 X 22/17) t /t- 9 ° + 60 - 30/90 = 6-47d' 60 / 90 

= 6-47 (0-5 -jO-866) 
= 3 235 -j5 6 

Z t + Z z + Z X ZJZ. A = 12-51 4- yo-15 
+ Z z Z z \Z x = 14-23 -b yS-43 
Hence, from equation. (217d), we have 

0 5 - jO-866 1 _|_ </# \ 


/ 2 


220 


( L 


- ^3 + Z z Z z [Z x ^ + + 2^ 2 /z 3 

0-5 -jO-866) (14 23 - j8-46) 


12 81 -jO 15 

12-81 


015 \ 

0-15 2 / 


14-23 2 H- 8-46 2 

= - 28 78 - n6-3 
Whence Z 2 = V( 2 S*78 2 + 6-3 a ) = 29-46 A. 

Phase difference between. l. z and potential difference (F,.,) between lines 
1 and 2 = tan' 1 - 6-3/ - 28*78 = - (180 - 12-4)° == - 167-6°. “ 

As an extension of the problem, it will be of interest to calculate 
the currents in the other branches and the potential difference 
across each branch, and to draw a vector diagram for the circuit. 

First, the quantity Z 3 -f- Z x + Z z Z x (Z 2 is evaluated, thus 
Z z Z x /Z^ = (17 X 22 15) Ji 30 + 60 + 90)190 = 

= 74-8 (- 1 A-jO) 

Zz + Z x + Z z Z x !Z % = -49 + j27 55 

From equation (216<#) we have, for the current in the inductive 
branch OC, 

1 4~ jO _ - 0 5 4- jO 866 


! '- v (k 
= 220 ^ 


H~ ?*2 H- ^1^2 / 4^3 Zq 4“ Z x -j- Z 3 Z X /Z, 

12 81 — jO-15 (-0 5 -f- jO 866) (-49 -j- j27*55 )> 


Z 2 ) 


49 2 


27-55 2 


^12-81 3 -f- 0-15 2 

= J3S5 + jl'794 

Whence 

/-l = v^lS-Sb 3 + 1 -794 2 ) = 13-96 A. 

Phase difference between F x and Fi- 2 is tan' 1 1-794/13-S5 = 7-4° 
Also from equation (218c?) the current in the inductive branch 
OB is given by 

0 5 + jO 866 - 0 5 -jO 866 


- v (w 
= 220 (J—~ 


Z x 4- Z 3 Z X /Z 2 Z, 
-0 5 4- jO866) (■ 


4^2 ~T- Z 3 4” Z^Z^ 

49 — j27~55) 


k) 


49 2 4- 27-55 2 

(- 0 5 - 


-jO-866) (14 23 -j8*46)' 


14-23 2 


8*46 2 


= 14 94 4- i^-5 
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Whence 

I 3 = V(14*94 2 + 4-5 2 ) = 15-6 A. 

Phase difference between. I 3 and Fi- 2 is tan -1 4-5 /14-94 = 16-8°. 
The potential difference across the branch OA is given by 
F 2-0 = / 2 ^2 = (- 28-78 — j 6 -3) (O — j5) = - 31 5 + 5 144 
Whence 

V 2 -o = \/(31*5 2 + 144) = 147*6 V. 

Phase difference between V ± - 2 and P 2 -o i s 

tan- 1 144/-31-5 = (180-77*6)°= 102-4° 

The potential difference across the branch OC is given by 
F 1-0 * ?i z i = (13 85 + jl 794) (14 74 j 8 S) .= 188 8 + jl 44 

Whence 

V 1 . 0 = V(18S-S 2 + 144 2 ) = 237 V. 

Phase difference between V 1 . 2 and V 1 . 0 is tan -1 144 /188-8 = 37-4°. 
The potential difference across the branch OR is given by 
V 3-0 — T 3 Z 3 = (14-94 -f- j4-5) (11 + 519 06 ) = 78-7 +5334-5 
Whence . 

V 3 . 0 = VC 78 * 72 + 334-5 2 ) = 344 V. 

Phase difference between V 1 . 2 and V 3 . 0 is tan* 1 334-5 / 78*7 = 76-8°. 
Check calculations for these potential differences are as follow— 
V 2 . 0 = I 2 Z 2 = 29-46 x 5 = 147-3 V. 

Fl-o = I 1 Z 1 = 13-96 x 17 = 237 V. 

V3-0 = 7 a Z 3 = 15*6 x 22 = 344 V. 

Fro - F 2 -o(= F 1-2 ' = (188 8 +J144) - (-31 5 +5144) 

= 220-3 + 50 

F 2 - 0 - F 3 -o(= F 2 - 3 ) -315 +J144)- (78-7+5334-5) 

= - 110-2 -5190-5 

F 3 - 0 - Fi-o(= Fs-i) = (78-7 + 334 5) - (188-8 +5 144) 

= - HO 1 + 5190 5 


The vector diagram for the load circuit is given in Pig. 2996, in 
which the line voltages are represented by the vectors OV ± . 2 , 
OV 2 3 , OV 3 -^ the voltages across the branches of the load by OVj . 0 , 
OV a . 0) OV 3 . 0 , and the line currents by OI x , OI 2 , OI 3 . 

If the line-voltage vectors are drawn in the form of a triangle 
as in Pig. 299c, and the vectors representing the voltages across 
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the branches of the load are so drawn from the corners of this 
triangle as to meet in a common point, O x , then this point represents 
the potential of the nentral point of the load. Moreover, since the 
point, O (which is the centre of gravity of the line-voltage vector 
triangle) represents the potential of the neutral point of the supply 
system (which, according to, the circuit diagram (Fig. 299a), is 
symmetrical), the potential difference between the two neutral 
points is given by 

V 0 = Fi-o- FVo = (188 8 ~h jl44) ~ (0-866 ~jO-5)220J^/S 

= 77-8 + j2075 

where V'i-o [ — (0-866 — JO-5)220 /-\/3 ] denotes the potential differ¬ 
ence between line 2 and the neutral point of the supply system. 

Whence 

V Q = V( 77 ‘ 82 4- 207*5 2 ) « 221 -5 V. 

Calculation of Currents in Three-phase, Three-wire System with 
Delta-connected Generator and Star-connected Load. Let the no- 



Fig. 300. Circuit ID iagram for Delta/Star Three-phase 
System 

load phase E.M.Fs. of the generator be denoted by E x , E lx , E 1XX ; the 
phase currents by I x , J n , I 1XI ; the corresponding line currents by 
J 2 , I 3 ; and the impedances of the load, connecting line wires 
and generator, by Z Xi g* e tc. The delta-star system is then 

equivalent to four meshes (Fig. 300), of which one mesh is formed 
by the delta-connected generator, and three meshes by the inter¬ 
connected phases of the load, the line wires, and the phases of the 
generator. Let the fictitious circulating currents in these meshes 
be denoted by I w> 74, I y , I z . 

Then the E.M.F. equations for the meshes are 

E -f- E. -f- j W XIJ — (I w + “ (/to + I y)? / %g “ (/to + I 3 sr 

= 0 . («) 
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TP x ~~ (Jw 4" Tx)?*^ (Tx f z) 0^1 4~ Z ± i) (/* Iy) (^2 4" ■2'2z) 

= ° ' • • C/5) 

& 1 — (T w -h / v)?> 2g “ (Tv ~ Tx) ( 4^2 4 ~ ^ 2 z) — (Jy—Jz) ( 4^3 -f~ ^ 3Z ) 

= ° * * * * (y) 

fP i rr — (/to 4~ / z)Z Z g — (I z — Iy) (Z 3 -f- 4^3z) — (I z — In) (Z x -f- ^ 1Z ) 

= ° * * * (( 5 ) 

N" >w I w -\-I k — I x ; I w -\-I y — I Ix ; I m 4- I z = / riI ; 

T x J 1 JX 4m 3 /w T x ~ /2 4II 4j 3 

4 2 ~ Tv == 4 s == 4 iij ~ TX’ 

Substituting these values in the above equations, we obtain a 
set of equations containing the phase currents, I x , 1 1X , 7 as the 
unknown quantities. Thus 

E t + E xt + E lxl - T x Z lc/ - I lx Z 2g - I XXI Z Sa =0 . , (a') 

IPx — Ix&XO 4“ 4^1 4“ ?>xi 4“ 4^2 4“ 4^2z) 

4~ lXX (4^2 4“ 4^2z) = 0 . (/?') 


4^11 4“ 4 r (4^2 4" Z zl ) — /ix (Z 2£r -f- 2^2 -j- ^2Z 

+ 4^3 + ^3Z) + IXX I (4^3 4~ 4^3z) = O, » (y') 

4- ^xz) + /„<#a + ^3l) 

~ Jxxx(^3a + 4^3 A- Z 3l + -Zq 4~ #n) ■= O . (S') 

The solution to these equations is easily obtained by means of 
determinants. 

Note to the Solution of Simultaneous Equations by determinants. If we 

have three simultaneous equations, each of which contains three unknown 
quantities, cc, y, z, and. if the equations are expressed in the form 
cz x cc + b\y ~f~ c x z -f~ d x = 0 
ct^cc —J- b 2 y ~f“ <?2<3 ~f— d z = 0 
ct 3 x -f- b 3 y -f- c 3 z + d 3 =0 
the solution is giveii hy 

* = - (^i l n ) ; y = d^(jj ; * = _ (n 3 /D), 

where JD X , Z? 2 , JD S , Z) denote the following determinants of the third order— 



d x b x c x 


(d x cv x Q- x 

= 

d 3 b 2 c z 

D z = 

d z a z c z 


d^f> 3 c s 


d 3 a 3 c 3 


d x a. x b x 


a lPl c X | 

^>3 = 

d z ‘ 

O = 

CZ '2^2 C 2 I 


d 3 ct 3 b s 


<* 3 6 3 c 3 j 


&t - dx (6 3 c 3 - 6 3 c 2 ) -+- &i(c 3 d 3 - c 3 d 3 ) -h c x (<Z 3 & 3 - d 3 6 2 ) 

i> 2 = d x {ct 2 c 3 — es 3 c 2 ) -f- ct x (o 2 d 3 — c-jcZj) + — d 3 a, 2 ) 

Z > 3 — d x {a,. 3 b 3 — a-sb^) -f- a x (b 2 d 3 — b 3 d.j.) -f- b x {d % a, z — d 3 a , z ) 

T* ~ a i(^ 2 C i ~^ 3 C a) 4 “ ^x(^ 2®3 ^ 3 « 2 ) 4 “ C X (<^ 2^3 ~ ) 
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Alternatively* a solution may be obtained by ordinary algebra 
by substituting for, say, I x in terms of I xx and J IZI , in two of the 
equations and solving these, as ordinary simultaneous equations, 
for /„ and JT ni . J T is then obtained by substituting for I JX and 1 XXI 
in one of the original equations. This process, however, usually 
involves more labour than the solution by determinants. 

Substituting Z xt ', Z 2t \ Z 3t ' , for the quantities (Z x 4- Z xl ), (^ 2 -f-^ 2Z ), 
(Z 3 + Z 3l ) 3 respectively, in the equations (fi') 9 (y')> (<5') for the 
delta-star circuit, and assuming the generator impedances to have 
equal values, Z g3 we obtain* 

r / nr i r7 r I >7 ' \ i T V ' I TV' 

' .= ° • • (/?") 

4~ /i^ 2 / “ hxi&t7 + + /iii^3/ 

-h #„ = o . . . (y") 

+ l x Z X t 4~ TxxZzt + + 

4- -Pxix = 0 . (O 

The determinants to these equations are— 

■F, + 4- £ 1 / 

Di — F TI — (Z g 4- Z 2t ' + Z 3t ')-\- Z 3t ' 

E JXX 4~ Z 3 / - {Zg 4- Z 3t ' 4- Z lt ') 

— E x \_{Z g 4- Z 2t ' 4- Z 3 /) (Z a 4“ Z 3t f 4- Z xt ') — Z 3t 2 ] 

+ Z 2 / \_Z 3 /E XXX 4~ E xx (Z g 4~ Z 3 / 4 - Z X t )3 
4- Z xt ' \E xx Z 3t r 4~ E xxx (Z g 4- Z 2t ' 4- Z 3t r )~\ 

= (j ffi x 4- F JX 4- -Fm) (Z x /Z 2 / 4~ Z 2t 'Z 3t r 4- Z 3t 'Z xt r ) 

4~ Z g \E x (Z g 4~ 3 /) + Z xt '(E x -j - E txx ) 4~ Z 2t (E x 4~ ^ rT )] 

jS7 x —■ (-Z'g 4" 4^i/ 4“ Z 2t ') 4~ -Z'i/ 

T> 2 — E JX 4“ 4^2/ 4~ 4^3* 

4- Z xt ' — (Zg 4- -^ 3 / 4- Z lf ') 

— F x [— Z 2 /(Z g 4- Z 3t ' 4- Z xt ') — Z xt 'Z 3t r ] 

- (Zg 4 - Z xt ' 4 - Z 2t ') [ Z s /E lxl 4- (Zg 4 - Z 3 / 4- Z xt ')E lx ] 

4- Z lt ' [F 1X Z X / - E m Z*n 

== - J (E x 4- E xx 4- ^m) (Z xt r Z 2t r 4- Z 2t 'Z 3t 4“ Z 3t ’Z xt ') 

+ Z 0 \E n (Z a + 2-Zi/) +-Z 2 /(®„ + E z ) + Z 3t '(E, r + E m ) +1} 

* Since equation (a'), p. 4S6, represents the sum of equations (f$') 9 (y'J, (S'), 
its further consideration is unnecessary for the solution by determinants. 
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E X ~~ (.Zg -j- Z lt ' -f- Z 2 /) +• Zr^t' 

D 3 = 4~ -^2 1 ~ f~ *^2 1 4~ *^32 ) 

E xxx 4 Z lt ' +■ Z 3t ' 

= E x \_Z 2t 'Z 3t ' 4 Z ±t '(Z Q 4 Z 2t ' 4 Z 3t / )’\ 

- (Z g A- + Z 2t ') [ - (Z g 4- -Z^ 4- Z 3 /)E xxx - Z zt 'E xx \ 

4“ Z 2t ' \E xx Z-y t — E xlx Z 2t ] 

= (E x 4 - E xx 4" -^iii ) (Z-y t r Z 2t 4 Z 2t Z 3t 4- Z 3t Z xt ') 

4- Z g lE xxx (Z g 4- 2Z„') 4- Z 3 /(E xxx 4- E xx ) 4- Z lt '(E xxx 4-2?,)] 

— (4^v 4“ 4“ Z 2t ') 4~ Z 2t r 4- Z xt ' 

JO — 4 ~ 4- ^2«'4~^3/)+ Z 3t ' 

4 4^i/ 4“ ^ 3 / “ (.E g f~-^3£ , 4 

— — (£/ ff 4 4~ ^ 2 /) [(^4“^2/4“^3/) (^4~‘?'3i5 / 4~^i ! 5 / ) — Z 3t '2] 

4 Z»/ [Z^/Zt/ 4 (Z, 7 4 Z/ 3t f 4 Z lf ') Z 2t '~\ 

4 Z xt f [_Z 2f 'Z 3t r 4 (Z g 4 Z 2f 4 Z 3t )] 

— — \Zg[Zg Z 4 2,Z/g(Z ±t ' 4 Z/ 2t ' 4 Z 3 /)l 
4 3(Z lt 'Z at ' 4 Z 2 /Z B / 4 Z 3 /Z lt ') $ 

Hence I x = - (L> x IE), J X1 = (X> 2 /X>), / Iir = - (X> a /Z>). 

In the case of a symmetrical system the expressions for the deter¬ 
minants may be considerably simplified, since E x 4 E JX 4 E xxx = 0 ; 
E x 4 Rji = — E xxx ; E IX 4 E xxx = - E x ; E XIX 4 E t = - E xx . Thus 
A. = Z p IE X (Zg 4 2 ^ 3 /) - E xx Z lt ' - E XXI Z 2 n 
jr > 2 = — Z g \_E lx (Zg 4 2Z lt ') — E xxx Z 2t — 2£ x 
A = A CAxx(A 4- 2^ 2 /) - E x Z 3t ' - E xl Z lt '-] 


Whence 

7 _ ®x (gg 4- 2gg/) - Ax A/ - ff„xA/ _ 

- 1 - Zg lZgA-2(Z lt 'A-Z 2t ' 4^ 3 /)]4 3(Z lt 'Z M '+Z M '# st '- 4 Z at 'Z lt ') 

• (219) 

T = _ Ax (A 4 2 ^ 4 ) - ff ri xA/ - .g, jga/ _ 

■ ■ 11 ^[^42(Z 1 /4^ 2 /4^ / )] 4- 3(A/A/+A/A/4-A/A/). 

. ( 220 ) 

7 = _ gxxxjgg, 4- 2g4) - E x Z 3t ' - -g^ Z xt ' _ 

[442(^'4^/4^ 3 /)]+ 3{Z^Z % SA-Zn'2^+Z* t 'Z xt ') 

• (221) 
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The line currents J l5 / 2 , I 3 are readily obtained from the phase 
currents, since I ^ I x /ui> J -2 /p -^3 = — 1 /ui 

In the special case when the system is symmetrical and the 
impedances of the branches of the load and the connecting line 
wires have the same value, Z t ', equations (219 to 221) reduce to 


- __ -h ) 

I Z a {Z g + 6 Z t ') 4- 9 Z t ' 2 

. F xx {Z g + 3Z/) 

II £*(<?* + a?/) + 9 z/ 2 

- __ Eixx&a + 3 Z/) 

III Z g {Z g + 6 Z t ') + 9Z/ 2 


. (219 a) 
. ( 220 a) 
. ( 221 a) 


Again, if the impedance of the generator is ignored and the 
no-load phase E.M.Es. are replaced by the potential differences 
V ± - 2 t F 2 - 3 » V 3-1 between the terminals of the generator, we have 


*>Y 1-2 
9Z t ' 2 
3 F 2 _ 3 ZJ Fo_ 3 

= 9^ = #7.< 2206 > 

3F,.,2/ F a - 

. (2216) 

Numerically, if the terminal pressure of the generator is F, the 
current (per phase) in the generator is given by 

i 9h =*v/3Z/, 

and the line (or load) current is given by 

1 • = = (F/V3)/^/- 

Calculation of Currents in Three-phase, Three-wire System in 
which Both Generator and Load are Delta-connected. This system 


(2196) 


(2206) 


(2216) 


may be considered as a network 
containing five meshes (Fig. 301), 
and accordingly five E.M.E. equa¬ 
tions may be formed. Instead of 
assuming fictitious currents in 
each of the meshes, as hitherto, 
it will be more convenient in the 
present ease to consider, as far as -p m 301 c^cmr Duqp.au pop. 
possible, the actual currents in the Delta/Delta Three-phase System 
conductors forming the meshes, 

and obtain the E.M.E. equations for these conditions. B 3 - these 
means the number of unknown quantities in the equations are 
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reduced, and expressions are obtained directly for the actual 
currents. 

For example, if the generator currents are denoted by I 13 I ti> j 
the currents in the line wires will be given by I x — I xxx , J 1X — 
I xll — I xt> and the currents in the branches of the load by (I x ~I 1XX -\~I V ) 
{I xx — I x -f- /*,), (J riI - J ri + /„), where I v is the assumed fictitious 
current circulating in the load mesh. 

The five E.M.F. equations for the network are 

h - I x Z Xg -(I x - I m )Z xl + I V )Z X 




-h b*n~ = O 

- 

• («) 

Ill III ho 

(/il Ji)^2l (/il 

~ /x + /*)^2 





+ (/iii ~ /ii)^3Z = 0 

* 

0?) 

I'm ~ Imlse7 — 

(/,«“/■ ..)^3Z- (/ 

ni-/n + / V )^3 





+ (/l — /„.)#» ~ 0 

* 

(y) 

h + III + I, 

[II “ /i^l£T ~ /lI^2CT 

— /m/ 31 ; = 0 

* 

w 

(Il -1 111 

~f- Tv)Z i + (/n ~ 

/i "h /«)^2 + (/in — /n 




+ /w)^3 = 0 


(£) 

which, when re-arranged, give 




h 

~ 11(ha + 4V + ^ 2 z) + /„Z at 




+ /ill^l/ 

~Ivh 

= 0 

(a') 

in 

H- /i^2 1 

— / 11 C^2ff *+" 4^2 / 

+ ^3Z 

) 


+ /iii^3I 

~ /«^2 

= 0 

(/S') 

im 

+ /i^IZ 

"+" hx?'2t 




— -f- Z 

T-^lz) — tv?* 2 

= 0 

(y') 

h + hi +i,i i 

/i^i. 

— /ll^2£? 




~ /lll^35r 


= 0 

(<5'). 


I Ah + z 2 ) + /„(.z 2 + Z 3 ) 

/m ~h ^ 1 ) A~I v (E 1 A-Z 2 ^-Z 3 )====0 (s') 

From equation (s') we obtain I v in terms of I t9 I xx , I XXJt Z lf Z 2 , Z 3 , 
thus* 

7 A(gi"g«) ± / II (Z,-Z 3 )+/ lll (g,-? 1 j 

Z x -h ^2 + ^3 {G } 

v — 0 when. Z x — J£ 2 — Z a . 


* Observe that I, 
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and if this value be substituted in equations (a'), (£'), we 

have then only three unknown quantities I 19 I 1X , / Iir . Thus 

- /, (Vi„ + Zi/ + Z %1 + ~ ?s) 


A~ I r X \ Z 


(* 


^1 + ^2 + -^s) 
) 


(ffa ~ -Zs) 

■^l +•?* + ^z 

Z^Zz-ZJ 


+0"' + ff f|,~+k ) + * - 
+/. (?„•+ -*<*■-*■> 


~f" 4^2 H~ 4^; 


;) 


(* 


4^2* “f" %2t + Z zl -f- 


^2(^2 ~ ^ 3 ) 


k) 


+ /in ( Zqi -4- 


(* 


4^l + 4^2 + 4^3 
4^2 (^3 ~ -^i) 


4q + ^2 ~f“ ^ 

r , ^3(^1 -g.) \ 

/z ^11 + ^ + + zj 

^3(4^2 ~ 4^3) 
4^1 -f- ^2 ~f~ 4^3 


k) + ~ 0 


+ 


/« (4 


Zit +• 


(a) 


(P") 


- I m {?zo + Zst' + ?>i+ z x *+Z t +k) + ^ ln = ° ' iy " ' 

These equations may be solved in a similar manner to those of 
the preceding section, but in view of the number of terms in each 
of the coefficients it is desirable to evaluate these before the general 
solution is attempted. For this reason no general expressions are 
given here for the generator phase currents I v I 1V I ltl . 

When the generator phase currents have been determined, the 
fictitious current, I vi circulating in the load is calculated by means 
of equation ( e"), and the actual load currents are then readily 
determined, since 

A = Ir-I m + Tv ; /, = /h-/i + /„ ; A. = /m-/xi +/• 

Calculation of Currents in Three-phase, Four-wire System (i.e. 
Three-phase, Star-connected System with Neutral Wire). This 
system may be considered as a network containing three meshes 
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(Fig. 302), and accordingly three E.M.3T. equations may be formed. 
Adopting the same symbols as in the previous eases, and denoting 
the line currents by J x , I 2 , I 3 , I Q , and the impedance of the neutral 
wire by Z ol , we have 

E x — /i(^i g 4" Z-Li + 4^l) ” (/1 ~\~ J 2 ~h J 3)^01 = 0 . (a) 

E JZ — I 3 {Z 2g 4- Z'zi 4- -^ 2 ) ~ (/l 4-/2 4- Jz)^oi = 0 . (j$) 

E lxl ~ Js(Z 3g -b Z zl + Z 3 ) — (/ x 4- /a 4- Js)Z 0 i — 0 . (y) 

Applying lOrchhoff’s first law to the neutral point of the generator, 
we have 

/1 + /* + /s + /o ^ 0 

whence I 0 — — (/j. + + /a) 

Re-arranging terms and replacing the quantities (Z lg -}- .Z iz -f- ^ 1 ) j 



^4 

Fig. 302. Cibotjit Diagram for Three-phase Four-wire 
System; 


(Z 2& 4- Z 2l + Z 2 ), {Z 3g -f- Z 3l + ^ 3 ) by the quantities Z lt , Z 2t> Z B . 
respectively, we have 


~ /x(£u + 2 0J ) 


— 1- 3ZQl 

“b /q — 0 

(a') 

- /l^o 

— J2 4-^0z) — / 8 ^Oi 

-b = 0 . 

(/?') 

- /i^or 


— /a (^3i5 

-b4^oz)4-/q ir = 0 

(y') 


The solution to these equations is easily obtained by determinants. 
The expressions for the line currents are 

r _ 4- Iffli - E Ilx )Z 0 l Z 2i -b (E x — E lt )Z Ql Z 3t ( 999 ^ 

z ±t z 2t z 3t -b -b 4^3* 4- ‘ ( ; 

r - 4- (-ff rr - E x )Z Ql Z 3t + (ff„ ~ E xtx )Z ol Z^ (s>ey ^ 


Z2_ t Z 2t Z 3 


Z 0l {Z xt Z 2 


%3 t^xt) 


2 - ^iir^i£^2£ 4~ (-ffim — ffin) 4^o v&xt 4- Cgm ~ &r)ZoiZ* t 

' 3 ^i.t^2t^3t 4- Z^^Z^Z^ -b Z 2t Z 3i -f- Z 3t Z x1i ) 

Jq~ — (/1 4-/24- /s) - ... 


(225) 
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~-Calculate the line currents in a three-phase, four-wire system 

in which the branches of the load have resistances of 1-0, 1-3, and 1-85 ohms, 
the power-factor of all branches being unity. The load is supplied from a 
symmetrical three-phase star-connected generator through a four-core cable, 
the resistances of the principal conductors being 0-1 Q., and the resistance of 
the neutral conductor being 0-2 Cl. The no-load 33.M.F. of the generator 
per phase is 240 V•; the phase rotation is counter-clockwise, and the imped¬ 
ance per phase is 0-13/76° ohm. 

[Note. A full solution to this problem, by a method which does not 
involve the application of Kirchhoff’s laws, has been given on pp. 472—474. 
The present solution will be obtained by the application of the equations 
deduced above. ] 

From the data of the example on p. 270 we have 
Z lt = 11314 + JO-1262, Z zt = 14314 -f- J0-1262, 

Z 3t = 19814 + JO-1262 , Z ol = 0 2 4 - jO 

Ej = 240 -f- JO, E 1Z = - 120 — j208, E I1X = - 120 + j208 

Hence, E x — E IXJ — 360 — J208 t E x - E 1X = 360 -j- j208 

E xx -E x = - 360 -3208, E XJ - E JU = 0 -J416 

F JIt -F x = ~ 360 + J208, E XXX -E X1 = O -f j416 
Z xt Z zt = (11314 -b JO-1262) (1 4314 4 - JO-1262) = 1 606 4 - JO-324 

= (1 4314 + JO-1262) (19814 + JO-1262) = 2 824 4 - JO4313 

Z at Z lt = (19814 -f- JO-1262) (1 1314 + JO-1262) = 2 226 4- JO-3934 

Z xt Z n + Z zt Z zt 4- Z zi Z xl = 6 656 + jl 1487 

Z ol Z lt = 0-2(1 1314 4- JO1262) = O 2263 4- jO 02524 
Z 0 jZ zt = O 2(1-4314 4- JO-1262) = O 2863 4- jO 02524 
Z ol Z 3t = 0-2(1-9814 4- JO 1262) = 0-3963 4 - jO-02524 

= 1-331 4- JO 2297 

Z xt Z 2L Z Zt = (1-1314 4 - JO-1262) (2-824 H- JO 4313) = 3-1456+JO 8495 
I = ~~ 4- (Fj~ F IX )Z 0l Z 3t 

E xt Z zt Z 3t 4 - Z Ql (Z xt Z zt 4- E 2t Z st 4 - Z 3t Z xt ) 

240(2-824 4- JO 4313) 4- (360 -J208) (0-2863 4 - J0-02524) 

4- (360 4- J208) (0-3963 4- JO-02524) 

_3+ JO-8495 4- 1331 4- JO 2297 

■= 202-8 -J1655 

I x = -\/ (202-8 2 4- 16*55®) = 203-3 A. 

r = F xx Z zt Z xt + (E xl ~E x )Z ol Z 3t 4- W IJ -& m )Za&xt 

* 2 ( 4 ^ 1 £^ 2 £ + 3 ^ 1 *) 

(_ 120 —J208) (2 226 + JO 3934) 4- (- 360-J208) (0-3963 
4 - JO-02524) - J416(0-2263 4- J0-0252) 

~ 3-1456 4- JO-8495 4- 1-331 4- JO-2297 

- 101-6-J131-5 
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/ 2 ==V(101*6 2 + 131-5 3 ) = 166 A. 

J = ffir— E 1T )^oi^n 4- (E IX1 — E x )Z OJ Z^ t 

4~ -^OJ (4^1£^2i 4- "+* Z'&t&Xt ) 

(- 120 -f- j208 ) (1-606 -f* JO-324 :) 4- J416(0-2263 + JO-02524 ) 
-+- (-360 J2Q8) (0-2863 4- JO-02524) 

3-1456 JO-8495 + 1-331 JO-2297 “ 

= - 57 S 4- 

z 3 = -\/(57-8 2 4- 112 3 ) = 126 A. 

These values agree with, those obtained, on p. 473. 



CHAPTER XXI 


SYMMETRICAL COMPONENTS AND THEIR APPLICATION 
TO THREE-PHASE CIRCUITS 

The direct method of calculating three-phase circuits by the 
application of KLirchhofPs laws, discussed in the preceding chapter, 
while satisfactory for straightforward unbalanced circuits, becomes 
rather involved when complex circuits, networks with line-to-Line 
and earth faults, and machines operating under unbalanced con¬ 
ditions have to be dealt with. Such cases, however, may be calcu¬ 
lated without difficulty by an indirect method in which the un¬ 
balanced or unsymmetrical system is replaced by equivalent com¬ 
ponent systems, each of which is symmetrical and balanced. The 
calculation of the currents and voltages in these symmetrical 
systems is a simple process, and the superposition or vector addi¬ 
tion of these' currents is easily carried out to obtain the actual 
currents in the original unsymmetrical system. 

As the procedure in the case of a four-wire system, or its equiva¬ 
lent (e.g. a three-wire system with earthed neutral point and earth 
faults), differs from that for a three-wire system, we shall discuss 
each system separately, and shall deal first with the simpler case 
of the three-wire system. 

I. SYM3IETiiXCAXi COMPONENTS AjPPLIEE TO THEEE-WIRE 

Systems 

Principle of Symmetrical Components. In the general case of an 
unsymmetrical three-wire system, the three line voltages, or cur¬ 
rents, have unequal magnitudes. Moreover, the mutual phase 
differences between these voltages, or currents, will, in general, be 
unequal. Hut the vector sum of thefthree line voltages, or currents, 
is, in every case, zero. 

Let the currents in such a system be represented by the vectors 
OI x , OI g, OI 3 (Tig. 303). Then each vector may be resolved into 
two components, and by this process the original three vectors may 
be replaced by six component vectors. If the resolution is carried 
out in a particular manner, the six component vectors will form 
two symmetrical three-phase groups, which are called the sym¬ 
metrical components of the original vectors. 

Fig. 304 shows the two groups of symmetrical components for 
the vector diagram of Eig. 303. One group of components (a) is 

495 



496 


ALTERNATING CURRENTS 


denoted by 0/ l2J , OI 22J , OI 3v ; and the other group ( b ) by OJ ln , 0/ 
OI 3n . Observe that the phase sequence of one group (a) is the same 
as that of the original vectors, while the phase sequence of the other 
group ( b ) is opposite to that of the original vectors. In the diagram 
shown at (c), the two groups of components are compounded, and 
the vectors of Fig. 303 are obtained. 

The group of component vectors having counter-clockwise, or 
positive, phase sequence is called the positive-sequence component, 



Fig. 303 Fig. 304 


Vector Diagrams vok a.n Unbalanced, Three-wire, Three- 
phase System (Fig. 303) and Its Symmetrical Components [Fig. 304 

(<*), (&)] 

Diagram (e) shows that the original vector system (Dig. 303) is obtained when the 
symmetrical components are compounded. 

and the group having clockwise phase sequence is called the negative- 
sequence component . 

These components may be obtained from the original vectors 
either by a graphical construction or by calculation. But as the 
direct graphical method is based upon the analytical relationships 
between the components and the original vectors, it will be desir¬ 
able at this stage to consider the theory of symmetrical components 
and to deduce their analytical relationship. 

Theory of Symmetrical Components for the Three-phase, Three- 
wire System, The basis of the theory of symmetrical components 
is the vector relationship shown in Fig. 304 and the symbolic 
representation of these quantities. 

Symbolic expressions in the rectangular form for symmetrical 
three-phase systems have already been developed (p. 442). In the 
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present case, however, tlie polar form is more convenient at this 
stage. Tims, for a symmetrical system of positive phase sequence, 
if I denotes the numerical value of the current in each line con¬ 
ductor, we have, if the current in line No. 1 is the reference quantity, 

J-j = JL{J. -fyi*) = -L K-'” 

/ 2 = I{ - 0 5 -jO-866) = 

J 3 == Z( _ 0 5 + jO-866) = Je^/3 

Now since s j0 — 1, and e~ = e^' 4w / 3 — £ 2 (j2tt/ 3> 5 the expres¬ 
sions for the currents may be written in the form— 

/ x = _/£*<>, 

J 2 = J s dO s 2(i2^fsy __ J ie 2(i2^/3) j 
/ 3 = J £ dO £ j2TT/3 J l£ i2 7 x/3 3 

the interpretation of which is that the vector / 2 is equivalent to 
the rotation of the reference vector X x through an angle radians 
in the positive (counter-clockwise) direction, and that the vector 
I 3 is equivalent to the rotation of the reference vector through an 
angle -§- 77 * radians in the same direction. 

If, then, we regard £ i2,7/3 as a 120-degree turning operator 
(positive direction) and denote it by A, the vectors / x , A 2 / x , /JT X , 
taken in order, represent a symmetrical three-phase system of 
positive phase-sequence. 

Similarly, the vectors J x , AJ X , A 2 / x , taken in order, represent a 
symmetrical three-phase system of negative phase-sequence. 

With this nomenclature, the vectors in Tig. 304 may be repre¬ 
sented by— 

/l ==: /lp /lw * * * * * * 'I 

/ 2 = A 2 / l35 + AI ln .(226) 

/3 = ^/l2> ^ 2 /l n * * * • * ^ 

Properties of the Operator A. By successive applications of the 
operator A to a unit reference vector, we obtain the following 
relationships- 

^ __ s o2rriZ : ^2 _ £ 20*2w/3) - £3 __ £ 3(i2W3) _ __ ^ - 

A 4 = £ 40*27t/3) — ^ ; A 5 = £ 5 0'2?7/3) _ ^2 . an<; l so Oil. 

Hence A 3 = 1, or A = ^/l, i.e. A is numerically equivalent to the 
cube root of unity. 

Now algebraically, 

€ (j2vr/3) ( -a 2.) = cos §77 -f - j sin |t 7 = —0 5 -f - jO’866, and 
€ 0*4 tt-/ 3) ( __ 2 2 ) = cos | 7 T + J sin -J-7T = —0-5 —jO-866 . 

33—(T.5245) 
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Hence or J 4- 2 + 2 % = 0, Since A 3 == X, wc may 

write 2 2 2 2% 0 , 

Calculation of the Components, With, a knowledge of the pro¬ 
perties of 2, we are now able to obtain the relationship between 
each symmetrical component and the original vectors. 

For example, from the equations (226) we obtain an equation for 
I la> by first multiplying the equations for l z and I 3 by 
respectively, and then adding the three equations. Thus, 

/l == I\ a? “h 

21 2 == /i3? 2 2 I i u 

2 2 I<i = I±(p “h A/i« 

Whence + 2I 2 -b 2 2 I 3 = 3/ l2> + / ln (l + A 2 + 2) 
or J 133 — ^(/i H~ 21 2 , + l 3 / 3 ) 

since 1 + 2 2 + 2 = 0 . 

Hence the positive sequence components are— 

= «/i +- + A 2 / 3 ) 

/a* == ^ 2 /i„ == *(/ 2 + V 3 + A 2 J X ) 

/ 3 23 — 3 C /3 H" ^/x + ^ 2 / 2 ) 

The negative sequence component (/ lTO ) may be obtained in a 
similar manner. Thus, 

fi === ~b Jxn 

2 2 1 2 = 21 + I In 

21 3 :== 22l\%> ! /in 

Whence I-± —f— A 2 J r 2 21 3 = -/i 2 >(l —j— 2 —j— 2 2 ) — 1 — 3Ij in 

or I Xn — ^-(/x 2 2 I 2 -h 2I 3 ) - . (229) 

Hence the negative sequence components are— 

T-Ln = 4(/i H~ ^ 2 / 2 -+- ^^ 3 ) * * t 

/ 2 ?i — 2I ±n — ^(/ 2 d - 2 2 1 3 + 21A - > (230) 

/s» — ^ 2 /x™ = i(/s H- 2 2 I x + 2I 2 ) . J 

Example. The currents in a there e-phase, three-wir© system, are I X = 100 -f- JO ; 
J a = _ 40—J80 ; Z 3 = — SO J80. Calculate the symmetrical components. 

Applying equations (228), the positive components are- 

/ 1 * = %UOO + JO + ( - 0-5 JO-866) ( - 40 - J8Q) -]- ( - 0-5 -JO-666) 

( -6O+J8O )] t 

= 96-2 + J5-8 

JT 23 , = ( -0-5 -JO-866) ( 96-2 + J5-8) 

= - 43-1 -J86-2 

I 3 , p = ( - 0-5 + JO-866) {96-2 /5*3) 

= - 53* -+• /so--# 


A and 2 2 


(227) 


| (228) 
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.pplymg equations (230), the negative components are— 

1 4 JO 4 ( ~ 0 5 -JO-866) ( - 40 —J80) 4 ( -05 4 JO-866) 

3 

l„ n =(-0-5 4- JO-866) {3-8 -J5-8) 

= 3 1 4 J6-2 

l 3n = ( - 0 5 —JO-866) (3 8 -J5-8 ) 

= - 6-9 -JO-4 

As a check upon the results, we will calculate I x , t 2 , jf a from their com¬ 
ponents. Thus, 

L = IXV 4- Ixn = 96 2 4 J 5-8 4 3-8 - J5-8 = 100 4 yO 
/a = L P 4 /a* = - 45-1 - 4- 31 4- J6-2 = - 40 - j?S0 

/a = / 3l > 4- / 3 * = -53-1 4 -J80-4 - 6-9 - JO-4 = - 60 4 J80 

Relationship between Numerical Values of Positive and Negative 
Symmetrical Components in a Three-wire System. In an unbalanced 
three-wire system, the following relationships between the expres¬ 
sions for the numerical values of the symmetrical components hold 
A I n * = i(l i 2 + / 2 3 + i3 2 ) .... (231) 

I 9 * ~ In 2 = 4A/V3.(232) 

where I v , I n denote the numerical values of the positive and negative 
symmetrical components respectively, I ± , I 2 , I s denote the numerical 
values of the currents, and A denotes the area enclosed by the 
triangle formed by the vectors /x. U /s when drawn in triangular 
formation. 

Note . A = a/I>0 ~ A) (« - ID {s - 7 3 )] where s = 4(7 X + J 2 + 7 3 )] 

Proof. The relationships follow directly from the vector equations (228), 
(230), already developed. Thus expanding the equations for / 1? , l ln by 
introducing numerical values for A, A 2 , and horizontal and vertical com¬ 
ponents for I x , JT a , I 3 (i.e. a x for the horizontal component of I x —-the reference 
vector— -bj, Jb a , the horizontal and vertical components of J z ; c x , c 2 , the hori¬ 
zontal and vertical components of JT 3 ), we have 

= fli4- 4(^i 4- Cx) 4- (b 3 4- c z ) 4- j\I{b z — c 2 ) — (b x — c x )] 

%lxn = a i 4- l(bi 4 - c x ) — (£> 2 4 c 2 ) ■+■ % — c 2 ) 4 - (b x — c x )l 

vvnence, 

(3 1 A 2 ~ t<h 4“ i(4i 4- <h) 4- (b 2 4* c a)l 2 4~ [&(&2 — c a) ~ 4 ^1 ~ c xd"* 

= 4" 4 " 6 2 2 4* c i 2 4~ c 2 2 4" 4* c i) &i c i 4 b 2 c z 

4* V / ^ c h(^ > 2 4~ c a) 4" -\X^{b z c x 4" ^i c 2) 

and 

(3J n ) 3 = C «3 4- 4(&l 4 c l) — ( & 2 4- C 2)] 2 4- C4( & 2 — C 2 > 4- ( & 1 — C l)l“ 

= aj 2 4 &i a 4- t 2 2 4 Cx a 4 c 2 2 4- < 4(^1 4 <h) — £44 4- b z c 2 
— -\/Sa x (b 2 4 C I) — -\/ 3( b z c x 4" b x c 2 ) 

Now, since we ax*e considering a three -wi re system, (b t 4 c x) — a x and 
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b 2 = c a , so tliat when these substitutions are made and. the sum of the above 
expressions is taken, we have 

(3 J v ) 2 + (3J n ) 2 = 3(4- 6 X 2 + 6 2 a + or 4- c<*) 

= 3 ( 1 ^ 4 - Z 2 2 4- A 2 ) 

Hence, IJ 4- A 2 « £Hi 3 + A 2 4- A 2 ) 

Similarly, by taking the difference of the expressions for (3 2 V ) 2 and (3JJ a 
we obtain 

I j, 2 — J 7l 2 = y \/ 3[^2c6x(& 2 “h c z) 4~ 2(6 3 Cx 4- &iC 2 )] 

= v / 3[2& 2 (a 1 4- <4 + aj 4 - 6 r )] 

= ^r\/3(26 2 X 3a&x) 

= i(26 a n a )/V3 
= 4A/a/3 

where A — = area enclosed by triangle formed by the vectors Z 1 , J 2 , J St 

when drawn in triangular formation. 

Rigorous Expressions for Calculating Numerical Values of Com¬ 
ponents. These follow readily from equations (231), (232). Thus, 
by addition, we have 

2 1 9 * = i(7 x * + ^2 2 + / 3 2 ) + 4A/V3 
whence 7* = VlWi z + V + / 3 2 ) + 2 A/a/3] . - (233) 

By subtraction we have 

27 w 3 = i(I ± * + / 2 2 + I 3 2 ) ~ 4 A/a/3 

whence 7„ = vTiO^i 2 4- -^ 2 2 + -^ 3 2 ) — ^A/V^J • • (234) 

Special Case of Symmetrical Systems. Let the currents in a 
symmetrical system be denoted by I. Then the term -J(7 X 2 -f- 7 2 2 
-j- 7 3 2 ) in equation (233) reduces to -jL 2 , and the term 2A/V3 
reduces to ^7 2 , so that I v is given by 

7« = a/W 2 -h LT 2 ) = I. 

Hence I n = — 47 2 ) — 0. 

Therefore in symmetrical systems no negative sequence components 
of current or voltage are present. The positive sequence components 
are, of course, identical with the vectors of the system. 

Approximate Expressions for Calculating Numerical Values of 
Components. In a system in which the dissymmetry is small (i.e. 
the system is only slightly unbalanced or unsymmetrical), the 
negative sequence component will be small in comparison with the 
positive sequence component. Hence for approximate calculations, 
A 2 can be ignored in comparison with .J^ 3 , so that to a close 
approximation 

4 _j 2 2 4_ 7 3 2)] .... (235) 

Since in the case under consideration 4, 7 2 , 7 3 are nearly equal, a 
rough approximation to I v is given by 

Jo) ■ 


(236) 
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Equation (234) for the negative sequence components can, in 
cases where the system is only slightly uiisymmetrical, be reduced 
to a form which closely approximates to the rigorous equation and 
which is very convenient for calculation, viz. 


+ C*2 - ^3) 2 + (I B ~ i*) 2 ] 


(237) 


Proof. For brevity, write a, b , c for J x , I z , I 3 respectively. Then if a, b, 
care nearly equal and. m is the mean value, i.e. m = -|(a 4 - b Hh c), we can write 
a = w(l ±a); & = dx /5); c = 1 dz y), where a, y are each small 

in comparison with unity and. -4- a -4- ft 4- y == 0. 

Hence, considering only positive signs for convenience, 
i(a 2 4- A 2 4- c 2 ) = lm 2 [(l + a ) 2 + (l 4 /S) 2 +( 14 - r )q 
= ™ 2 [1 4- i(a 2 4- P* 4 y 2 )]* 

Since 


A = VIX 5 — a) (® — b) (s — c)], 
where 2s=a + 6 + c= 3m, 
therefore 


2A/V3 = K4A/V3) = (a - 6) («- ©)} 

= iVK3m 4 (l - 2 a) (1 - 2/9) (1 - 2 y)] 

= ^m 2 V[l 4- 4(a£ 4* Py 4- ya) - 8 a£y] 

= £m 2 [l 4 - 2(a/3 4 - /?y 4- ya)] approximately. 

Hence, 7 n 2 — £m 2 [-|(a 2 4 - /? 2 4- y 2 ) — 2(a/? 4- py 4- ya)] 

= |w 2 (a 2 4 - /5 2 4 - y 2 ), 

since as 

a4 j5 4 y — O, and (a + j5 4 - y ) 2 — a 2 4- P" 4 - y 2 4- 4- /3y 4 - ya) 

~ 0 , we have — 2(a/3 4 ■ jSy 4 ya) = a 2 + /S 2 4 - y 2 . 

How (a - b) 2 4 - (b - c ) 2 + (c - a ) 2 = m 2 [(a - p) 2 4- (/? ~ y ) 2 4 - (y - a) 2 ] 

= m 2 [ 2 (a 2 4 - 4 - y 2 ) - 2 (a£ 4 - Py 4 - ya)] = 3 m 2 (a 2 4 - p 2 4 - y 2 )* 

Therefore 7 „ 2 = f[(a - 6) 2 -h (b - c ) 2 4- (o - a) 2 ] 

i.e. I n = iV 2 [(a - 6) 2 4 - (6 - c ) 2 + (c - a) 2 ] 

- iV2[(-f 1 -J r 2 ) 2 4 (7 2 -Z s ) 2 + (X 3 -2 x ) 2 ]. 

Examples. The above rigorous and approximate methods will be applied 
to the calculation of the syrnmetrical components of the currents in a slightly 
unsymmetrical three-wire system. The line currents in this system are : 
J x = 50 A., I z = 45 A., I 3 = 55 A. 

Solution by rigorous method 

£(J X 2 4 - ID 4- 7 3 2 ) = £(50 2 4- 45 2 + 55 2 ) = 1258 

i(Ix 4- I* 4- ID = £(50 4- 45 4- 55) = 75 ( = s) 

2a/v'3 = ^3 VI>(»-*,) 

= 1*155V(75 x 25 X 30 X 20) = 129<* * 

7,, = VCi(7x 2 4 - 7 2 2 4- 7 3 2 ) 4- 2 A/V 3 ! = V(125S + 1225) 

= 50-8 A. 


— VlUL* + ID 4 - 7 3 2 )- 2 A/-v/ 3 ] = a /(1258 - 1225 ) 

= 5-77 A. 

Solution by approximate method 

I„= VMIx* 4 - ID 4 - ^ 3 2 ) = 50-2 A. 

JT„ = £ V 2 t (50 - 45) 2 4 - (45 - 55) 2 4 * (55 - 50 ) 2 ] = 5-77 A. 
The roughly approximate method gives 

I v = 1 -CNLI* = V 5 ° X 45 X 55 = 49-8 A. 
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Graphical Construction for Determining the Symmetrical Com¬ 
ponents. A number of simple geometrical methods are available, 
which are based either upon the fundamental equations (228), (230), 
or upon the geometrical properties of triangles. 

Direct Method. The construction for this method is based upon 
the fundamental relationships—given in equations (228), (230)— 
between the original vectors and their symmetrical components. 



Fia- 305. Direct Grapricae Method of Determining 

Components fob Thrfe-wibe, Three-bhase System 


For example, the positive sequence component, X l25 , is determined 
by adding geometrically to tbe vector I x the 120°-turned vector / 2 
and the 240“-turned vector J 3 , and taking one-third of the result. 

Thus in diagram (6), Fig. 305, OA represents the vector I x [dia¬ 
gram (a)], AB represents the vector / 2 turned through 120° (i.e. 
XI a), and BC represents the vector I 3 turned through 240° (i.e. 
X 2 Iq). The vector sum is represented by OC, and one-tbird of this 
is OD. The positive sequence components are, therefore, OD, OE, 
OF , as shown in diagram (c) ; OE and OF being equal in magnitude 
to OD, and having phase differences (lagging) of 120° and 240° 
respectively from OD. 

To determine the negative sequence component I ln , we add to 
the vector / x the 240“-turned vector Z 2 , then add the 120 “-turned 
vector J 3 , and finally take one-third of the result. 
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Thus in diagram {d) y Fig. 305 9 OQ represents the sector J ls GH 
represents the vector / 2 turned through 240°, and HJ represents 
the vector / 3 turned through 120°, The vector sum is represented 
by OJ , and one-third of this is OK. The negative sequence com¬ 
ponents are therefore OK, OE, QM, as shown ip. diagram (e). 

Indirect Method No. 1, suitable for Vectors Drawn in Radial 
Formation. To determine join the extremities (J 2 / 3 ) of the 



Fig. 306. Indiubct Ohajphiicax. Method of DETETtiviiisriurG 
Symmetiucax Components eoj?, Three-wiee, Three-phase System 


vectors / 2 and I 3 , diagram (a), Fig. 306, and on the side of this line 
remote from 0, erect an isosceles triangle I 3 AI 3 with 30° base angles. 
Join OA and produce backwards to B, making OB = OA , Then 
OB represents I X7>9 and the positive sequence components are, there¬ 
fore, represented by OI^ v , OI 3<p , OI 3tt> diagram ( b ). 

To determine J lri , erect the isosceles triangle I^EI 3 , with 30° base 
angles, on the side of adjacent to O. Join, QE and produce 

backwards to F, making OF =*= OE, Then OF represents J lws and 
the negative sequence components are therefore represented by 
OI ±n9 OI 2n , OI 3n , diagram .(c). . . 

Indirect Method 2, suitable for Vectors Brawn in Triangular 
Formation. To determine the positive sequence components, con¬ 
struct isosceles triangles, with 30° base angles, on each side of the 
vector triangle, the apexes of the isosceles triangles being outside 
the vector triangle. The lines joining these apexes represent the 
three positive sequence components. 

Thus in Fig. 307, diagram (a), if the triangle ABC represents the 
line voltages of an unsymmetrical system, the equilateral triangle 
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DEE (which is formed by joining the apexes of the 30° isosceles 
triangles ABE, BCE, CAD) will represent the positive sequence 
components. Of these components, DE is the component UFi- 2 ) 
corresponding to CB (which represents the line voltage F x _ 2 ), EE 
is the component („F 2 - 3 ) corresponding to AC (which represents 
the line voltage F 2 ~ 3 ), and ED is the component UFs-i) corre¬ 
sponding to BA (which represents the line voltage F 3 - 1 )* 

The negative sequence components are determined by a similar 



Fig. 307. Altebnative Indirect Gbaphicax Method of 
DETER ivrnsriisrG Symmetricai Components for Three-wire, Three- 
phase System: 

(a) Construction for positive-sequence components; (&) Construction for negative- 

J . sequence components 

method, but the isosceles triangles are now constructed on the 
inside of the vector triangle. 

Thus in Fig. 307, diagram (6), ABC is the original vector triangle 
and 4 BH , BCJ, CAG are the 30°-isosceles triangles. The equi¬ 
lateral GJH —which is formed by joining the apexes of the isosceles 
triangles—represents the negative sequence components. Of these 
components, GII represents w F x - 2 , ELJ represents n Y 2 ~ 3 , and JG 
represents 

Special Case of Symmetrical System. The method of determining 
the symmetrical components by the construction shown in Fig. 307 
gives a very clear idea of the relative magnitudes of the positive 
and negative sequence components. When applied to a symmetrical 
system, it shows conclusively that such a system contains only 
positive sequence components. Thus in Fig. 308 let the equilateral 
triangle ABC represent the line voltages of a symmetrical system. 
Constructing 30° isosceles triangles on the outside of each side, we 
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obtain the equilateral triangle DEE which is identical with ABC. 
The apexes of the inside triangles ABC , BCG, CAG meet at a point 
(6r), and therefore there are no negative sequence components. 

Symmetrical Components for Star and Delta Circuits Supplied 
from a Three-wire System. In the preceding sections we have dealt 
with systems in which the line voltages and currents were known. 
This was done in order that expressions could be derived for the 
symmetrical components of these voltages and currents. We have 



Fig. 308. Symmetrical CoMroasruNTS iron Symmeteicai Thbee- 
phase System 


now to consider how the method of symmetrical components can 
be applied to the calculation of the currents in unsymmetrical 
circuits when the line voltages and the impedances of the circuits 

are given. . 

Two cases will need consideration, viz. the delta-connected circuit 
and the star-connected circuit. In these circuits unsymmetrical 

conditions may result in either— 

(1) the vector sum of the phase currents (in the delta-con¬ 
nected circuit) being not equal to zero, although (a) the vector 
sum of the phase voltages is equal to zero, and (6) the vector 
sum of the line currents is equal to zero ; or 

(2) the vector sum of the phase voltages (in the star-connected 
circuit) being not equal to zero, although (c) the vector sum of 
the line voltages is equal to zero, and (d) the vector sum of the 
line currents is equal to zero. 
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Obviously the vectors representing the phase currents in an un- 
symmetrical delta-connected circuit, or those representing the 
phase voltages in an unsymmetrical star-connected circuit, cannot 
be replaced by two systems of symmetrical vectors, because the 
geometric sum of the vectors is not equal to zero. But they can he 
replaced by three systems of symmetrical vectors, in which one 
system consists of three equal co-phasal vectors—the sum of which 
is equal to the vector sum of original vectors-—and the other two 
systems consist of symmetrical three-phase vectors of positive and 
negative phase sequences. 

The three co-phasal vectors are called the zero 2^ iase -^^qu,ence 
components. They will be denoted by the subscript 2 . Thus, in the 
case of a delta-connected circuit, if the phase currents are denoted 
by Ij, I u , J m , their symmetrical components are— 

Zero phase-sequence components — 

Iz — i(/i “1“ /h “4- /m)* 

[Note. The zero sequence components may be considered as 
representing a fictitious single-phase current circulating in the 
closed delta of the circuit.] 

Positive phase-sequence components — 

/laps Ixix>( /iii*>( === Z/i2>)> 

of which I xv = /j A/ n + / 2 /m)- 

Negative phase-sequence components — 

Jin- /irn( ^ JJln )s /nin( — ^ 2 /ln)s 
of which I ln = UI 1 + A 2 /n + ^/m)* 

Similarly, in the case of a star-connected circuit, if the phase 
voltages are denoted by F 1 - 0 * Vz-o> Vs- o> their symmetrical com¬ 
ponents are—• 

Zero phase-sequence components — 

F* = 4<Fi-o + Fa-o + Fa-o). 

Positive phase-sequence components — 

pY^i-qi 3>F2-o( — / 2 ojFi-o)s v F 3 ~o( ==s ^jsFl-o)s 

of which „Fi -0 = 4(Fi-o + *Y z -o + ^ 2 F 3 --o>- 

Negative phase-sequence components — 

nFl- 0 > jzF2-o( =:= ^wFl“o)> nF3-o( ~ / 2 «Fl-'o)s 
of which *Fi-o = KF 1-0 4- A 2 F 2 -o + /F 3 - 0 )* 
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Example 1. Resolve into symmetrical components the currents in a delta - 
connected, circuit, the values of which are— 

/i = 9 66-J2 59 ; / lx = - 17-3-JlO ; J m = ~ 2-5 + y4 33. 

We have- 

^ a — sui ~r* ii ~r ^-ixxv —■ — — j-s 3 —J1Q — 2-5 + J4-33) 

= -3-38 -J2-75 

IIV = i(/i + A/„ + A*/m> = + (-0 5 + JO-866) 

( - 17 3 -JlO) + ( - OS - JO-866) ( -2 5 + J4-33)J 

= 10-65-J4 2 

/i« — K/i + A a /n + Mm) = i[3*56-y253 + (-0-5-JO-866) 

( - 17*3 - yiO) + ( ~ 0-5 + JO-866) ( — 3*5 + y4-33)] 

= 2-33 + i4-36. 

Check — 

+ /is, 4~ /i« = - 3-38 -J2-75 + 10 65-J4-2 + 2-33 

4- J436 

3-00 -J2-59 ( = J x ). 

The remaining positive and negative phase-sequence components are 
obtained from J rj , and I ln . Thus, 

I uv = = {-0-5-JO 866) (10-65 -J4-2) 

. = - 3*30 -J7-12 

Jjjjv == A/i, == ( - 0-5 + /0-866) (10-65 -+4-2) 

*= -1-68 4- Jll 32 

I lln = = ( - 0*5 4- iO-866) (2-33 + i'4-36) 

= - 4 32 —JO-11 

/ m „ = Z 3 /i„ = ( - 0-5 -JO 866) (2 39 + 1*4-36} 


Example 2. Determine the symmetrical components of the voltages across 
fclxe branches of an unsymmotrical star-connected load, the values of which 
are— 

Fi- o = 138-8 + yi44, F 3 _ 0 -31-5 + J144, Fs-o = 78-7 +1*334-5. 


We have 

Fs = &<Ft-o -f- Fa -0 + Fs-o) = 1(188-8 + J144 — 31 -5 + J144 

+ 78-7 + J334-5) 

= 78-7 + J2075 

o Fx -0 = K Fi-O 4- AF 3 -o 4- ^Fs-o) =- 4C^38-8 + yi44 + (-0-5 + JO-866)] 
( -31-5 + yi44) + (-0-5-JO-866) (78-7 + J334-5) 
= HO -J63-5 

W R X _ 0 = KFi~o + A 3 F 2 -o 4- AF 3 -o) = K438-8 + yi44 + < _ 0-5 - JO-866)] 
{ —31-5 + yi44) + ( - 0-5 + y0*86) (78-7 + J334-5) 

= o + yo. 

Check - 

1+ + + ^Fi-o *= 78-7 + 1207 5 + HO-J63 5 

= 133*7 + yi 44 ( = Fx-o) 
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Tla© remaining positive plaas©-sequ.enee components are obtained from 

„Fa-o — A a „Fi-o = {-0 5 — JO'8 

= - HO - J635 

o = A^Fi-o = ( ~ 0 5 + JO 866) (HO -J63-5) 

O + j 

Since „Vi-o is zero, the phase voltages have no negative phase-sequence 
components. This is because the supply system is symmetrical (see p. 482). 

Calculation of Currents in a Delta-connected Circuit. Let three 
unsymmetrical impedances, Z a , Z^ Z the values of which are the 
same for currents of any phase-sequence, be connected in delta to 
a three-wire system, and let the line voltages be denoted by V 
V g 3 , g-!. Then if I l9 I Us / IXI denote the phase currents, we h- 

Fl-2 — T\Zj a ? F 2 — 3 === TxxY'b j F 3 —X ==: /m£o- 

Therefore, the phase currents I x , /n, Z m can be determined 
directly when the line voltages and impedances are given. 

Hence for delta-connected circuits the direct method of solution 
is always employed, as the method of solution by symmetrical 
components would involve unnecessary labour. 

Calculation of Currents in an Unsymmetrical Star-connected Cir¬ 
cuit Supplied from an Unsymmetrical Three-phase, Three-wire 
System. In this case the symmetrical components of the line volt¬ 
ages and the load currents will consist of both positive and negative 
phase-sequence components, but those of the load voltages will con¬ 
sist of positive, negative, and zero phase-sequence components. 

Denoting the line voltages by Fi- 2 * F 2 — 3 > Ys— 1 1 the line and load 
currents by Jx> U Js ; the load voltages by F x _ 0 , F 2 _ 0 , Y 3—0 '■> and 
the impedances of the load by Z ± , Z 2 , Z s (the values of which are 
the same for currents of any sequence), then Fi—o = Z ± , J x ; V 2 ~ 0 

~ ^ 2/2 l F 3—0 “ ^ 3 / 3 * 

Hence, if &Yx~o> nFi-o^ and V z are the symmetrical components of 
Yx—o> we have 

Yz = HYx-o H- F 2-0 4- F 3 - 0 ) = MZxfx 4- ^ 2/2 4- Z 3 I 3 ) 

== K^l(/lp + /l n) 4“ 4~ Fn) 4~ -f- / 3? J] 

= 3'[^l(/lp + Jx-n) 4~ 4“ ^Jxn) 4~ Y‘3^fxv + 

= TxMZx + ^2 4- XZ 9 ) + 4 - XZ 2 + ^Z 3 ) ■ 

= JxvZxn JxnZxv .(238) 

*>Fi -0 - UYx-o 4- AF 2-0 4- A 2 Ys-O ) = UZxJ-x 4 - XZ 2 I 2 4- AWa) 

= iC^x(/l5P + /lJ 4- 4~ fzn) 4“ X Z Z z (I 3v 4~ T 3 n)l 

= IxvbiZx 4- ^2 4- z 3 ) 4- 4 ~ A^ 3 ) 

tx'Q Y* z 4“ J-Xn^Xn 


(239) 
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n V £—0 fxn z I f XT ?*Xv> ...... (240) 

where ^ l2 > = l(Z ± + A^ 2 + X*Z 3 ), Z Xn = \{Z X + A‘^ 2 + AZ 3 ), Z z 

= HY'x + ?*2 4- 4^3)* 

Similarly, 

pF 2 -0 = Jzi>? / Z 4* /an^2« = ^ 2 (/l p^z + /lAn) = A^Fl-O 

pFa-0 :== Jzv^z 4“ T 3nY Zn === •^'C/lp^as 4" fxnY'Xn') ==:: ^pFl—0 

n F 2-0 = Izn^z 4~ / 2 p^2p = MJxnY'z + /ip^lp) = ^-wFl-O 

n F 3-0 === T-ZnYSz 4" T ZvY^Zt === Xn?* z 4~ Flp^Ip) === Fl~ 0 

Now pFi-o and ^Fx—o carL be determined from the relationship 
between the line and phase voltages. Thus, 

Fl~2 - Fx-0- F 2 -O 

“ Fz + pFl~0 4" «Fl-0“ (Fs + p F 2-0 4~ p Fs—o) 

- *Fi-o(i - ^ 2 ) 4- »Fi-o(i - A) 

- iV3[^Fx-o(V3 +3 1) 4- w Fx-o(V3-iX)] - (240a) 

F2—3 ==: F2-0- F 3-0 

— F s 4" 35 F 2 -O 4" pF 2 -0~ (Fs + p F" 3—0 4“ n F 3—o) 

- pFi- 0 a 2 -A)4-. n Fi-oa-^ 2 ) 

= — J a/3 3 , F 1-0 + j^/3 n V 1-0 

Whence 

wFi-o ~ pF 1—0 ~ j F 2 — 3 /a/3 

Substituting this value of „ Fi-o into equation (240a) and simplify¬ 


ing, we have 

pFi-o = MFi -2 4- *F»- a(l + i- a/3)] ... (241) 

Fl-o — it Fa -2 + *F2-s(1 - 5 V 3)] - - * (242) 

When ^Fx-o an( i «.Fi~o have been determined, I Xv and I Xn are 
calculated by means of the following equations. Thus, 

Zip — (pFi-o^s - ■nV x - 0 Z Xn )f(Z z * - Z ±v Z Xn ) . . (243) 

/in == (r.Fl-O^s - ,Fx- 0 ^ 1 ,)/(^z 2 ~ - * (244) 

or, alternatively, when J lx) has been determined, I ±n can be obtained 
from the simpler equation 

i-Ln = (»Fi-o - /is?ii,)/^s .... (245) 


The symmetrical components for the currents in the other phases 
are determined with very little mental effort by the application of 
the relationships already developed [equations (228), (230)]. With 
these components determined, the actual load currents are obtained 
simply by the addition of the appropriate components. 

The voltages across the branches of the load may be determined 
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either directly, by calculating the products I ± Z x , / 2 ^ 2 > I 3 Z S} or in- 
directly by first calculating the zero phase-sequence component, 
Y z> of the load voltages, and then adding this to the appropriate 
positive and negative phase-sequence components (e.g. Yi-o = Y z 

4~ j)Fl-0 4“ nY ±—Os ©tC-)- 

Calculation of the Currents in an Unsymmetrical Star-connected 
Load Supplied from a Three-wire, Three-phase System, the Voltages 
of which are Symmetrical. This is a special case of the general case 
just considered. The symmetry of the voltages of the snpply system 
enables the above equations for the symmetrical components of 
the currents to be simplified, since the symmetrical components of 
the voltages across the branches of the load now consist only of 
positive and zero phase-sequence components. This fact can easily 
be verified by substituting the appropriate value of F 2 _ 3 in equa¬ 
tion (242). Thus, in a symmetrical system of positive phase- 
sequence, F 2—3 = Fi_ 2 ( — 0-5 —jO-866), and on substituting this into 
equation (242), we have 

n Y 1.-0 = KFl-* + iF 2 -3(l ~JV 3)1 

- «Fi- a + lY^-0-5 ~jO-866) (1 -JV 3)] 

= i(Fi- 2 - F 1 - 2 ) - o. 

Hence, making this substitution in equations (241), (243), we 
ave 


2>Fi-o =JY2- s/V 3 = iFi-2-ilFi- 2 /V3 

/l3> = vY±-0% z/(Z z 2 — Z'lvZ'ln) 

v ~b Z 2 4- Z 3 

•“ vYx ~°Z x Z 2 4- Z 2 Z z + Z 3 Z X ■ 

/in il.'pY'l. 

Z-l 4- XZ 2 + 

“ * l2> ^x + ^4-^3 


(245) 


(246) 


(247) 


The load currents and voltages are obtained by the same methods 
as in the general case. 

The following examples illustrate the procedure in calculating 
the currents in an unsymmetrical star-connected load for the cases 
of a given load supplied from ( 1 ) a symmetrical three-wire system, 
( 2 ) an unsymmetrical three-wire system. 


Example X. The three "branches of a star-connected, load are made tip as 
follows—Branch 0—1, an impedance, 17/30° ohms ; branch 0—2, a condenser, 
reactance = 5 ohms; branch 0—3, an impedance 22/60° ohms. The load is 
supplied from, a 220-V. three-wire system, the phase sequence being 1—2—3. 
Calculate the current in, and the voltage across, each branch of the load. 
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This problem was calculated on pp. 482—485 by the analytical method based 
upon KirehhofPs laws, and the present working by the method of sym¬ 
metrical components will form an interesting comparison of the two methods. 

Denoting the impedances of the branches 0—1, 0—2, 0—3 by Z x , 2J 2 , Z 3 , we 
have (see p. 482). 

Z x = 14-74 + J8-5; Z 2 = O -45; Z 3 = 11 + J19-06, 

The symmetrical component impedances required in the calculations are— 
z s = l(Z x + Z 3 -l- Z 3 ) = 1(25-74 + J22-56 ) = 8 58 + j7 52 
Z XjJ = %(Z X 4 - XZ 3 4 - X*Z 3 ) = 1(30-07 -J8-06) = 10 02 -J269 
z xn = %(Z X 4r ^2 -+- AZ S ) = H - 11 59 4- 5 11) = -3 86 4- J3-66 

h Z 3 Z 3 4- Z & Z X ) = 1(137 8 4 - J245-3) = 45 93 4- J81-77 

Denoting the voltage applied to the terminals 1 and 2 by T 7 1 _ 2 , that applied 
to terminals 2 and 3 by td>_ :} , and that applied to terminals 3 and 1 by Y & ~ x , 
and taking T x —a as the reference vecoor, we have from equation (245) 
jjFi-o = iFx-a-yiFx-s/v^ 

= b(22G 4- jO) -jl(220 4- jO)j V 3 
110 -y03*S 

Whence, from equation (245), 

I* - „Y x - 0 ZJ(Z*-Z x „Z Xn ) 

(HO — J63-5) (8-58 4 - JZ2-56) 

~~ 45 93 4- J81-77 

=*= 10 04 -jll-74 
and from equation (247), 

J ln - - L.*z xv iz s 

- (10-04 -jll-74 ) (lO 02 -j2-69) 

~ 8 58 4- 47-52 

= 3 78 4- jl3-52. 

Therefore, 

/x = L* + Ln = *3*2 4- Jl-78 

Whence J x = V( 13-82* 4~ l-78 a ) = 13-32 

'Now Z 2J) = A a / Xj) = ( - 0 5 -jO-866) (10 04 -jll-74) 

= - 15-22 -J2-86 

I 3n = A/ Xw = (-0-5 4- jO-866) ( 3.78 4 - J13-52) 

== - 13 51 - 43-5 

X 337 = XI XJ> = ( — 0-5 4-40-355) (10-04 jll-74) 

= 5-13 4- 414-5 

J 3ri = A-J lw = (-0-5 -jO 866) (3-78 4 - jl3 52) 

= O S3 -jlOQ3. 

Therefore, / a = J 2j , 4- / 2 „ = -28-83 -J6-36 

/ 3 = / 3l > + / 3rt = ^-Ol 4-44-57 
Whence Z 2 = -v/( 2 S-83 2 4- 6-36 3 ) = 20-5 

J 3 = v/(15-01 2 4- 4-57 a ) = 15-37 

Cheoh - 

J x 4 _ jr 3 + j 3 = (13-32 + Jl-78 —28-83 -J6-36 4 - 15-01 4 - 44-57 
= 000 -40 01. 

These values ax-e in close agreement with those calculated on pp- 483, 484. 
As all calculations were made by means of a slide x-ule, extreme accuracy of 
agreement is not to be expected. 
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The load voltages Fi-o> Fa-o> Fs-o wil1 he calculated by the indirect method 
employing symmetrical components. 

Now, in tbe present case, Fi-o = F a + vVi-o'> Fi~o = Vz + «l 7 o_ 0 = V 

-f- ^Fi-o; IVo — Fs -+■ j>F 3-0 — Fa + A.Fx-o- 

From equation (238) we bave 
Fz = 

= \l(10-04 - jll-74) (-3 86 + j3-66) 4- (3-75 + jl3-52) (10-02 -j2-69)] 
= 78-5 + j208 

Therefore, 

Fx_ 0 = 75-5 + /205 H- 110 — j63-5 
= 188-5 + j 144-2 

F a - 0 = 75-5 4- ./205 4~ ( ~ 0 5 -jO-866) (HO -J63-5) 

= -31-5 + j!44-4 

V 3 _ 0 = 75*5 4- ./ 20 S 4 - ( - 0 5 4- jO 866) (110-J63-5) 


= 3 67 4 - iO. 

Tb© second step is to calculate by means of equations (243), (244) the 
positive and negative phase-sequence components of tbe current l x . Thus, 

/ 1 * = <*Fi-o£. “ »Fx-o- ^ip2i«) 

__ (103- j‘63-3) (8-5 8 4 - j7-52) - (3-67 + y'5) ( - 3 86 4 - j3-66) 

45 93 4 - J81-77 

= 9 17 —jll-92 

J\n “ (»F W -/lA.)/^. 

(3-67 4- 40) - (5*17 -jll-92) (10-02 - j2 69) 

8 58 4 - /7-52 

= 4-98 4- J13-16. 

Therefore, 

/1 = A, + /in — 14-15 + jfl-24 
whence 

14 = V(14-15? 4- 1*24 2 ) = 14*2 A. 

Now, 

/a* = A 2 J 1P = ( -5*5 - jO866) (9-17 - jll-92) = - 15 03 - j2 08 

I 3J} = Xl l7> = ( -0-5 4 - jO 866) (9-17 - jll-92) = 5-86 4- /14 

/ 2w = A/ lw = ( - 0-5 4 - jO-866) (4-98 4- jl3 16) = - 14-03 - j2-21 

I zn = A 2 / a „ = ( - 0-5 - jO-866) (4-98 4 - jl3-16) = 0 05 - jlO-9 J 

Therefore, 

/ 2 = - 20-55 - y4-20 
/s == 14-01 4 - y3-05 
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Whence 

J 3 = -y/(29-06 2 4- 4-29 2 ) = 30*9 A. 
j“ = V(14:-92 2 + 3-05 2 ) = 15-22 A. 

Phase-sequence Impedances of a Three-phase System. In the 

above treatment of three-phase loads, and the development of the 
phase-sequence components of their impedances, it was specifically 
assumed that the values of these impedances were the same for 
currents of any phase sequence. In practice, such an assumption 
is quite in order in the case of <e static” circuits which have no 
mutual inductance between the circuits of the several phases. 
Examples of such circuits are resistances, condensers, single-phase 
reactance coils and transformers (i.e. reactance coils and trans¬ 
formers in which the magnetizing windings are not magnetically 
interlinked with adjacent windings connected to other phases of 
the system), or a combination of any of these. 

With three-phase transformers, transmission lines, and three- 
core cables, the impedance will have the same value for currents 
of positive or negative phase sequence, but will have a different 
value for currents of zero phase-sequence owing to the different 
values of the mutual inductance of these circuits under (1) normal 
conditions (i.e. with symmetrical three-phase currents in the con¬ 
ductors), and (2) zero phase-sequence conditions (i.e. with single¬ 
phase currents in all conductors). 

With rotating machinery, e.g. alternators, induction motors, 
synchronous motors, etc., the impedance will have different values 
for currents of different phase sequences. Thus one value of im¬ 
pedance will have to be used with currents of positive phase- 
sequence, another value with currents of negative phase-sequence, 
and a third value with currents of zero phase-sequence. In general, 
the impedance to currents of negative phase-sequence will be lower 
than that to currents of positive phase-sequence. 

Equivalent Symmetrical Circuit. In the solution of unsymmetrical 
star-connected circuits, comprising a generator and load networks, 
by the method of symmetrical components it is advantageous to 
he able to replace each of the unsymmetrical star-connected loads 
by two equivalent symmetrical loads, one carrying currents of 
positive phase-sequence and the other carrying currents of negative 
phase-sequence. By means of this artifice, the neutral points of all 
the (equivalent) loads are at the same potential, and therefore the 
calculation of the currents in the equivalent circuits is easily 
effected. 

Thus in the general case of an unsymmetrical star-connected 
load having impedances Z^, Z z ? let the phase voltages be denoted 

34-(X. 5245 ) 
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by Fi-o> ¥ 2 - 0 * F3-0 and the currents by I x , I Q , J 3 . The symmetrical 
components corresponding to Fx-o are F 2 ?Fx-o? «Fi-o 5 those corre¬ 
sponding to F2-0 are V z , I 2 vYi-o> ^FFx-o; and those corresponding 
to Fs-o are F*> A.Fx-q, A 2 .Fx-o. The symmetrical components of 
the three currents are I Xv , I ln ; %I Xn ; A/ l3?5 ^ 2 /x«. 

Since there are no currents of zero phase-sequence (i.e. I„ =» 0), 
only two equivalent symmetrical impedances can foe obtained, viz. 


and 


Zp = ^Fl-o/Zlffl SP?' 2—o//2» 2>K 3 —o//33> 

F jV «Fl~o/^lW == 22 F 2—o//sSTZ “ 72 F3~o/ /s n 


These quantities will be called the positive sequence symmetri¬ 
cal impedance and the negative sequence symmetrical impedance 
respectively. 

Hence the unsymmetrical load Z x , Z 2 , can be replaced by two 
symmetrical star-connected loads (connected in parallel), one Z p 
carrying currents of positive phase-sequence, and the other Z a 
carrying currents of negative phase-sequence. 

The values of Z p and Z N can be determined by the aid of equations 
(239), (240). Thus, 


= vFi-o/fi 


= Z, 

= z. 


Z\ niJxnf /l2>) 

+ Z ln 


Z» 


t Fl-o//x 


= Z 9 -\- Z 


2-vv ( 


nVt-0?z~ 

2>Fl— O^lP \ 

(248) 

vYx-a?z ~ 

n Y l—O^lri / 

la?//In) 

a? Fi~o^» — 

n F l-o-?ln \ 

(249) 

,n¥ 1—0 Y* z 

v V 1—0^12> J 


Example. Calculate tli© positive sequence and. negative sequence sym¬ 
metrical equivalent impedances fay the unsymmetrical circuit in the example 
on p. 510. 

The branch circuit impedances are- Z^ — 14-74: 4~ j8-5 ; Z» — O — j5; Z : 

= 11 -j- jl9'06. The symmetrical components of the voltage F 1-0 a-**© i> Ft-i 
= 103 — 36 3-5 and w Fi-q ~ 3-67 -4- j 6 . From p. 511 we have 

= 8-58 4- J7-52; Z lp = 10-02 -J269 -, Z Xn == - 3 86 + j3 66 . 


Whence 


Z* = Z a +- Z xn (■ 


, Fi-off « 


> Y 1 —(\Z~ 


j‘2-61 


v.Yx~qZ X v \ 

JVo^Xn / 




Z a 4- 


^ f 7 >Yx-qZ 
\nYx-oZ 


= 0-52 -jO l. 


n Yx- 0 z ln \ 

dFi-o^iji / 


Calculation of Terminal Voltage of Star-connected Generato: 
Supplying a Three-wire System on which the Load is Unsymmetrical 

The generated E.M.IPs. are assumed to be symmetrical, althougl 
the currents are unsymmetrical. This condition of operation i 
possible in machines built with cylindrical (i.e. non-salient-pole 
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rotors- Hence the symmetrical components of the generated E.M.Fs. 
will consist only of positive phase-sequence components, but those 
of the currents will consist of both positive and negative phase - 
sequence components. 

Let Ej, E X1 , E X11 denote the generated phase E.M.Fs. (which are 
symmetrical, i.e. E JX — E llx = XEf) ; I ± , / 3 , J 3 , the currents; 

Z gv , the impedance per phase of the generator to currents of positive 
phase-sequence ; Z an , the impedance per phase of the generator to 
currents of negative phase-sequence. 

The load will be assumed to be star-connected, and the impedance 
between the neutral point of the load and each terminal of the 
generator will be denoted by Z ± , Z,^ Z^. Each of these impedances, 
therefore, includes the impedance of the appropriate line conductor, 
and the values are assumed to be the same for currents of either 
positive or negative phase-sequence. 

Since the symmetrical components of the currents in the system 
consist of positive and negative phase-sequence components, all 
voltage drops in the system will be produced by these components. 
Therefore, for the purpose of calculating the voltages, the actual 
system of symmetrical generator and unsymmetrieal load may be 
replaced by two symmetrical systems (each consisting of the sym¬ 
metrical generator and a symmetrical load), in one of which onljr 
symmetrical currents of positive phase-sequence circulate, and in 
the other- only currents of negative phase-sequence circulate. 

Since each of these systems is symmetrical, there will be no differ¬ 
ence of potential between the neutral point of each, load and that of th e 
generator . Hence a simple solution may be obtained for the volt¬ 
ages in each phase, as the voltage drops due to each current may 
be equated to the corresponding generated E.M.Fs. Thus, con¬ 
sidering phase I, we have for the positive phase-sequence system 

-fPx 1 " J~L r pZz I ' Ij.n?*l.n2 

and for the negative phase-sequence system, since the generated 
negative phase-sequence E.M.F. is zero, we have 

O = I-^^Zg^ -)— i—o :== f-Lr&z 

where .pYx —o and n V x —o a,re fhe positive and negative phase-sequence 
components of the voltage between terminal No. 1 of the generator 
and the neutral point of the load. 

From the second of these equations we obtain 

and, on substituting this into the first equation, we have 

-Y Z z - Z^Z ± J{Z an + z z )l 
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E\ 

Hence, J la3 — z„ v + Z x -Z W Z X „I(.Z„„ + Z.) 

_ EiZ x J(Z„ n + Z z ) 

and /1 » — _£ ob + - Z^J{Z^ + -Z a ) 

Whence the generator terminal voltages per phase are 

Pi— O — -Pi — ~ I\n^gn 

P 2 -0 = A 2 # x - 7,*I Xv Z g » - 
Fs-0 = A^ t - ~ ^Jl-nZgn 

and the generator line voltages are 

Pi _2 = Fi-o “ Fa-o = IV3[(V3 + 3 1 ) (-®i - - 

("V/3 — 

F 2—3 = F 2 — 0 ~ F 3—0 == 3 VS(E, ti.D^a'p J -Ln.-^ art) 

7 *-i = F3-0 - F1-0 = iV 3 [( - V 3 +il) CPi - I^z gv ) - 

(- V3-il)/m^«] 

II. Symmetrical CoMroiLEisrTS for Fouu-wniE Systems 
T he four-wire, three-phase system is used most extensively in 
practice for combined power and lighting distribution at low volt¬ 
age (400/230 V.). The three-wire, three-phase system with earthed 
neutral point is the standard system for power transmission and 
bulk distribution. But when earth faults occur on any of the lines,- 
this system becomes virtually a four-wire system, as fault currents 
now flow via earth to the neutral point of the generator or trans¬ 
former supplying the transmission or distribution lines. 

Vector Diagram for a Four-wire System. In the general case of 
an unbalanced four-wire system, the vector sum of the currents in 
the three principal line wires will not be zero. Such a system may, 
therefore, be represented by the vectors OI-±, OI 2 , OI z (Fig. 309, 
diagram (a) ), which represent the currents (I ± , I z , / 3 ) in the three 
principal line wires, and the vector OI 0 which represents the cur¬ 
rent (/ 0 ) in the neutral ware. Since, at the neutral point, the vector 
sum of all the currents must be zero, we have for the conventional 
circuit diagram of Fig. 310, with the positive directions of currents 
as shown (viz. outwards from the neutral point of the generator)— 
Ax —1~ Tz b 1 3 -f- Iq ^ o, 

whence I x -f- J 2 fl- I 3 — — I Q . 

Resolution of Vector Diagram for Four-wire System into Sym¬ 
metrical Components. If the current in the neutral is considered 
to divide equally among the three phases of the system, then these 
phase currents (each of which is equal in magnitude to one-third of 
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the neutral current) may be considered as the symmetrical com¬ 
ponents of the neutral current. Hence the vector OI Q (Fig. 309) 



Fig. 309. Vector Diagrams for art Unbalanced Four-wire, 
Three-phase System; ( a ), and Its Symmetrical Componejnts ( b ), 

(c), {d) 


may be replaced by the equivalent of three equal co-phasal vectors 
OI Xz , OI^ zi OI 3z , as indicated in diagram (6). As these vectors are 



-4 

Fig. 310. Circuit Diagram of Four-wire, Three -phase System 

all in phase with one another, the symmetrical components they 
represent are therefore called zero ^sequence co?n,jpone?its. 

The vectors OI x , OI 3 , OI 3 , considered by themselves, may be 
replaced by two symmetrical three-phase vector groups, of positive 
and negative sequence respectively, in exactly the same manner 
as in the case of a three-wire system. These positive sequence and 
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negative sequence components are shown in Fig. 309, diagrams (c) 
and ( d ) respectively. 

Symmetrical Components for Four-wire System. Denoting the 
zero-sequence components by / l2 , I 3z ; the positive-sequence 

components by J l3> , / 2;p , I 3l> ; and the negative-sequence components 

by J-'Lnt -J-Qn* tl&m b— . — , 

J-L z + /ip 4" /in = /l * • * - - 1 

Tz z 4~ Jzv 4~ Jzn = Jz- * * - - - ^ (250) 

/ 3 z 1 i'Z'D I / 3 m /s * * * * • ,J 

NOW /i a /2 S === / 3# » / 2 a y A /l2> ’ fz-n in > /s 3 > ~“ 5 J 

= A 2 /-,™, so that the equations (250) may be written in the form. 

A, + /ip + An = /i - * * o 

/i z 4“ A 2 /**, 4* A/ lra = / 2 . . . . . v(250a) 

/i a 4- A/ l37 4- ^ 2 /im — fz ‘ • - * 

Whence, by addition, 

3/i z = /i 4- A + /3 

or /i 0 — i(/i 4-/2 4- /a) ..... (251) 

which determines the value of the zero-sequence component. 

The values of the positive-sequence-and negative-sequence com¬ 
ponents are obtained in the same manner as for the three-wire 
system, and are 

/ 1 * = i(/i 4- A/ 2 + A 2 / 3 ) 

ZlM ===: i(/i + A 2 / 2 4- A/s) 

Graphical Construction for Determining the Symmetrical Com¬ 
ponents. The zero-sequence component is obtained by determining 
the vector sum of the three line-current or phase-voltage vectors, 
as the case may he, and taking one-third of the result. 

The positive-sequence and negative-sequence components are 
determined in exactly the same manner as for a three-wire system, 
using either the direct method (p. 502) or the indirect method for 
radial vectors (p. 504). 

Component Impedances. Let three unsymmetrical impedances 
f'n ^ 2 ? 4^3 be connected in star to a four-wire system. Let the line 
currents be denoted by / x , Z 2 , / 3 , and the phase voltages by PV-q, 
^ 2—03 y 3 — 0 * Then V x _ 0 = „ V 2 _ 0 = F 3 _ 0 = 

Since we are dealing with a four-wire system, each of these 
voltages and currents will have symmetrical components of 
zero, positive, and negative sequences. Denoting the symmetrical 
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components of Fi-o and X x by LFi-o, »Fi-o »Vi-o and / 2) 7 lj( , I ln 
respectively, we have— 

aFi —o === i( V l—o 4~ V a—o 4~ 2 FV-o) — 4 /ss^a 4" Jz^z) 

= 4~ /is? 4- ) 4- -^2 (/as 4- / 22 J 4 fzn) 

+ -^sC/ssH" /33>+. /3w)] 

= /ls»4“ /in) 4“ ^2(/l*4" ^ 2 /l 2 >+ A/i w ) 

+ ^ 8 (/x.+ ^ 2 /l«)] 

- /l»*(^x+ ^2+ ^s) + /x2,i(^l+ ^ 2 4~ a^ 3 ) 

4- /i»i(£i4- A&4- A 2 ^)] 

== /ls44 4" v I" /lw^ln * * * * (252) 

where . 2 /~[ = 3(^1 + ^2 + -Z'sXL -^i^C = i(^x 4 - A 2 - 2 J a 4 " ^^s)] 5 and 
£/ lw [ = 3(^1 4~ 42/ 2 4~ A 2 ^^)] are called zero, positive, and negative 
component impedances. 

Similarly, 

2 >Fi-o = i[Fl -0 4- M F 2-0 4- A 2 F3-o)] 

= WxZtl 4 - AJ 2 ^ s 4- WzZz) 

= 4- -/m^ln 4- /lzFl2> 

and n Fi~o 1' (F 1—0 4“ / 3 F 2—0 4 / F 3 — 0 ) 

= i(/iFx 4- ^ a / 2 ^ 2 4- A 3 / 3 ^ 3 ) 

= T^n^z 4" f-LzZ-Ln 4“ /l2^l3> 

The equations (252), (253), (254), therefore, enable the symmetrical 
components of the load voltages -to be calculated. 

Calculation of the Currents in an Unsymmetrieal Star-connected 
Load Supplied from a Four-wire System. If the load voltages are 
known, the problem is so simple that the solution by the method 
of symmetrical components is unwarranted. 

If only the generator no-load voltage is known, the problem 
may be treated on similar principles to those employed for the 
corresponding three-wire problem. Thus the system is replaced by 
three equivalent symmetrical systems, viz. (I) a system in which 
only currents of positive phase-sequence circulate ; (2) a system in 
which only currents of negative phase-sequence circulate; (3) a 

system in which only currents of zero phase-sequence circulate. 
The equivalent zero phase-sequence system is a single-phase system 
which consists of the neutral wire in series with three parallel- 
connected circuits, each of which contains one phase of the gen¬ 
erator win din g, a line wire, and one branch of the load (as shown 
in Fig. 311). 


(253) 

(254) 
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Obviously the direct connection between the neutral points of 
generator and load will not affect the currents in the systems of 
positive and negative phase-sequence, and, therefore, these currents 
are obtained by the application of the same equations as were 
developed for the three-wire system (p. 510). 

The current in the equivalent zero phase-sequence system is 
obtained by equating to zero the voltage drops due to the zero 

phase-sequence currents. 
Observe that the current in the 
neutral is and that the cur¬ 
rent in each line wire is ^ I z . 
Observe, also, that the currents, 
%I S , in the line wires are in 
phase with one another, and, 
_ 7l?pn therefore, the value of reactance 

Fie. 3X1. Distribution of zero 3 

Sequence Currents in Three-phase used in the calculations must 
System correspond to these operating 

conditions. 

Calculation of Currents in a Three-wire System with Earthed 
Heutral Point and Earth Faults on lone Conductors- Under earth- 
fault conditions this system is equivalent to a four-wire system, 
the earth acting as the neutral conductor. The currents can, 
therefore, be calculated by employing the same methods as for a 
four-wire system. Observe that the fault currents are of zero 
phase-sequence. 



III. Measurement or Symmetrical-component Voltages 
and Currents—Applications oe Symmetrical Component 
Principles in Practice 

Measurement of the Symmetrical Components of the Voltages of 
a Three-wire System. The symmetrical components of the voltages 
of a three-wire system may be determined by means of a voltmeter 
(preferably an electrostatic instrument), and a combination of 
resistances and reactances connected as shown in Fig- 312 (6).* 
The circuit is based upon the geometrical method (Fig. 307) of 
determining the positive and negative phase-sequence components, 
the principle utilized being that the lines joining the apexes of the 
positive and negative phase-sequence triangles are perpendicular 
to and bisect the sides of the line-voltage triangle. For example, 
when the positive and negative phase-sequence triangles are drawn 
in one diagram. Fig. 312 ( a ), then the line joining the apexes L> and 

* This scheme is due to X?rof". Catterson-Smitlx. 
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G bisects AC perpendicularly. Similarly, EH and FJ bisect AB 
and BC perpendicularly. 

The values of the resistances R x , R 2 for use with a condenser of 
capacitance <7, may be readily calculated from the vector diagram 
Fig. 312 (c). 

For a 50-cycle supply system and C = ljuY., R 1 — 3675£X,i2 2 
= 1837-5Q. 

Measurement of the Symmetrical Components of the Currents in 
a Three-wire System. The positive and negative components are 



Fig. 312. Vector and Circuit Diagrams tor Measurement op 
Symmetrical Components (Voltage) of Three-wire. Three-phase 

System 

(a) Vector diagram for system and e;,Trr."*’Td : ( b) Circuit diagram of 

testing network; (e) Vector (laiirn.r.' \ " <»s “leg” of network 

measured separately, using current transformers with inter-con¬ 
nected secondary windings loaded on specially-adjusted impedances. 

A number of schemes can be devised from a study of the funda¬ 
mental equations (227), (229). For example, from equation (227) 
for the positive-sequence component, / l3J , we have 

/i*= i(/i + + ^ 2 / 3 ) 

= «/ 2 (A-x) +/ 3 (^ 2 -i)] 

= - 0-866 + iO-5) + J 3 ( - 0-S66 - JO-5)] 

- (1/V3) [ - I 9 J — 30° + ( - I z \ + 30° )] 

Thus if we measure the sum of the currents (/ 2 /V3) /- 30° and 
(/ s /v / 3)/H- 30° we shall obtain the positive-sequence component. 






, HR Ohmic (aim of HU must 
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Similarly, 

l ln = (1/V3)[- Iz f± 30° + (- /a /- 30°) ]. 

Thus in this case we measure the sum of the currents 
(J 2 /V3) /+ 30° and (J 3 /V3 )/~ 30° . 

The measurements are made by means of two ammeters connected, 
as shown in Fig. 313, to a special network of resistances and im¬ 
pedances supplied from two current transformers. 



Fan. 313. Circuit ajstd Vector Diagrams for the Measurement 
of Symmetricai Components (Current) of Three-wire, Three-phase 

System 


Measurement of the Symmetrical Components of the Currents in 
a Four-wire System. The positive-sequence and negative-sequence 
components are measured in exactly the same manner as in the 
case of a three-wire system. The zero sequence component is 
obtained by measuring the current in the neutral and dividing by 3. 

Application of the Principles of Symmetrical Components in 
Practice. The principles of symmetrical components have a num¬ 
ber of practical applications in protective-relay schemes for the 
protection of transmission lines against earth faults. In these 
sche m es the zero-sequence currents are utilized. The principles are 
also employed in connection with relays which are required to give 
discriminative action when unbalanced conditions occur. In these 
cases the positive- and negative-sequence components of the line 
currents or the line voltages are utilized. 

Two examples will be considered——(1) the control relay of an 
automatic voltage regulator for an alternator ; (2) a protective relay 
for protecting a machine against unbalanced operating conditions. 

(1) Application- of Principles of Symmetrical Components to Auto¬ 
matic Voltage Regulator. The control relay of an automatic voltage 
regulator for a three-phase alternator is excited by the voltage 
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across two of the line wires of the system (see Power Wiring Dia¬ 
grams, p. 197). finder abnormal conditions, such, as a single-phase 
fault or a heavy unbalanced load, this voltage may be higher or 
lower than the normal value, and if the control relay were con¬ 
trolled solely by this voltage, the regulator may act in an undesir¬ 
able manner (e.g. reduce the excitation of the alternator under 
fault conditions when the excitation should be maintained or in¬ 
creased). If, however, the relay were controlled by the positive 



Pig. 314. Circuit and Vector Diagrams eor Positive Sequence 
C ojsrxROi, of Automauc Voltage Begitlatob 
{Metropolitan-Vickers Electrical Co.) 

sequence voltage, the control of the voltage would be unaffected 
by unbalanced-load or fault conditions, since the positive-sequence 
voltage is always symmetrical. 

Fig. 314 ( a ) shows the connections employed for the control 
relay of the Metropolitan-Vickers 5 voltage regulator. The current 
in the coil of this relay is the vector sum of the currents in the 
circuits JKJR X and JR connected to the secondary windings of two 
voltage transformers, the primary windings of which are connected 
in open-delta to the bus-bars of the supply system. Circuit NR^ is 
inductive, and is so adjusted that the current in it has a phase 
difference of 60 degrees (lagging) with reference to the voltage 
between the lines JR and Y. Circuit R is non-inductive : its resistance 
is so adjusted that the current is equal to that in circuit JXJR^, this 
current being in phase with the voltage between the lines Y and E. 
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For positive phase-sequence voltages, the current in circuit R is 
represented, in Fig. 314 (6), by 0J R , and that in circuit NR ± by OI x . 
The vector sum of these currents is represented by OI. 

For negative phase-sequence voltages, the current in circuit R 
is represented, in Fig. 314 (c), by O n I R , and that in circuit X by 
O n I^. Since the current in X lags 60 degrees from the R~Y voltage, 
this current is in opposition to the current in circuit R, when the 



Fig. 315. Circuit a-n td Vector. Diagrams for Negative 
Sequence Protective Relay 
{JSletro'politcm-Vickers Electrical Co.) 


phase sequence is negative. Hence the control relay is oj>erative 
only to positive phase-sequence voltages. 

(2) Application of the Principles of Symmetrical Components to 
Protective Relay. Heavy unbalanced loads on alternators result in 
increased heating compared with that due to balanced loads of 
equal kVA., and therefore it may be desirable to give warning when 
the unbalance of the load exceeds a predetermined amount. This 
can be effected by means of a relay, the current in which is propor¬ 
tional to the negative sequence component of the generator current. 

Fig. 315 (a) shows the scheme of connections (due to The Metro¬ 
politan-Vickers Electrical Co.). A bridge network of non-inductive 
resistances and impedances, of equal values, is connected to three 
current transformers in the generator circuit. The relay is con¬ 
nected across opposite corners of this network, and the relay current 
is the vector sum of the currents I 2 , / R1 , I z3 . 

For currents of positive phase-sequence, the relay current is zero, 
diagram (6) ; but for currents of negative phase-sequence, the relay 
current is equal to I 2n > as shown in diagram (c). 



. CHAPTER XXII 

THE LOAD DIAGRAM FOR THE GENERAL CIRCUIT 

In Chapter VII the no-load and short-circuit diagrams, and the 
generalized vector, or load, diagram were deduced for simple series, 
parallel, and series-parallel circuits. It was shown that the load 
diagram, which was developed from the no-load and short-circuit 
diagram, had important practical applications, as it enabled the 
performance of the circuit under variable circuit conditions to be 
determined by a simple graphical process. 

The circuits considered in Chapter VII were of the simplest type, 
viz. (1) a series circuit consisting of fixed and variable impedances 
(which is the equivalent circuit of a short transmission line with 
negligible capacitance) ; (2) a parallel circuit, one branch of fixed 
impedance and the other branch of variable impedance (which is 
an approximation to the equivalent circuit of the transformer); 
(3) a series-parallel circuit consisting of two parallel branches, one 
of fixed impedance and the other of variable impedance, in series 
with a fixed impedance. 

The more general case of a series-parallel circuit is shown in 
Fig. 316,' in which one of the variable branches contains both a 
fixed impedance as well as variable impedance. This type of circuit 
is representative of the equivalent circuit of a transmission line, a 
transformer, and a polyphase induction motor as will be apparent 
by comparing Fig. 316 with Figs. 87 (p. 159), 159 (p. 230), 174 
(p. 260). When applied to polyphase systems and apparatus, the 
circuit refers to one phase, and the quantities represent 4 phase 
quantities. 55 

Although inductive resistances are shown in Fig. 316, it must 
be understood that each branch of this circuit may consist of any 
combination of resistance, inductance and capacitance, or of one of 
these quantities alone. Thus, the branch Z Zi Fig. 316, is inductive 
in the circuits of transformers and induction motors, but is capaci¬ 
tive in the circuit of a long transmission line. Again, the ec load 55 
impedance, is non-inductive in the circuit of induction motors, 
but may be reactive or non-reaetive in the circuits of transformers 
and transmission lines. 

Although the no-load and short-circuit diagram for a series- 
parallel circuit of the type shown in Fig. 316 may be constructed 
without difficulty, the performance of the circuit cannot be 

525 
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determined completely from the diagram without a knowledge of 
constants of the variable branch- Such a circuit, however, may be 
replaced by an equivalent circuit of the simple series-parallel type, 
and the performance of the fornier may be deduced from that of 
the latter in the manner shown later. 

Equivalent Series-parallel Circuit which Replaces a General Circuit. 

The general series-parallel circuit shown in Tig. 316 is the equivalent 

of a large number of prac¬ 
tical electric circuits, and 
the performance of the 
latter may he deduced 
from, that of the former, 
provided that the induct¬ 
ance and capacitance are 
constant with varying 
currents, and that the 
supply voltage and fre¬ 
quency are constant. 

In the general circuit one of the parallel branches consists of a 
fixed impedance, Z&jcp 4 , connected in series with a variable impe¬ 
dance, Z 2 /cp 2 (called the “ load 9> ) ; the other branch consists of a 
fixed impedance, Z^jcpQ. A fixed impedance, Z x fq> x (called the 
ee line ” impedance), is connected between the parallel branches 
and the snpply system. 

Consider now the voltages and currents at the supply and load 
ends of the circuit when (a) the load is open circuited, (6) the load 
is short circuited. In the former case let the line current be denoted 
by J D , and the voltages at the supply and load by E Xo , E 2 , respec¬ 
tively. In the latter case let E Xs denote the value of the supply 
E.M.F. necessary to obtain a current I 2s in the short-circuited load, 
and let a. denote the corresponding value of the supply current. 
Circuit and vector diagrams representing these conditions are 
given in Fig. 317. 

Then. 

. (255) 

where Y 0 ===== 1 /{Z 1 -f- Z s ) is the £t no-load admittance 55 for the 

circuit. 

Also, 

E^E ±0 -f Xo Z x =E^~E Xo Z x Y 0 =E lB (\-Z l Y 0 ) (256) 

Hence, 

•Pio/^a == 1/(1 - Z x Yo) — 1 + ZJZ 3 = C\ . 
where C x denotes the complex number 1/(1 — Z X Y 0 ) — 1 -f- 



!Fia. 316. Geneeal Seri-cs-u-ajei auel 
Circuit 


( 257 ) 
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If tp x is the phase difference between. E 10 and E 2 , then C\ =C x s j y j *. 

[Note.— tp x is positive or negative according to whether E 2 is 
png or leading with respect to E Xo . ] 

Again, when the load is short-circuited, 

Tls ' J-2.S ~f~ I$s> 



Fia. 317. Circuit atsto Vector DiAttKAMis Rbpuesenting jSTo-eoao 
and Short-circuit Conditions fob a. Gbnebai, Series-faballel 

Circuit 

where I 3s is the current in the parallel branch of fixed impedance 
Z s . But I 3S = I 2s (ZJZ 3 ). Hence, 

Jxs = / 2S ( 1 + ZJZ 3 ) 

i.e. J^sUzs === ^ "f~ ^ 4/^3 Q 2 . .**••* (2oS) 

where C 2 denotes the complex number (1 -f- Z x lZ z ). If ip 2 is the 
phase difference between and Z 2s , then (J 2 — C 2 fN ] - 

[Note.— ip 2 is positive or negative according to whether I 2s is 
lagging or leading with respect to As-l 
Also, 

E Xs = I xs l(Z x + Z 3 ZJ(Z z + ZJ] = I Xs Z s 
where Z s [= jZ x -j- Z 3 ZJ{Z z -f- ^ 4 )] is called the “ short-circuit 
impedance ” of the circuit. 
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'Whence, 

Y 0 Z S = 1-~1/C ± C^ .(260) 

Let the load impedance now have a value Z 2 , and let the supply 
voltage he adjusted so as to give a voltage of E 2 at the terminals of 
the load. Moreover, let the load current under these conditions he 
/ 2 , the supply voltage E ± , and the line current I ± . Then the line 
current may he considered to he made up of two components, one 
being the no-load current corresponding to the supply voltage _E7 X , 
and the other being the line short-circuit current corresponding to 
the load short-circuit current 1 2 . Similarly the supply voltage may 
be considered to be made up of two components, one being the 
supply voltage necessary to obtain a voltage E 2 at the terminals 
of the load at no-load, and the other being the supply voltage 
necessary to obtain a load current equal to I 2 when the load is 
short-circuited. 

Hence, 

/1 == /is — 1~ Jo 

= P 2/2 + -Pi oY o 

= C 2 I 2 A-C^E 2 Y 0 .... (261) 

= C 2 E 2 fZ 2 + C\E 2 Y 0 

— -PaC Qzl? 1 * + Qi.Uo) ... . (261<x) 

since I 2 = E 2 /Z 2 . 

Also, 

E\ == E 1o -j- E ls = C\E 2 -j- O 2 I 2 Z S . . ( 262) 


* This expression is obtained by substituting for 0 Z s * reducing, and thdn 
substituting in terms of G X C 2 . Thus 

*• - Gmr*) + 

I_ ^3 2* 

2 X 23 (2 L + 2 3) {2s -f- Z 4 ) 

Now since G x — 1 -f- Z^jZ^, and (7 2 = 1 + Z^jZ 3 , we have 
Z x + = C y Z s , 2x12 3 = Q x - 1 ; 

^3 + z = g 2J2* = C?2 ~ 1- 

flenee, 

y /7 2 1 , 23 2 4 

• 0 * s “ oTzl “ r G X G 2 Zj? 

- e_x ~ 1 , <? 3 -i 

o 1 ^ a 3 g 
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If equation (261) be multiplied throughout by Z s , and is then 
subtracted from equation (262), we obtain 

^x - IxZs = Q X E 2 A- C 2 I 2 Z - (CJ 2 Z S + C x E z Y 0 Z s ) 

= c x e 2 { 1 - Y 0 z s ) 

— E*/C 2 , 

since (1 — Y 0 Z S ) = 1JC X C 2 . 

Whence, 

E z = 0 2 (^ I X Z S ) ..... (263) 



Tig. 318. Simple Sek.ies-parallel Circuit Equiuaxeistt to the 
Getsterau Circuit or Fig. 316 

bstituting this value in equation (261 a), we obtain 
/x = Q 2 {E X ~ I±Z S ) (CJZ* + C X Y 0 ) 

= {E X -I X Z S ) {C^iZ*+C x C*Y 0 ) . . . (J 

I.e. in the general circuit the line current, corresponding to a 
given supply voltage, E x , and a particular value, Z 2 „ of the load 
impedance, is given by the product of two quantities ; of which 

one-(C f 2 2 /^ 2 -j- C X C 2 Y 0 ) -represents the joint admittance of the 

two parallel branches of a simple series-parallel circuit, and the 

other- (E x — I X Z S )-represents the voltage across these branches 

when the supply voltage is E x , the line current is I x and the series 
impedance is Z s . 

Therefore the general series-parallel circuit of Fig. 316 may be 
replaced by the equivalent simple series-parallel circuit shown in 
Fig. 318, in which the series impedance has a value equal to the 
short-circuit impedance of the general circuit, i.e. Z s — Z x -\~ZJC 2 ; 
the fixed branch of the parallel portion of this circuit. Fig. 318, has 
an admittance equal to C%C 2 times the ct no-load admittance 55 
of the general circuit, i.e. Y a — G x C 2 Y a = C x C^j(Z x -f- Z 2 ) 
~ C X C Z Y + V >2 - <Po> ; and the variable branch has an admittance 
-equal to C 2 2 ti -m ^« the admittance of the <c load ,5 in the general 
circuit, i.e. Y b = ( 

35 —(T.5245) 
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In comparing the general circuit of Fig. 316 with its equivalent 
circuit. Fig. 318, it is found that, for any particular value of the load 
impedance in the general circuit, the same value is obtained for 
the joint impedance* of both circuits, and therefore if the same 
voltage is impressed on both circuits the line current and the 
power taken from the supply system will be the same for each 
circuit. 

The voltage at the terminals of the parallel branches of the 
equivalent circuit is given by (E x — I^Z S ), which, as is shown by 
equation (263), is equal to E z /C z , where E 2 is the voltage at the 
terminals of the load in the general circuit. 

The current, J 6 , in the variable branch of the equivalent circuit 
is given by 

I h = Y b E z fC z = E Z {C 2 2 Fa) fC 2 == Q 2 ^ 2 ? 2 ‘ === -G 2/2 * (264) 


Hence the power, _P & , supplied to the variable branch of the 
3 quivalent circuit is given by 
E 

JP b . = -^C z I 2 cos ((pz-Zipz) 

^2 

= E z l z cos(qp 2 — 2 ^ 2 ) 


= cos 


(<Pa ~ 2 Wz) 
cos <p z 


(265) 


where R z is the power supplied to the load in the general circuit. 
Thus, according to the signs and magnitudes of cp 2 and yj 2 , the 


* The joint impedance of the general circuit of Fig. 316 is given by 
~ ~ ,_ 1 _ « ~ rn (ffa 4- ZD _ 

Zi = Zj x ,1 /7F \ in I f Vi I cr. \-\ * 1 


(ljzp + [1/(^2 ■+■ zd\ 

and that of the equivalent circuit is given by 

= 4^4- [1/(CVF 2 AC x G^Yo)^ 


Z 3 + ^3 


Substituting for Z s , G 2 a 5 r a» O x G Z Y 0 the values 
rr 1 / 

~ - 3 ^3 + ^ 4 ’ 

Zr? Z z 


%‘s — 

o,o s r 0 

we have 

= 01 + * 


Zg "+■ T 4 * 

- To 

- (i - Y 0 z s ) 

Z*Z 4 


{Z 3 4 - ZZ 2 (Z 3 4 - 
z a z 4 


= Z x 4~ ■ 

= ^ 


Z.x 
Z 3 (Z z 


ZD 

4_ 


{Z* 

ZD 


Z z 4~ Z 3 4- Z 4 




ZD {Z 3 -DZ 3 +Z 4 ) 
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power supplied to the variable branchlof^thefequivalent circuit may 
be equal to, greater than, or less than the power supplied *to the 
load in the general circuit, hut the ratio of the quantities is constant 
for a given circuit. 

The power, P s , expended in the series impedance, Z s , of the 
equivalent circuit is given by P s = I X 2 R S , where R s is the “ short- 
circuit resistance ” of the general circuit, and includes the resistance 
of the line impedance, Z t , as well as the joint resistance of the 
branch impedances Z B , Z^, but not the resistance of the load. 
Tor a given value of the line current in both the equivalent and 
the general circuit, this power, P s , closely approximates to the PR, 
or copper, losses in all parts, except the load, of the general circuit. 

The power, P a , supplied to the fixed branch of the parallel 
portion of the equivalent circuit is best expressed in symbolic 
notation and is given by 

P a = [(EJC^/Z^* • = (E^CJC^v* . . (266) 

If the power supplied to the general circuit at no-load is denoted 
by P 0 , then P 0 — E-fY 0 &i Therefore 

FaiCJCJ = P 0 {EJE x Ye^‘-*J = PaiEJEtfs^n+v*) 
pproximately, if {yj x + y 2 ) is a very small angle, 

PalCJCJ = P fl (W.(266a) 

Now the power supplied to the general circuit at no-load is 
expended in (1) the magnetic (hysteresis and eddy-current) losses 
in the iron portions of the circuit, (2) the losses in the dielectrics 
surrounding the conductors, and in the dielectrics of any condensers 
included in the circuit, (3) the I 2 R losses due to the no-load current. 
Hence if the no-load PR losses are ignored, or P 0 is corrected to 
allow for these losses, then the quantity P a (C^/Oj) represents the 
magnetic and dielectric losses in the general circuit, since the 
dielectric losses vary as the square of the E.M.F. impressed when the 
frequency is constant, and the magnetic iron losses vary approxi¬ 
mately as the square of the induced E.M.T. 

[Note. —Magnetic losses are considered in detail in Chapter XI.] 

Thus the performance of any circuit which can be reduced to a 
general series-parallel circuit may be obtained from the performance 
of the equivalent series-parallel circuit ; the constants of 'which 
may be determined, as already shown, either directly from those 
of the general circuit, or indirectly from no-load and short-circuit 
tests as described later. 

Deduction of Performance of General Circuit from the Load Diagram 
for the Equivalent Circuit. The no-load and short-circuit diagram 
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for the equivalent circuit is constructed in the same manner as 
that fox’ the simple series-parallel circuit, but care must be exercised 
in obtaining the correct phase angles for the equivalent admittances 
and impedances. For example, the admittance vector, AJB, Fig. 319 
for the branch, Y a , of constant admittance is set off at an angle 
equal to (zb <Po =b zb ^ 2 ) with respect to the vertical axis, cp 0 
being the phase angle for the no-load admittance (i.e. cos cp Q is the 
no-load power factor of the general circuit), and x/q, yj 2 , are deter¬ 
mined as shown later (p. 537). The length of this vector on the 



\ 

Fig. 319. No-load and Snonx-crRCTJiT Diagram lor Ciucttit 
or Fig. 318 


admittance scale is equal to C X C 2 Y 0 . The admittance vector, 
AB oc. Fig. 318, for the variable branch is then set off at an angle 
equal to (zb 9? 2 ~F ^2) with respect to the vertical axis, cos (p 2 being 
the power factor of the load in the general circuit. The inversion 
of this line with respect to A gives, therefore, the locus of the joint 
impedance vector for the parallel branches of the equivalent circuit. 
Observe that the line AQ, Fig. 319, is now inclined at an angle equal 
to (zb 9^2 ~F 2^ 2 ) with respect to the horizontal axis. 

The vector representing the series, or line, impedance in the 
equivalent circuit is then drawn in position, its inclination to the 
vertical axis being equal to zb <p s , where cos <p s is the power factor 
for the general circuit when the load is short circuited. Finally, 
the inversion of the impedance circle with respect to the origin, 0, 
is obtained, and the scale is changed so as to obtain the no-load and 
short-circuit points, B z , A±, respectively. 

The load diagram. Fig. 320, is obtained by drawing the semi- 
polar, VZJ ; the tangent, A X V, at the short-circuit point ; joining 
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the no-load and short-circuit points and producing this line so as 
to cut the horizontal axis at T ; and drawing a line through the 
short-circuit point, A x , and the point of intersection, U , of the 
semi-polar and the horizontal axis, exactly as in the case for the 
simple series-parallel circuit. 



The performance of the general circuit, when the line current is 
represented by the vector OG x , is deduced from the load diagram 
as follows— 

The power input from the supply system is given by the 
ordinate G X M. 

The power supplied to the load is given by G X N X [cos <p 2 /cos (tp z — 2^> 2 )] 
where G X N X is the difference of the ordinates at G ± and A ; N being 
the point of intersection of the lines G X W and A X JB^ the former 
being drawn from G x parallel to VT and the latter being drawn 
through the no-load and short-circuit points. 

The DR, or copper losses , in the circuit are given by L X M, which 
is the ordinate at L ; L being the point of intersection of the lines 
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G X S and A X U, the former being drawn from G x parallel to the semi- 
polar, and the latter being drawn through the short-circuit point 
and the point at which the semi-polar intersects the horizontal 
axis. This loss may be expressed as a percentage of the power 
input by constructing a “ percentage NR loss ” scale as follows : 
Draw any convenient line, parallel to the horizontal axis, to intersect 
the semi-polar, VU , and the line A X U ; divide the intercepted 
portion into 100 equal parts, the zero being at the point of inter¬ 
section with the semi-polar. The percentage NR loss is then given 
by the scale reading at the point where the line joining the points 
G x and U intersects the scale. 

The 'magnetic , dielectric , and losses other than I 2 R losses are most 
conveniently obtained by calculating the difference of the power 
input and the power supplied to the load together with the I 2 R 
losses. If the losses are to be obtained from the diagram, it is 
necessary to subtract from N X L X (which is the difference of the 
ordinates at N and L) the quantity 


«L»l( 


cos 97 2 


COS(9?2 — 2^2 


5-0 


The scale for the above quantities is the 6S ordinate power scale ” 
which is E times the current scale of the diagram. 

The efficiency scale is obtained by drawing any convenient line, 
parallel to the horizontal axis, to intersect the lines A X T, VT, or 
-their extensions. The portion thus intercepted is then divided 
into 100 [cos 9 ? 2 /eos(g ? 2 — 2yj z )] equal parts. The efficiency of the 
general circuit, i.e. the ratio 


power supplied to load 
power taken from supply system 


is then given directly by the scale reading at the point where the 
line joining the points G x and T, produced if necessary, intersects 
the scale. 

The current in the load is given by G ± JB 2 jC<^ where <7 2 is the 
absolute value of the complex number C z The scale is the same 
as that for the line current. 

The voltage at the load is given by G X A X x C 2 . 

Determination of the No-load and Short-circuit Constants of a 
General Circuit. The construction of the no-load and short-circuit 
diagram for an equivalent circuit involves a knowledge of the four 
quantities C T 07 Z s . These quantities are called the £C no-load ” 
and “ short-circuit constants of the general circuit. As already 
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shown, they, are not independent of one another, but are con¬ 
nected by equation (260), p. 528, which may be expressed in the form 

n n = __i_ ye* 

- 1 - 8 1 W ^ — (\jz s ) - Y a 

If numerator and denominator are multiplied by E L , we obtain 

r- r* •&/#. 

- *• 2 (EJZ 3 )-JE} l Y 0 

= IJ(I 3 -I 0 ) . . . (267) 

where / s (= is the short-circuit current, and I 0 ( =E X Y a ) is 

the no-load current, taken by the general circuit when the supply 
voltage is JEJ X . Thus the product Q^C 2 is equal to the quotient of the 
short-circuit current at normal supply voltage and the vector differ¬ 
ence of the short-circuit current and the no-load current : it is 
therefore readily obtained from no-load and short-circuit tests. 
For example, in the no-load and short-circuit diagram. Fig. 318, the 
absolute value of the product C ± C 2 is given by C ± C 2 — OA x /A :l JB 2) 
and the argument, y) ± -{- y) 2 , is given by the angle OA^JB^ the value 
of which depends upon the relative phase differences of the no-load 
and short-circuit currents, e.g. 

tan {'tp 1 -f- yj 2 ) = [I D sin(<p 0 - <p s ) ]/[J 8 - l a cos(<p 0 - 9 ? s )] . (268) 

In cases where the phase differences of the no-load and short- 
circuit currents, with respect to the supply, voltage, are approxi¬ 
mately equal, the angle OA ± JB 2 will be small, and the value of the 
product OjCz may be obtained by a simple calculation instead of 
by geometrical construction or complex algebra. For example, 
when cp 0 is approximately equal to cp Si the product CjC^ is given 
with sufficient accuracy for practical purposes by 

C^C 2 = I s llI 8 -I 0 GOs{<p 0 -(p s )Y .... (269) 

Moreover, with symmetrical circuits, i.e. those for which 
Z x G x = C 2 = C,* and = y) 2 = ip : whence, from equations 

(260), (2*67), we, have 

<7 = VC 1/(1 “ ToZ s )l . {wva) 

= V[/,/(/. ~/o)] * * * * ( 267ct > 

G = VCV/ I C cos( 90 o - 9 ? s ) }] . - .(269a) 

tan = [I 0 »sin {<p 0 — g? s )]/[7 s — I Q cos(<p 0 — (p s ) ] . . (268a) 

* This follows from equation (258) by substituting Z t = Zv thus 

<?.=-! + (ZJZ a ) =P, 
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With, unsymmetrical circuits, i.e. those in which Z^ and are 
unequal, the angles y^ 9 ip*, may, under suitable conditions, be 
determined by measuring directly the phase difference between 
the E.M.Fs. at the supply and load terminals at no-load, and the 
phase difference between the currents in the line and load at short 
circuit.* But- if yj ± and yj z are small it will be difficult to obtain 
these angles accurately by measurement. Hence in this case, and 
in other cases where it is impossible to measure these phase differ¬ 
ences directly, the angles ip x , ip 2 , must be obtained indirectly by 
carrying out either a no-load or a short-circuit test from the load 
end of the circuit in addition to the ordinary no-load and short- 
circuit tests from the supply end. 

For example, if in the circuit of Fig. 316 the supply and load are 
interchanged, i.e. the impedance Z± is placed in the supply circuit 
and the impedance Z x is placed in the load circuit, and if the no-load 
admittance and the short-circuit impedance under these conditions 
are denoted by Y' 0 , Z ' s , respectively, we have 

Y' 0 = 1/(^3 + Z*)> Z's =2 4 + Z ± Z 3 I{Z X + Z 3 ). 

Now for the original circuit the no-load admittance and the short- 
circuit impedance are given by Y 0 — l/(Z ± Z 3 ), Z s = Z-^A-Z^ZJ 

( Z 3 + Z±), respectively. 

Whence 

X-o _ Zj ± -t- x/ 3 _ J- -t- = Vi 

Yo Z 3 -f- Z^ 1 -f- Zq L jZ 3 C 2 

and 

4- [Z 3 ZJ(Z 3 -h Z 4 )] _ \_Z ± (Z 3 + ZJ Z 3 Z±\ (Z-lA-Z^ 
W*~Z±A- iZ x Z z !{Z x + Z 3 )] [z 4 (Z x A■ Z 3 ) + Z x JZ 3 ] (Z 3 -i-Z 4 ) 

_ Z x -f- Z 3 C x 

Z 3 -J- z± C 7 2 

Therefore, 

Ci jV gs 

C 2 Y 0 Z s ' 

or = A e^Vo - <Po1 -2- e^Vs- 9V> 

y 2 X q 5 Xj s 

Whence 

CJC a = Y a ' /Y 0 — Z s /Z s ' ..... (270) 

and 

. * -^2 = To' - <Po = <Ps - <Ps' - * - * * (271) 

Methods of determining these quantities are described in Chapter X.VII3. 
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or, since 

2{tp± - y> 2 ) = To - To + Ts~ Ts> 

Wl-T* = i(.To' - To ~t~ Ts-Ts') .... ( 271 a) 


These equations and those (267), (268), given on page 535 enable 
the four quantities C ± , <7 2 , yj x , y} 2 > f° i> e readily calculated. Thus 

Is-JoU - - (272) 

- VlTo/To (1 - r o Zs)J = (Js-JoA- - (273) 

where I 0 r is the no-load current, at normal voltage, when the supply 
and load are interchanged.* 


= '2-[(7h + WA -+~ (^ 1 -^ 2 )] 

I Q sin(<p 0 — <p s ) 


= [tan' 


^2 


I s - 1 0 cos (<p 0 - qp s ) 

lr[(V>i + WA ~ - TA 

I Q sin (cp 0 - cp s ) 


+ liTs-Ts + To ~ To) ] - (274) 




(275) 


The phase differences cp 0i <p s , <p r 0 , qp s \ are calculated from the 
power and volt-ampere inputs at no-load and short-circuit respec¬ 
tively ; the power input being measured by a wattmeter and the 
volt-ampere input being measured by a voltmeter and ammeter. 
Thus— 

cos cp Q = R 0 IE X0 I 0i where P Q is the power input, E± c the supply 
voltage, and 1 0 the line current at no-load. 

Similarly, 

cos cp s = FJE ls I ±s , where JP B is the power input, E^ s the supply 
voltage, and I ls the line current at short-circuit. 

Construction of the Load Diagram for a General Circuit from Test 
Data. If the impedances of the several branches of a general circuit 
are unknown, the no-load and short-circuit diagram must be con¬ 
structed from data obtained from no-load and short-circuit tests. 
The data required are : (1) the no-load and short-circuit currents 

at normal supply voltage, (2) the phase differences of these currents 


* Alternatively, if the voltages at the snpply and load terminals can be 
measured accurately at no-load, and these voltages are denoted b\ -^1 o’ -<y> 

respectively, then Cj = Eiol^zo- . . ,. . , 

Again, if the currents in the line and load portions of the circuit can be 
measured under short-circuit conditions, and these currents are denoted by 
I ls , I 2s , respectively, then Q % = I is/ 1 2*- 
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with respect to the supply voltage, (3) either the phase difference, 
<p' Q , between the no-load current and the supply voltage when the 
supply and load terminals are interchanged, or the phase difference, 
<p' s , between the short-circuit current and the supply voltage when 
the supply and load terminals are interchanged. 

The vectors, OA x , OB z , Fig. 321 (a), representing the normal, no- 
load, and short-circuit currents are drawn in their correct positions 
with respect to the axis of reference, and the centre of the current 
circle is determined as follows : Join the no-load and short-circuit 



points, bisect this line at JD, and draw the perpendicular JDQ. From 
1E? 2 draw the line B Z Q inclined at the angle (db <p 2 2^)* with the 

horizontal axis B Z X'. Then the point, Q, where this line intersects 
the perpendicular JDQ is the centre of the circle. Observe that the 
angle (<p 2 — 2y) ± ), Fig. 321 (a), may be expressed as 

l>2 - (^i “h ^ 2 ) ~ (Wx “ =12- £OA x B z - {ip ± - yj 2 ), 

and if (yj x — yj 2 ) is neglected the angle X. r B z Q becomes equal to 
(<?2 — zOA x B 2 ) ; the sign of the angle OA ± B z being determined 
with reference to the short-circuit line OA x , i.e. the angle OA 1 B 2 is 
positive when the no-load point lies above the short-circuit line, 
and 'Dice 'versa. Moreover, if cp 2 — 0, and ip x — the angle 

N'B 2 Q is equal to the angle OA x B 2 , and the construction shown in 
Fig. 321 (6) may be adopted for obtaining the centre of the circle. 
In this case a vertical, B 2 E, is erected from the no-load point 
to intersect the short-circuit line at E. The portion B Z F is bisected 
at K, and a perpendicular EQ is drawn to intersect the line JDQ 
at Q , which is the centre of the circle. 


See remarks on p. 142 for meaning of signs. 
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Proof . In Fig. 319 the line AQ, which contains the centre of the circle, 
is inclined at the angle - (rp 2 + 2ip 2 ) with respect to the horizontal axis AX'. 
Now the angle AQIA is equal to twice the angle AB X B 2 , and since the latter 
is equal to {y) t *f tyqb the angle AQB 2 is equal to 2 {ip t + y 2 )» Hence, since 
the angle X"B 2 Q, Fig. 82, is equal to the difference of the angles X'AQ and 
AQB^ i.e. LX"B 2 Q = {<p 2 - 2'ip 2 ) - 2(ip l + y> 2 ) cp 2 - 2yj x , a line drawn from 
B 2 at this angle with respect to the horizontal axis contains the centre of 
the circle. 

With the construction shown in Fig. 321(6), which may be adopted when 
0, 2 = 0, and ipx — ip 2 , we have 

LB.QK = L.KQF = l-LB 2 QF = LB 2 A x 0 = 2ip. 



(Data in Example and Table XIII) 


Example. To illustrate the application of the above principles we will 
now calculate the performance of a symmetrical series-parallel general circuit 
for a variable load of 0-95 power factor (lagging), the no-load and short-test 
readings for the circuit being as follows— 

No-loacl Volts 500. Amperes 8*25. Watts 430. 

' Short-circuit Volts 500. Amperes 145. Watts 34,800. 

The performance will be calculated for a constant supply pressure of 500 volts 
From the no-load and short-circuit readings we obtain 


430 

C0S = 500 X 8-25 

<Po = 84 ° 

34800 

COS ** " 500 X 145 
<p s « 61° 


= 0-1044 


= 0-485 


■>MPAi 
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Selecting a current scale of 1 cm. =± 5 amperes, we commence the construe- 
frion of the no-load and short-circuit diagram by drawing OB z , OA x , Fig. 322* 
to represent the no-load and short-circuit currents respectively ; the 'Tennrth 
of OB 2 being 1*65 (— 8*25/5) cm. and its inclination to the vertical being 
S4°, the length of OA x being 29 (= 145/5) cm. and its inclination to the 
vertical being 61°. 

[Next join B Z A X , bisect at Z>, and draw the perpendicular JDQ. 

Since the power factor of the load is 0-95, lagging, cp 2 = cos' 1 0-95 = 18*2° 
and is negative. Also since the circuit is symmetrical and qp Q > t 
angle OA x B z is equal to 2xp and is positive. Hence from JB 2 a line i? Q is 
drawn inclined at the angle — (qp z — 2xp) — — (1S-2 — / OA x B»)° with respect 



Line Ampenes, 



Fig. 323. Peefobmancb Curves oir Geneeal Circuit 
(Determined from the Load Diagram of Fig. 322) 


to the horizontal axis.* The point of intersection of this line with the 
perpendicular drawn from JD is the centre of the current circle. 

The diagram is completed by drawing the semi-polar, VXJ, the tangent, 
A X V, at the short-circuit point, determining their point of intersection, V, 
and joining this point to the point, T, where the line joining the no-load and 
short-circuit points intersects the horizontal axis. The short-circuit point 
is also joined to the point, XJ , at which the semi-polar intersects the horizontal 
axis. 


The power scales may be determined when the angles of inclination of 
VT and VXJ with respect to the vertical are known. By measurements on 
the diagram. Fig. 322, these angles are found to be 15*5° and 14*9° respectively. 
Hence the power scales are 


1 cm. — 5 X 500 — 2500 watts, for measurements along the ordinabe ; 
1 cm. = 2500 x cos 15*5° — 2408 watts, for measurements parallel to the 
<t: total loss line,” VXP ; 

1 cm. = 2500 X cos 14*9° = 2415 watts, for measurements parallel to the 
semi-polar, VXJ. 

The value of 2xp , obtained from equation (268as), is 
tan 2y> = X ° ~ TA = 8-25 sin(84° - 61°) 


I s - Z o c os(9? 0 -93 s ) 
whence 2xp — 1-36. 


145 - 8-25 cos( 84° - 61°) 


= 0-02345, 


This construction is best effected by 


--=-w----— ->y drawing a line, B. Z C, at an angle of 18-2° below the 

horizontal axis and then constructing the angle CB Z Q equal to the angle OA. x B 9 . 
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The correction factor [cos <p 2 /cos(<p 2 — Zip) ] for the efficiency scale and 
for obtaining the power supplied to the load from the intercept, G-yN, Fig. 322, 
is equal to 

cos 18-2/cos(lS-2 — 1 *36) = 0-95/0-9422 = 1-008, 
and is so close to unity that it may be neglected for rvracticrd mirposes. 

Finally, the value of G is calculated from equation '263'/ 1 . . :m:< 


- 8*25 cos(84° - 


V1-055 = 1-027 


The performance of the circuit as deduced from, measurements on the load 
diagram, Fig- 322, is given in Table XIII, and in the curves of Fig. 323. 


TABLE XIII 

Measured and C-ALcuta-TEI) Quantities from Fin. 322 for 

PERFORMANCE OF SERIES -PARALLEL GrENERAL CIRCUIT 


Line current (amp.) 

Length OG x (cm.) 

20 

4 

40 

8 

60 

12 

80 

16 

100 

20 

120 

24 

Input 

j Length G x W* (cm.) 

^ Power (kW.) 

3 

7-24 

6-64 

16*03 

9*73 

23-5 

12-28 

29-65 

14-07 

33-97 

15 

36-22 

Output 

^Length G X N (cm.) 

) Power (kW.) 

2-6 

6*28 

5-42 

13*09 

7-12 

17-2 

7*76 

18-73 

7-05 

17-02 

5 

12-07 

Total 

losses 

{ Length 2V TV (cm.) 

/ Power (kW.) 

0*4 

0*96 

1*22 

2-94 

2*61 

6*3 

4-52 

10-92 

7-02 

16-95 

10 

24-15 

I Z R losses 

( Length L Wf (cm.) 

( Power (kW.) 

0*2 

0-48 

1*03 

2*49 

2*44 

5-89 

4*38 

10-57 

6-91 

16-6S 

9-94 

24 

Efficiency (per cent) 

Power factor (per cent) 

86*8 

72*4 

81*7 

SO 

73-2 

7S-4 

65-4 

74*1 

50*1 

6S 

33-3 

60-4 


* Parallel to VTJ. 

Lt is point of intersection (not marked in Fig. 322) of GW and A. x U. 




CHAPTER XXIII 


INITIAL (TRANSIENT) CONDITIONS IN SIMPLE ELECTRIC 

CIRCUITS 


In all the preceding discussions of electric circuits, particularly 
those given in Chapters III and IV, the relationship between 
impressed E.M.E. and current was obtained by assuming the law 
of variation of the current, e.g. by assuming a sinusoidal current 
to be flowing in the circuit. The conditions relating to the sudden 
application of a sinusoidal E.M.E. to circuits possessing resistance, 
inductance, and capacity will now be investigated. 

Relationship Between Impressed E.M.F. and Initial Current for a 
Non-inductive Circuit. Let the impressed E.M.E. be represented by 
the equation e — JS m sin cot. Then, if R denotes the resistance of 
the circuit, the internal E.M.E. (e R ) at any instant is given by 
«e R = — Ri , and this E.M.E. must balance the impressed E.M.E. 

Hence, for any value (e) of the impressed E.M.E. the current 
must equal efR . Therefore, at whatever point on the E.M.F. 
wave the circuit is closed, the current rises instantly to the normal 
value corresponding to the value of the E.M.E. Eor example, if 
the circuit is closed at the instant the impressed E.M.E. attains 
its maximum value, the current rises immediately from zero to its 
maximum value. Thus the conditions become permanent as soon 
as the circuit is closed and there are no transient phenomena. 

Relationship Between Impressed E.M.F. and Initial Current for a 
Purely Inductive Circuit. Let the inductance of the circuit be L, 
and the resistance be zero. Then at every instant the impressed 
E.M.E. balances the E.M.E. of self-inductance, and the relationship 
between impressed E.M.E. and cilrrent is given by the equation 


e = L di jdt = R m sin cot, 
which may be re-arranged in the form 
di e E. 


dt 


— -~r- sin cot. 


Transposing, we have, 

di — (E tn jL) sin cot . dt y 

and, upon integrating this expression, we obtain 
i — — (J£f m IcoI*) cos cot -f- A. 
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where A is the arbitrary constant of integrations the value of 
which is determined by the conditions existing at the instant the 
circuit is closed. 

For example, let the circuit be closed when cot has the value yj. 
The current at this instant is zero. Hence, substituting for cot 
and i in equation (276), we obtain 

0 = — {E m /coL) cos ip + A 9 
whence A = (E^/coL) cos ip. 

Therefore, the general equation for the current is 

i — - (E m /coL) cos cot + {E m /coL) cos y> 

— (Z? m /coL) (cos yj — cos cot) . . . (277) 



Fxa. 324. Wave-poems or Itstitiax, CmutBirT in Pxjkelv Inductive 

CmcuxT 

[Note.—T he wave-form of the impressed. E.M.37. s shown dotted.] 


It can be shown that, except for the special cases when = 0° 
and y) — 90°, this equation represents a sinusoidal curve with its 
axis displaced from the abscissa axis {see curves I, II, III, Fig. 324). 

In the special case when y> = 0° the current curve does not cross 
the abscissa axis, and, therefore, the current never reverses (i.e. the 
current is pulsating instead of alternating). 

In the other special case, when y> — 90°, the current curve is 
symmetrical with respect to the abscissa axis, and the permanent 
conditions—as were considered in Chapter III—obtain from the 
instant at which the circuit is closed. 

In Fig. 324 are shown the current wave-forms—calculated from 
equation (277)—corresponding to y> = 0°, yj — 30°, y — 90°, when 
the impressed E.M.F., at the instant of closing the circuit, has the 
values 0, 0-5 E m , , 

Since equation (277) does not contain a transient term, tke 
conditions represented by this equation are permanent, i.e. the 
succeeding current waves will be exact reproductions of the initial 
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wave, and the current will continue in the same form in which it 
started. 

In practice, purely inductive circuits devoid of resistance and 
losses cannot be obtained, and with all highly inductive circuits 
the resistance, together with the losses in the iron core, produce 
damping effects, so that, a short time after the circuit is closed, 
the current wave-form assumes its normal shape. 

Relationship Between Impressed E.M.F. and Initial Current for an 
Inductive Circuit (Resistance and Inductance in Series). The general 
equation connecting impressed E.M.E. and current is 

e = Ri -4- L di fdt — E ^ sin cat, 
which, when re-arranged, becomes 

~ -f- ^ i — sin cat (278) 

cut Aj Aj 


This is a linear differential equation of the first order, the general 
form of which is 
dy 
doc 


; -j- Ry = Q % 


Such an equation is integrated by the factor & I '- Pdx , and the 
general solution is 

y £ fPdac ___ J' Q e fPdx dx _|_ c 

or V = sr fI>dx J Q&S Bdx doc cs~ fBdx 

where c is the arbitrary constant of integration. 


The general solution to equation (278) is therefore given by 
i = e -fW^dt E p J S nn/L)dt sin cot .di + ce-nwn*t 

Evaluating the supplementary integrals, we have 
i = e- tW Ltf S (W siii cot .dt + c 


The remaining integral is of the form 
J' e ax sin boc . doc , 
which, when integrated, gives 

(a sin boc — b cos boc) 

__ i pax 

a 2 -f 6 2 
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Hence the solution, to equation (278) is 


Er 


(R . 

iU sl 


sin cot — CO cos cot ) -j- C£ -(R/L)t 


L[(RJL)z + co 2 ] ' 

Sini£>lifying, we have 
Em 

i = ' ^ ~ 2^2 (R sin cot — coL cos cot) -f- C e^ RfIj)t 


E m ( R 

— V(-R 2 + <u 2 -k 2 ) ( V(-K a + co 2 £ 2 ) Sln 

co£ ) 

“ cos “q + ce ' <a/i,< 

= v^ 2 ^ 2 ^ 2 ) Rin(co< _ V) + carWW ■ ■ ■ <279) 

— 7 m sin(coi— 99 ) ce< R NA . . . (279a) 

where = E (72 2 -j- co 2 L 2 ) 

and tan 9 ? — coL JR. 

The first portion of equation (279) is the 'particular solution of 
equation (278), which is obtained when t has large values. This 
(particular) solution corresponds to the permanent state of the 
current in the circuit. 

The second, or transient, term in equation (279) is the solution 
of the equation L di Jdt -f- Ri = 0 . This term takes into account 
the initial conditions in the circuit, viz., that initially the current 
is zero, and, therefore, when an E.M.JJ 1 . is applied suddenly to the 
circuit, the current must start from zero at whatever point on the 
E.M.E. wave the circuit is closed. 

The value of the arbitrary constant of integration (c) is deter¬ 
mined by the conditions existing when the circuit is closed. 

If the circuit is closed at a time £ x after the E.M.E. has passed 
through its zero value (which corresponds to t — 0), the current 
at this instant (qj is zero, and, on substituting in equation (279a), 
we obtain 

0 == I m sin (cot x — cp) A- 
whence c = — I rn sin(co£ x — <p). 

Therefore the general equation for the current becomes 

i = I m si n(cot - cp ) - I m e VN) R f L sin(<m£ x - 9 ?) - (280) 

Observe that at the instant of closing the circuit (i.e. t = £ x ), 
the value of the exponential term is equal to that of the term 
representing the permanent conditions in the circuit. 


36 —CT-5245) 
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This equation, except for the special case when a>t x = up, represents 
when t is small, a series of unsymmetrical periodic curves. The 
dissymmetry gradually decreases with respect to time and ultimately 
vanishes (see Tig. 325). 

When oat x — cp, the second, or exponential, term in equation (280) 
is zero and the permanent conditions exist (i.e. the current is 
sinusoidal) from the instant that the circuit is closed, 

A graphical representation of equation (280), in the case of a 
particular circuit, is given in Tig. 325 (curve i), the apiplied E.M.T. 



Pig. 325. Wave-forms or Initial Current nsr Circuit 
Containing Resistance and Inx)Uoa?A.jsroici 


being shown at e. The points on the current curve may be calcu¬ 
lated directly by equation (280), but it is easier to obtain the 
current curve in the following manner— 

First plot the current curve corresponding to the permanent 
conditions. This is a sine curve (a. Tig. 324) having a maximum 
value equal to E rn f^/{R 2 co* 2 £ 2 ) and lagging cp with respect to 
the E.M.T. curve. 

Next calculate a few points and draw the exponential curve (6). 
The calculated points are obtained from the equation 

i' — I m e {t x -t^H/L s i 11 ( 0 )^ — cp). 

Finally, compound the curves according to equation (280)— 
i.e. subtract (6) from (a )—and obtain the resultant curve i. 

[Note. Tig. 325 refers to the case in which L is constant. If, 
however, the magnetic circuit contains iron, the initial state of 
magnetization of the iron, together with the hysteresis loop, will 
have to be taken into consideration in determining the initial 
current and its wave-form. In this case a graphical construction, 
similar to that described in Chapter XV, will have to be employed.] 
Relationship Between Impressed ELM.F. and Initial Current for a 
Circuit Containing only Capacitance. Eet an E.M.T., represented by 
the equation e. = E m sin cat, be applied to a condenser of capacitance 
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C. Then, since the charging current of the o-ondenser at any instant 
is equal to C dejdt, we have 

i — C -=• — G — E m sm coi 


= coC Em cos cot 


= coC E m sin {cot -f~ J 77 ) 

which is the equation (25) deduced in Chapter IV for the 
permanent conditions in the circuit. 

Hence in this case—i.e. if the resistance is zero and there are no 
losses—there are no transient phenomena on closing the circuit. 

If, however*, the switch makes bad contact, so that sparking 
occurs at the contacts, transient conditions will occur, as the 
circuit is then equivalent to a condenser and a resistance (which 
possesses unstable characteristics) in series. 

Relationship Between Impressed E.M.F. and Initial Current for a 
Series Circuit Containing Capacitance and Resistance. Let a sinu¬ 
soidal E.M.F.—represented by e = E,, n sin cot —be applied to a 
series circuit containing a condenser of capacitance C, and a resist¬ 
ance It. Then the general equation of the circuit is 

e = JRi + (1 /O) f i dt. 

Differentiating with respect to time, we obtain 


de _ di 

dt~~ M dt 


% 



Transposing 


and re-arranging terms, we have 


di 

dt 


1 1 de 

eg ' 1 ~ Hi dt 


coE^ 


a 


cos cot 9 


which is a linear differential equation of the first order. 

The solution of this equation is obtained in exactly the same 
manner as that for an inductive circuit (see p. 544), and is 


-y/[iS 2 + (l/coO) 2 ] 

; I m sin (cot + (p) ■+• As ~ t/IiC 


sin (cot + cp) + As‘ t1RC 


(281) 

(281a) 


This equation differs from equation (279a) in the time constant 
and the sign of the-phase-angle cp. Except in the special case 
when the circuit is closed at the instant the impressed E.M.E. is 
passing through zero, the initial current waves are representedfoy 
a series of unsymmetri cal waves similar to those shown in lg. — 
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Relationship Between Impressed ELM.IT. and Initial Current for a 
Series Circuit Containing Capacitance, Resistance, and Inductance. 

Let the applied E.M.F. be represented by the equation e ~E m sin cot, 
and let R, E, C denote the resistance, inductance, and capacitance, 
respectively, of the circuit. Then the general equation of the 
circuit is 


di 1 r 

Rl + L m + c f idt = ' 


E„ r , sin cot 


(282) 


Differentiating throughout in order to clear the integral, we obtain 


■ dt + L dt 2 


i de 

c = di = ajJU ™ ooscot 


(283) 


Differentiating again, we obtain 


R 


dH 


.AH 


— co 2 E m sin cot 


Substituting from equation (237), we have 


' dt s 


dH 1 di 
R di* + Cdi' 


+ L % + b f idt ) 


Differentiating again for the purpose of clearing the integral, and 
re-arranging, we have 


Cl 


dH 

~dU 


dH dH 

CR w* + c +^ CT ^w* 


di 

o^CR m + 


coH — 0 


The solution to this equation may be expressed in the form 
i =: A 1 e m ^ t + A 2 e m ^ -b Ass™** -b A 
where A ± , A 2 , A 3 , A 4 are constants and m x , m 2 , m 3 , m 4 are the roots 
of the equation 

Olisc* -b CRcc* -b (1 + cd*CL)sl r 2 -+- co 2 CRcv +■ co 2 = 0 
The roots are readily obtained, since this equation can be factorized 
thus 

(x 2 4- co 2 ) (CEx 2 + CRx 4 - 1) = 0 


Whence the roots are 


m ± = co \/ — 1 , m 2 — co \/ — 1 

R V(^ 2 ~ AE/C) R ^y/(R 2 — 4=L /C) 

nL * ~ ~ 2 E + ~ 2L ’ “ 2 E 2E 


Therefore the general solution is 

= Ajj£ jcot 4- A 2 £-icot _p £ ~(JR/2L)t (K a ~4£/C)/2Z) 

( 284 ) 
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The first terms represent the particular solution and correspond 
to the permanent conditions in the circuit ; the last term represents 
the transient conditions. This term corresponds to the solution of 
the equation 

L di 2 Jdt 2 -f- R di/dt + i/C = 0 

Observe that the transient term may take one of three forms, 
according to whether GR 2 is > = < 4Zh 

The particular solution-i.e. i — A ± si <x>t -f- AqS '^ 1 —reduces to 

i = A ± ( cos cot -f- j sin cot ) + A 2 (cos cot — j sin cot) 

— (A ± -{- A 2 ) cos cot -f- j (A x — A 2 ) sin cot 

= A cos cot + R sin cot • . . . (285) 

where A = A^ —}— A 2 , B === .?(-^i H~ B 2 ). 

The constants A and B are evaluated by substituting in equation 
(283) the value of i given by equation (285). Thus 

di jdt — — coA sin cot -j- coB cos cot, 
d 2 i(dt 2 = 1 = — co 2 A cos cot — co 2 B sin cot 
Whence, from equation (283), we have 

— co 2 L(A cosoot-b JB sin cot)-\- coR{B cos cot —A sincoZ) 

-f- (A cos cot -f- B sin cot) /C = coB m cos cot 


Equating sine and cosine terms we have 

(i) — co 2 LB — co It A —j— B fC = 0 

(ii) — a) 2 LA -f* coRB -}- A /C = coB r 
B m (l /coC - coL) 


from which 


(1 /coC -coL) 2 + R 2 
B^R 


(1 /coC - coL) 2 -h R 2 
Substituting these quantities in equation (285), we have 
B m 


~~ IB + (1 /coC-coL) 2 
or, if coL ;> 1 IcoC, as is usually the case 

B^. 


colJ cos cot -f- f^sinmfj 




s/\R 2 + (coL - l/coC) 2 ) 
1^ &in(cot — <p) 


sin (cot — cp ) 


(286) 
(286 a) 
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where I nz = E m (\/[R Z Hh (coL — 1 JtoO) 2, ] 

and p == tan -1 (coL — 1 jcoC) /JR. 

This equation, is, of course, identical with, that deduced in 
Chapter VI by assu m ing permanent conditions in the circuit. 

The general equation (284) may, therefore, be written in the 
form 

i « I in sin (cot — q>) + { A s e^ R% ~^ c ^ L 4- A^l^^fC),^ 

(287) 

The evaluation of the transient term of this equation is made 
according to whether R is > = < 2 V( L/C).* Each case will be 
considered separately. 

Case I . R < 2 ->/ iL jC ). . This case is more interesting than the 
others, as the conditions correspond to an oscillatory discharge 
when a condenser discharges through an inductive resistance, the 
constants of which satisfy the above relationship, i.e. R 2 c 4.L/C. 
Denote ^(4=L/C - R 2 )/2L by X. Then we may write 

VT# 2 - 4D/C)/2D = jX. 

Accordingly, the transient term becomes 

g-v-v— (A.jS^ 1 -f- A A s~ j Xt) = A 's-W^Rt s .in {Xt -f- cp ') 
and equation (287) takes the form 

i = I m sin (o>t -<p) A- A r s~( Rr * L)t sin (Xt 4- cp') (288) 

where the constants -4', cp\ include the constants A z , A^ and are 
to be determined from the initial conditions, ■ 

As two constants are involved* we must have two equations 
connecting the initial conditions. One equation connects current 
and time ; the other connects charge (q) and time* The latter is 

obtained from the former, since q = Ji dt. Hence, by integrating 
equation (288) we havej" 

q = - (J 7#> /m) cos (cot - cp) 

-b L)t A'v'iLC) sin (Xt 4- p' + *p") . (289) 

where cp" = tan -1 -\/ (4JC / C — R 2 )jR. 

* The quantity s/{LJC) is called the “surge impedance ” (sometimes the 
“ natural impedance ” ) of the circuit, and is of importance in connection With 
surges and similar disturbances. 

^ p a sin bod — b cos hoc \ 

f Notes. J e aX sm bis — e& x ( - Ip y z - - —J 

x / sin [ hoc — tan" 1 (6 /a)] v 

* ea V + b*) ) 
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If the condenser is initially uncharged, then, at the instant (L) 
of closing the circuit, i = 0, q = 0. Hence, substituting in 
equations (288), (289), we have ° 

0 — I m sin(<3o^ x — <p) ~i~ £-(H!2L)ti gi n (/„4 -j- <p') 

and 0 — - cos(u>fx - q>) 

_[_ £ -( Ri^L)t x A’(LG) gin (Xi x -f- tp' -f- <p") 



ITiGr. 326. Wave-forms of Initial Current in Cmc cjit. Containing 
I t-ESISTANCE, INDUCTANCE, AND CAPACITANCE IN SERIES 

[Note.—T he dotted sine curve, a, represents the current wave-form corresponding 
to the steady-state, or permanent, conditions.] 


Whence 


'2 cot (cot x — <p) - f- coGIi 

V CO V&LC-C*R*) 


A.' = — I. m e + sin(ct>ix — gp)/sin j^cot" 1 


2 1 fi (^/2 L)t 

~a>V(4LC-C z RZ) 


(2 cot (oot-^ — <p) -f- coCR s 
K a>V{±LC - C*~R*) , 

- -i/C (co 2 LG ~ X) sin. 2 (coR 


4- sojCR sin 2 (ojt % — tp) + 1 ] 
Substituting these values in equation (288), we have 
i = I m sin (cot — cp) 

21 ni \/l(co 2 LC — 1 )sin 2 (o>ih — <p) 4- ^coGJU sin 2 (cot x — cp) -f- 1] 
oo-\/ (4zLC — G 2 R 2 ) 

_ (t—f—'i 7?_/0 T, r,„ * V . --,-1 f 2 c «tMx - 99 ) 4- 


e -(t~tj)B.J2L gX21 ^(^ _ t ± ) 4 - COt -1 — 


co^/(4LG - G 2 R 2 ) 
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This equation shows that the initial wave-forms of the current 
may he of a very complex nature, and examples are given in 
Fig. 326. 

Case II. R = 2 -\Z(L/C). This corresponds to the critical case 
for the discharge of a condenser through an inductive resistance as 
the discharge is then just non-oscillatory. 

The transient term of equation (287) now takes the form 
A 3 e ~CH 2 L)t + - wsi)t 

or e“ tW(i 8 + AS 

and accordingly equation (287) becomes 

i — J m sin (cot — cp) -f- s ~ ( - R/2i ) £ (^ 3 + AS - . (291) 

The constants A 3 , A±, must be determined from the initial 
conditions. 

By integrating equation (291) we obtain 

fidt = q = - hi cos (cot-<p)-2^s - (^ 3 + ^ 4 * + 2 ^ ^ 4 ). 

If initially the condenser is uncharged, then at the instant (q) 
of closing the circuit, we have 

0 = I m sin (co£x - <p) + (^3 + AS) e " 
and 0 = —“ cos (u>q — 99) — 2 -^3 -j- -f- 2 Je ~ 

whence d 3 — - I m e ^ R/2 R t i -+- ^L 1 ^) sirL ~ T) ~ cos 

(<uq-9?)l 




EXAMPLES 

Thxs collection of examples inelnd.es questions set at tlxe following 
examinations- 

'University of London, B.Sc. (Eng.)*—Reference L.U. 

Institution of Electrical Engineers, A.M.I.E.E. Examination- 

Reference 1.13.13. 

City and. Guilds of London Institute, Electrical Engineering Practice 
-Reference C.G. 

The examples have been grouped according to subject matter and chapter. 

I.-GENERAL PRINCIPLES AND FORMS OF REPRESENTATION 

(CHAPTERS I AND II) 

1. Write down (a,) the maximum -value, (6) the root-mean-square value, 

(c) the frequency of the following- 

(1) 100 sin 5002 ; (2) (A —{-. B) sin (3 cot .— 0 <p) ; (3) B cos cot — Q sin cot ; 

(4) A, sin {cot -}- tan" 1 6/a). 

Wx-ite down also the phase difference with respect to B sin(cot — a) in 
cases (3) and (4). 

2. Plot curves, in rectangular co-ordinates, for one cycle of the quantities 
a = 10 sin.(co2 -f- 10°), 6 = 5 sin(o>£ — 30°), and determine graphically the curve 
representing the sum of these quantities. 

3. A sinusoidal current of 50 frequency has an R.M.S. value of 10 A. 
Write down the equation for the instantaneous value. If time is measured 
from a maximum positive value, what will be the instantaneous value after 
a lapse of (a) 0-0025 sec., (6) 0*0125 see.? At what time, measured from a 
positive maximum value, will the instantaneous value he 7-07A. ? 

4. A circuit consists of two portions, AB and JSC. The voltage across 
AB is 60 V., that across BC is 100 V., and. their* phase difference is 45°. "What 
is th© voltage between the terminals A and C, and whafc is its phase difference 
with respect to the voltage across BC. 

5. Define ** form factor* ” in connection with alternating E.M.E. wave 
forms. Calculate this factor in the case of (i) a V-shaped wave, (ii) a sine 
wave. Eor what purposes is a knowledge of form factor required. ? (B.U.) 

6. An alternating current lias the following values after equal time intervals 

beginning at zero : 0, 3, 4, 4-5, 5*5, 8, 10, 6, 0, — 3, — 4, -4-5, — 5*5, — S, — 10, 

— 6, 0. If irid the R.M.S. value and form factor. 

7. Calculate the form factor of the wave-forms shown in the accompanying 



(n) (6) (c) (d) 

8. Plot the E.M.E. represented by the equation e — 100 sin cot -f- 13*4 sin 
3 cot. Determine (a) the R.M.S. value, (6) the mean value, (c) the form factor. 

9. Plot the E.M.E. represented by the equation e = 100 sin cot — 13-4 sin 
3 cot, and determine th© form factor. 

10. Determine graphically the vector sum of 5 sin (cot + 1), 3 cos {cot — 1)» 
2 sin {cot — 2-5), 4 sin (cot -j- 3). Express the resnlt in the form A cos (cot -j- <ph 

11. Express in complex form the vector sum of 5 cos (cot -f- 1), 3 sin (cot — 1)» 
- 2 cos (cot — 2-5). 

12. Evaluate (10 + j5) (S-j3 ) / (4-j3). . 

13. Show that if a conductor transmits simultaneously a sinusoidal 
* Th* En"’n?erir.v Examination Papers of the University of London are published regularly 

■ y V s :'.* IT:::vvr-iTy of l./-r:don Press. 
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alternating current of maxiraum value and a direct current, the loss 
in the conductor is equal to VX 1 1 > 2 + *+- Iwd a/ 2) of that which 

would be obtained if the two currents were transmitted over the same distance 
by separate conductors, the current densities being the same in the two cases. 

II.—INDUCTANCE (CHAPTER III) 

1. Prove the relationship between impressed E.M.F. and current for an 
inductive circuit which is carrying a sinusoidal alternating current. 

Such a circuit having a resistance of 15 Cl. and an inductance of 0 03 H is 
connected to a 200 V., 50-cycle supply system. Determine the current and 
the phase difference between current and impressed E.MP. 

2. An inductive circuit has a resistance of 00 O. and an inductance of 

0-36 Hi, and is supplied at 220 Vi, 50 frequency. Calculate (ci) the reactance 
of the circuit ; (6) the impedance ; (c) the current ; (d) the phase difference 

between impressed E>M.F. and cttrrent. 

3. An inductive coil whefi connected to a 100 V., 50-eyele snpply takes a 
current of 1*3 A. When the coil is cbniiected to a 24 V. D.CJ. supply the 
current is 1 A. Determine the inductance of the coil. 

4. An inductive coil, having JR 250 L — 1 H, is connected to 230 V., 
50-cycle mains. Calculate (1) the current; (2) the phase difference of this 
current with respect to the supply voltage; (3) the energy stored in the 
magnetic field of the coil at the instant when the snpply voltage is (i) zero, 
(ii) a maximum. 

5. A voltage which follows the law e — 5t (where e is in volts and t in sec.) 
is applied to a reactor having an inductance of 0*5 U. and negligible resistance. 
The connection is made when t — 0 and is broken when t — 10. Find the 
Ht.M.S. value of the current during this period. Also find the energy stored in the 
reactor at the moment of switching off, USTeglect all losses ill the reactor. (JJ. XJ .) 

6. A low-voltage release consists of a solenoid into which an iron pltinger 
is drawn against a spring. The resistance of the solenoid is 28-5 CL When 
connected to 100 V. 50-cydle mains the current taken is at first 1-12 A., and 
falls to 0-43 A. when the-plunger is drawn into the solenoid. Calculate the 
inductance of the solenoid and the maximum flux-turn linkages for both 
positions of the plunger. (JC.Z7.) 

7. The reluctance of the core of a certain transformer is 0-002. Find the 
coefficient of mutual inductance between the primary and secondary coils 
which have 1250 and 40 turns respectively, neglecting magnetic leakage. 

8. A solenoid is wound with 1068 turns in a length of 60-4 cm, and is fitted 
with an internal search having 242 tru'ns and a mean cross section of 16-2 
sq. em., the search coil occupying a symmetrical position at the centre of the 
solenoid. Find the F.M,F, induced in the search coil When ail alternating 
current of 2 A. at 50 frequency is passed through the solenoid. 

9. A solenoid, 30 cm. long, has 300 turns uniformly distributed and is sup¬ 
plied with an alternating current of 2 A. at a frequency of 1000 c.p.s. A small 
single-layer coil of 50 turns, with an end area of 10 Cm. is placed inside the 
solenoid near the middle. Calculate the mutual inductance of the two coils 
and the E.M.F. induced in the smaller one when their axes are parallel. The 
permeability of the medium may be taken as unity. (LuU *) 

10. The mutual inductive reactance between two similar circuits placed 

hear together is 5 Q. Each circuit alone has a resistance of 12 Cl. and a react¬ 
ance of 9 C2. When a current of 0-5 A. circulates in th© closed secondary 
circuit, what is the current in the primary circuit ? What voltage must he 
applied to the primary to establish this current ? (L. U.) 

11. Two coils A, B, of impedance JR X -f • jtoL/ x and JR & jcoL» respectively 
are so Wound on a Wooden core that their mutual inductance is JVl. Fin cl ex¬ 
pressions for the currents in the coils when an alternating voltage V is estab¬ 
lished across coil A and coil JB is closed by an impedance Flow will these 
expressions be modified if the wooden core is x'oplacod by iron ? State any 
assumptions made. (IJ.ZJ.) 
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12. Two wires tire wound together on a core. At one end A. the wires are 
connected together but the other ends JB and & are kept separate. One end 
0 f a resistance R is connected to A., and between the other end, Z>, of R. and 
B a voltage of 100 V. at 50 c.p.s. is applied. D is also connected to C. 

If each coil has a resistance of 30 Cl. and an inductance of 0*5 EC., and if the 
mutual inductance between the coils is 0-3 Hi, for what value of R will the 
currents in the coils to© in exact phase opposition, and what will be the currents 
in the coils? {£>. U.) 

III.— CONDENSERS AND CAPACITANCE (CHAPTER IV) 

1. Deduce an expression for the capacitance of a cylindrical condenser in 
tei'lhs of its dimensions, and the specific inductive capacity of the dielectric. 

A condenser consists of two co-axial cylinders, the outer 4 diameter of the 
iiiner cylinder being 3 cm* and the inner diameter of the outer cylinder 3-5 cm. 
If the tubes are 50 cun long and the space between them is filled with bakelite 
having a specific inductive capacity of 4, calculate the capacitance. State the 
units in which the result is given. (_D.£7.) 

2. Calculate the capacitance of a Simile length of single-core cable for 
which the conductor diameter is 0*58 in., the thickness of insulation 0*18 in. 
and the dielectric constant 3. 

3. Compare the properties of (a,) air, (6) waxed paper, (c) mica when used 
as the dielectric of a condenser. 

Calculate the capacitance of a condenser consisting of 49 metal sheets, each 
S eth, by 2 cm., the dielectric consisting of mica sheets (dielectric constant 
6*5) each 0*003 cm. thick. Assume that the assembly is compressed until all 
air is expelled from between the plates. (L.ZJ.) 

4. A condenser' is made up of two parallel circular metal discs separated 
by three layers of dielectric of equal thickness but having permittivities 
(dielectric constant) of 3, 4, and 5 respectively. The diameter of each disc 
is 25*4 cm. and the distance between them is 6 rmru Calculate the potential 
gradient in each dielectric and the energy stored in each when a steady P.D. 
of 1500 V. is applied between the discs. Neglect fringing. ( C.G .) 

(Note. Potential gradient = voltage/thickness of dielectric.) 

5. A condenser of 20 /AP. capacitance is connected in series with a 100 iQ. 
resistance to a 230 V"., 50-cycle supply. Calculate the energy stored in the 
electric field of the condenser at an instant when the supply voltage is a 
maximum. ( L >. IJ .) 

6. What is meant by the “ charging current ” of a condenser connected 
to an alternating current supply system ? Draw a diagram showing relationship 
between charging current and impressed B.M.IT. 

Calculate the charging current of a 15 fAP. condenser when supplied at 
220 V., 50 frequency. 

'7. Two condensers having capacitances of 10 /iP. and 20 /xTP. are connected 
(i) in parallel, (ii) in series, and the combination is supplied at 250 V.„ 50 
frequency. Determine tbe line currents in each case. 

8. Two condensers having capacitances of 0-05/dET- and 0*12 //F. are con¬ 
nected in series across a 2500 N., 50-cycle circuit. Calculate the voltage 
across each condenser. 

'9. A condenser and a resistance are connected in series across 110 V ., 
SO-cycle mains. Calculate the capacitance of the condenser in order that the 
resistance shall absorb 30 W*. at 50 V. ... 

lO. A coil having i?= 20 O- and L = 0*3 Id. is connected m series with a 
30 jui?. Condenses- to a supply of 230 V. at 50 c.p.s- 

Calculate (i) the current in the circuit, (ii) the voltage across the coil, (m) the 
voltage across the condenser. 

IV.— POWER AISTD POWER FACTOR (CHAPTER V) 

1. What is meant by the ** power factor of a circuit 1 . 

Show how the power factor of a circuit may be determined experimentally, 
and draw a diagram of connections. 
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Calcixlate the power factor of an. inductive resistance wlxicli takes a current 
of 5 A. and a power of lOO W. at 100 V. 

2. Wkat is the power factor of the circuit in Example 9 (III). 

3. Calculate the current in, and the power factor of, a circuit of which the 
resistance is 5 £2. and the inductance is 0-01 H. when the supply pressure is 
200 V., 50 frequency. 

4. Calculate the power supplied to, and the power factor of, the circuit in 
Example 10 (III). 

5. A.-circuit contains three coils. A, B, C, in series. When 1 A. direct 
current is passed through theln, the voltage drop across each, taken in order, 
is 5, 2, 10. When an alternating current of 1 A. and of frequency 50 is 
passed, the voltages are 5-6, 6, and 11. Find the power factor, the power 
factor of each coil and the power dissipated in each coil. (JJO.ZJ.) 

6. The voltage applied to a coil having JR = 200 £2., JO ~ 638 mEL, is 
represented by e = 200 sin 100 rrt. Find a corresponding expression for the 
current and calculate the average value of the power taken by the coil. ( I.E.E.) 

7. The total load on a factory is 1000 kW. at a power factor of 0-95 
lagging. If 800 kW. of the load has a power factor of 0-S lagging, what is the 
power factor of the remaining portion of the load ? 

8. A load of 2500 kW. at a power factor of 0-8 is supplied by two alter¬ 
nators operating in parallel. If the output of one machine is 1000 kW. at 
a power factor of 0-95 lagging, at what output is the other machine operating ? 

9. In what way does power factor affect the cost of electricity supply and 

the heating of cables ? A substation, which is connected to the generating 
station by a single cable, supplies the following loads: 1500 kW. at 0-85 

power factor (lagging), 1000 kW. at 0*8 power factor (lagging), 1000 kW. at * 
0-75 power factor (lagging). Determine the power factor of the supply to the 
substation and the load that could be supplied through the cable at unity 
power factor and the same heating. {I.E.E.) 

V.—SERIES CIRCUITS (CHAPTER VI) 

1. Define the terms “ admittance,” “ conductance,” and “ susceptan.ce,” 
with reference to alternating-current circuits. Calculate their respective 
values for a circuit consisting of a resistance of 20 12. in series with an 
inductance of 0*07 EC. when the frequency is 50 cycles per second. ( C.G .) 

2. A non-inductive 10 Cl. resistance. A, and an inductive coil, B, are con¬ 
nected in series across a 230 V. 50-cycle supply. The voltages across A and 
B are 108 V. and 171 V. respectively. Find, (a) the impedance, reactance, 
inductance and resistance of the coil, ( b) the total power, and (c) the power 
factor. ( L.TJ .) 

3. Two inductive resistances A and B are connected in series. A has 
JR — 5 Cl., JO — 0-01 H. ; B has JR — 3 Cl., JO — 0-02 H. If a sinusoidal voltage 
of 230 V. at 50 frequency is applied to the whole, calculate ( a) the current, 
(b) the power factor, (c) the voltage drops. Draw a complete vector diagram 
for the circuit. ( I.E.JE .) 

4. A constant reactance is connected in series with a valuable resistance 
across A.C. mains. Prove that the current locus is a circle. Taking a constant 
reactance of 10 £2. and an applied P.D. of 100 V., demonstrate the above 
theorem by drawing current vectors for a number of values of the resistance 
between zero and infinity. What is the maximum power dissipated and at 
what value of the resistance does it occur? (C.&.) 

5. A coil, for which JO = 0-3 EC., R = 10 £2., is connected in series with a 
variable resistance across a supply of 230 V., 50 frequency. Draw to seal© 
the vector locus of the current when the resistance is varied from zero to 
infinity. Determine the value of the current when the variable resistance has 
values of (i) 15 0., (ii) 50 £2., and (iii) 90 £2. ( JO.TJ .) 

6. A 5 /IF . condenser is connected in' series with a variable resistance 

across 230 V., 50-cycle mains. Draw the vector locus of the current as JR 
varies from 0 to oo . Fox- what value of R will the power taken from the mains 
be a maximum? ( O. XT.) * * 
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7. A condenser of 10/.4 F. capacitance is connected in series with, a coil having 
an inductance of 250 mH. and a resistance of 400 Q. An alternating- E M F* 
of 100 V., sine wave-form, and 50 frequency is applied to this circuit? What 
current will flow through it. {L. U.) 

8. An alternating-current circuit includes two sections, AJB and JBC, in 
series. The section AJB consists of two branches in parallel. The first of 
these is formed of a non-inductive resistance of 60 £1. in series with a condenser 
of 50 jliF. ; while the second consists of a resistance of 60 Q. having an induc¬ 
tance of 250 mH. The section 13 G consists of a resistance of 100 £1. having 
an. inductance of 300 mH. The frequency is 50 cycles per second and the 
voltage across section A13 is 500 V. What is the voltage across 13C ? 
{L.U.) 

9. A series circuit connected .to a 230 V., 50-cycle supply consists of (1) a 
non-inductive resistance of 50 O., (2) an inductive coil for which JR — 15 Cl., 
L = 0-1 H., (3) a condenser of capacitance C juF. Determine the value of C 
for which the voltage across the condenser is equal to that across the inductive 
coil. For this condition calculate (1) the current, (2) the power, (3) the power 
factor, (4) the voltages across the separate parts of the circuit. 

10. An inductive coil having a resistance of 35 Cl. and an inductance of 0*5 H. 
forms part of a series circuit, for which the resonance frequency is 55 cycles 
per second. If the supply frequency is 50 cycles and the voltage is 100 V., 
determine (1) the lino current, (2) the power factor, and (3) the voltage across 
the inductive coil. 

11. A condenser, the losses in which are negligible, is connected in series 
with an air choking coil having a self-inductance of 0-1 IT. across the terminals 
of an alternator, the voltage of which is maintained constant at 100 V. The 
frequency is gx*adually increased until at 250 cycles per second the current 
reaches a maximum value of 50 A. Calculate the capacitance of the condenser 
and the ammeter reading at 200 cycles per second. (C.G.). 

12. A resistance, a condenser and a variable inductance are connected' in 
series across a 200 V., 50-cyele supply. The maximum current which can be 
obtained by varying the inductance is 314 mA., and the voltage across the 
condenser is then 300 V. Calculate the capacitance of the condenser and the 
values of the inductance and resistance. ( I.E.JBJ .) 

13. A series circuit consists of a 20 juF. condenser and an inductive coil. 
When this circuit is supplied at a constant voltage of 10 V. and variable fre¬ 
quency the highest value of current which can be obtained on an ammeter 
connected in the circuit is 1 A., which occurs when the frequency is 50 c.p.s. 
Find the frequencies at which the current is (i) 0*5 A., (ii) 0-25A. 

14. A closed circuit consists of a resistance of 5 Cl., an inductance of 0*2 
mH. and a variable condenser* connected in series. An E.M.F. of 1 V. at a fre¬ 
quency of 10 g /27t is induced in the circuit. Draw the current locus as the capaci¬ 
tance of the condenser is raised from 220 jujuJF- below to 200 jujliF. above the 
value corresponding to resonance. {L.U.) 

15. At a frequency for which co = 796 an E.M.F. of 6 V. sends a current of 
100 mA. through a certain circuit. When the frequency is raised so that 
co — 2866, the same voltage sends only 50 mA. ;:iir ■i:g i : *.e same circuit. Of 
what does the circuit consist? {J.E.E.) 

16. A coil of inductance 20 mH. and resistance 2*2 Cl. has applied to it an 
alternating E.M.F. of 50 frequency. Near the coil there is an eddy-current 
path of inductance 0*5 // II. ami resistance 50 juCl. The mutual inductance 
between this path and the coil is 10 //H. 

Find the percentage change in the equivalent resistance and inductance of 
the coil caused bv the eddy currents. {L.U.). 

17. A coil A, having E = 10 Cl., L = 0*01 H., is placed near a short-cir¬ 
cuited coil, 13, having R ~ 20 Cl., L = 0*02 H. The mutual inductance 
between the coils is 0*006 H. If coil A is connected to a supply having a fre¬ 
quency of 1000 c.p.s., find its effective inductance and effective resistance. 
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18. A primary circuit, consisting of O — 0-0005/^F., JO ~ l*5m A., 72 =- 450. 5 
is coupled magnetically with, a closed secondary circuit, consisting of 
O — 0-002 jTB'., Ij — 0-5 mBL, JR — 15 O. The mutual inductance is 1 mH. 
What is the effective series impedance of the primary circuit at a frequency of 
lOOkc. p.s. ? (I.JEJ.JEJ.) 

10- Two circuits, each of L — 2 nxH\, JR — 200 O., O = 0-002 /ulP., are 
coupled by a mutual inductance of 10 At what frequency will an E.M.F. 

of 1 V. in one of the circuits produce maximum current in the other ? What 
will be the values of the current in each circuit ? (I. TD .JUS .) 

VI.-PARALLEL CIRCUITS (CHAPTER VI) 

1. Two inductive resistances, having reactances of 5 0. and 2 O., and 
resistances of 3 A. and 4 Cl., respectively, are connected in parallel and 
supplied at 100 V. Calculate the lino current. 

2. Two circuits, the impedances of which are given, by 8 — j 7, S -f- j6, 
are connected in parallel across a 100 V. supply. Calculate the current 
passing through each circuit, and. the total, or line, current. Find also the 
phase difference between tbe supply voltage and the currents. 

3. A 200 V., 50 cycle alternator is loaded with two choking coils which 
may he connected either in series or parallel. One coil has a resistance of 
1-5 Q. and an inductance of 60 mH. ; the other coil has a resistance of 2-5 jQ. 
and an inductance of 30 mH. Determine the current in the circuits arid the 
power factor of the load (i) when the coils are connected in series, (ii) when 
they are in parallel. 

4. A resistance, JR, and a condenser, G, are connected in parallel across 
A.C. supply mains, the frequency being €o/2v. Obtain expressions for (1) the 
joint impedance, giving both the trigonometric and symbolic forms, (2) the 
cosine of the angle of phase difference between the lino voltage and the line 
current. Find the values of JR and G which will give a line current of 5 A. 
and. a power factor of 0-8 when connected to a 230 V. 50-cycle system. 

5. A capacitance, C, and a resistance, JR, are in series across A.C. mains of 
frequency o/27t. Find expressions for the values of an equivalent, circuit con¬ 
sisting of a capacitance 1SJ shunted by a resistance S. Taking 0=2 fxW., 
JR — 800 and co = 500, draw vector diagrams in each case when the supply 
voltage = 200 V. (jD.O.) 

6. A supply at 200 V., 50 cycles is applied to two circuits in parallel. One 
of these takes a current expressed by 10 /-30° A. The other circuit consists of a 
condenser of 10 ^F. 

Express as complex quantities (a) the current from the supply ; (6) the com¬ 
bined impedance of the two circuits. (J0.Z7.) 

7. A voltage, having a frequency of 50 c.p.s. and expressed by V — 200 
-\-.jlOO, is applied to a circuit consisting of an impedance of 50 / 30° Q. in 
parallel with a capacitance of 10 /^F. Find («) the reading on an ammeter 
connected in the supply circuit, ( b ) the phase difference between tbe current 
and the voltage-. (A. U.) 

8. A voltage of 200 / 30° V, is applied to two circuits A and JB connected 
in parallel. The current in A is 20 / 60° A, and. that in JB is 40 / — 30° A. Find 
the kVA. and kW. in each branch circuit and the main circuit. Express the 
current in the main circuit in the form A. -}- jB. (JO.G.) 

9. The two branches of a parallel circuit consist of (i) an inductive resistance, 
and (ii) a shunted condenser- connected in series with an inductionless resis¬ 
tance. The inductive resistance has an impedance of 60 Q„ and the ratio of 
reactance to resistance is 3. The condenser has a capacitance of 10 jbfcF., and is 
shunted by a resistance of 0-1 megohm. The value of the inductionless 
resistance connected in series with the shunted condenser is 100 A . Tire 
Supply pressure is 200 V., and the frequency is 50 cycles p©r second. 

Determine {a) the current in the two branches, (5) i Uo line current, (e) the 
power supplied. 
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10. A circuit, having R = 10 Cl. and L = 0-04 H., is connected in parallel 
with a 100 jPR. condenser across 230 V., SO-eycle mains. Galeulate (1) the 
current in each branch, circuit, (2) the phase difference between these currents, 
(3) the line current, (4) the power taken from the supply, (5) the power factor. 

11. A condenser is placed in parallel with two inductive loads, one of 20 A. 

at 30° lag, and one of 40 A. at 60° lag. What must be the current in the 
condenser so that the current from the external. circuit shall be at unity 
power factor ? (G.G.) 

12. A resistance of 23 Cl., an inductive coil {JL = 0*4 H, JR = 13 Q.), and a 
00 Ju F. condenser are connected in parallel across a 230 V. 5 50-cyele supply. 
Find the values of (a.) the total current, (6) the current in the condenser, (c) the 
current in the inductive coil at the instants When the current in the resistance 
is 8A. {JJ.XJ.) 

13. A coil tuned by a condenser C is loosely coupled to a high-frequency 
generator. The values of G to produce resonance at frequencies of 1 and 1-4 
megacycles per sec. are 800 and 400 jujulf. respectively. Find the. self-capaci¬ 
tance of. the coil. {X.2S.JEJ.) 

14. An air-cored choking coil is subjected to an alternating voltage of 

100 V. The current taken is 0*1 A. and the power factor 0*2 when the 
frequency is 50. Find the capacitance which* if placed in parallel with the coil, 
will cause the main current to be a minimum. WT.nr will ■>.■ ; he impedance 
of this parallel combination (a) for currents of frequency 50, Jh) for currents o£ 
frequency 40 ? ( Jb.U .) 

15. Show how condensers are connected for improving power factor. It is 

desired to install a condenser to obtain 200 kVA. (leading) on a 800 V. 
system at a frequency of 50 cycles per second. If each element has a capaci¬ 
tance of 1 /^F. s how many elements will be needed ? ( G.G .) 

16. Two impedances, 4 -f- j5> and 8 -f- jiO, are connected in parallel across 

200 V., 50-frequency mains. Find (a) the admittance, conductance and 
susceptance of each branch, and of the entire circuit ; (b) the total current 

and its power factor. 

What value of capacitance must be connected in parallel wit h the combina¬ 
tion to raise the resultant power factor to unity? {G.G.) 

1T. A single-phase motor takes a current of 80 A. on full-load when its 
power factor is 0-83. What capacitance must be placed in pai'allel with it to 
make the power factor unity upon a 500 V., 50 frequency circuit ? {L.U.) 

IS. The load on a single-phase alternating-current supply system is 100 kW. 
at a power* factor of 0*71 (lagging). If phase advancing apparatus is available 
for parallel connection, taking leading current at a power factor of 0*1, what 
must be its load in kVA. if the power factor* of the whole system is to be 
raised to (a) 0-S, (6) 0*9, and (c) 0*95. 

19. A BOh.p., single-phase, 440 V., 50-cycle induction motor has a full¬ 
load efficiency of 90 per cent, and a full-load power factor of 0-89 (lagging). 
This machine is shunted with a condenser in order to bring up the resultant 
power factor to 0*95 (lagging);. Assuming zero power factor in the condenser, 
calculate its capacitance. {L.U.) 

20. A coil, with Z — 20 + jSO O., has induced in it an E.M.F. of 10 V. 
Across the coil are connected two circuits in parallel, the impedances of which 
are 10O -}- JO and 60 — J40, respectively. Find the current which flows in the 
coil. {I.JS.XO.) 

VII,—SERIES -PAItALtflL CIRCUITS (CHAPTER VI) 

1. An alternating E.M.F. of 230 V. at 1000 c.p.s. is applied to a circuit con¬ 
sisting of a non-inductive resistance in series with a 0*05 /li F. condenser. When 
an electrostatic voltmeter is connected across the condenser a reading of 100 \ . 
is obtained. If the capacitance, in juJP., of the voltmeter is given by 


C = I0~ 2 -f- 5 X 10~ 6 V-, 
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whex*e V is the voltage at the terminals of tlie instrument, find the current 
in the circuit when the voltmeter is diseomiected. (JL.U.) 

2. Two reactive circuits when carrying 50-cycle currents have the same 
impedance and also the same power factor (= l/\/2). The first circuit con¬ 
sists of a condenser shunted by a resistance of 200 Cl. The second circuit 
consists of a choking coil. Find (1) the capacitance of the condenser, and (2) 
the inductance and resistance of the choking coil. If these circuits are placed 
in series across 400 V., 50-cycle mains, draw a vector diagram for the voltages 
and currents. ( I.JEJ.JE.) 

3. A circuit, consisting of a condenser in series with a resistance of 10 Cl., 
is connected in parallel with a coil, having JL — 55-2 mH. and It = 10Q.’ 
to a 100 V. 50-cycle supply. Calculate the value of the capacitance for which 
the current taken from the supply is in phase with the voltage. Show that 
for the particular values given the supply current is independent of the 
frequency. (JL.U.) 

4. A coil, having It — 100 Cl., B = 0-04 U., is connected in series with a 
1000 Cl. resistance which is shunted by a condenser. Determine the capaci¬ 
tance of the condenser if the current in the coil is to be closely independent 
of frequency between 0 and 100 c.p.s., and state the alteration in the current 
when the frequency is 2000 c.p.s. (I .JEJ .JEJ.) 

5. Three impedances A, B, C, have constants as follows: A — resistance 
— 50 Cl., serie s^ inductance = 0-1 H. ; J3 — resistance == 20 12., series in¬ 
ductance = 0-4 H.; C — Resistance = 20 Cl., series capacitance ===== 200 ^F. 

A and JB are connected in parallel and G is connected in series with the com¬ 
bination. Find the current taken from a 100 V. 50-cycle supply system. ( JL.U.) 

6. A sei’ies-pai'allel circuit consists of two parallel braxxch.es A, B, and a 
series branch G . 

The branch impedances are: Z K — 10 -f- j8, Z^ — 9 — j6, Z G — 3 + j2. 

Determine the current in A and B when the voltage across G is 100 (1 ~(- j0). 
Determine also the phase difference between these currents. (JL.U.) 

7. A circuit includes two sections AJE? and JBG in series. The section AB 

consists of two branches in parallel, one having It == 60 Cl. and G — 50/xF. in 
series, and the other having JR — 60 Q. and JL — 250 mH. in series. The section 
JBG has JR ===== 100 Cl. and JL = 300 mH. in series. If the voltage across AjS is 
500 V. at 50 c.p.s., what is the voltage across JBG ? ( I.JBJ.JEJ .) 

8. A series-parallel circuit, consisting of a sei*ies impedance Z z and two 

parallel-connected impedances Z x , Z 2 , is supplied at 100 V., 50 c.p.s. If 
Z x = x -+- J4t, Z === 8 -f- JO, Z^ — 3 j5, find the locus of the line current as 

x varies from 0 to OC. From the locus read off the value of the current when 
x = 4 Cl. {JL. TJJ.) 

9. A resistance of 3 Q. and a capacitive reactaxxce of 5 :Q. are in parallel and 
this combination is in series with an inductive reactance of 7 Cl. The whole 
is shunted by a resistance of 4 Cl. Find in symbolic notation the impedance 
of the whole circuit. (JL.U.) 

10. The arms of a T-network ABC — BID are as follow: AB and BO each 
consist of a coil for which JR — 40 Cl., JL ~ 4 mH. ; BJD consists of a 10 juF. 
condenser. Across A and JD is established a F.D. of 6 V. at a frequency of 
796 c.p.s. Find the current in a resistance of 40 Cl. connected across C and D, 
and its phase angle with regard to the applied voltage. (I.JEJ.JEJ.) 

11. An inductive coil, for which JR = 300 ;Q., .1 = 0-7 H., is shunted by a 
l'esistanee JR X and the combination is connected, ixx series with a 15 /xB. con¬ 
denser across a 230 V, 50-cycle supply. Find the value of JR X which gives zero 
phase difference between line voltage and line current. Find also the line 
current under these conditions and the voltage at the terminals of the 
condenser. 

12. A circuit. A, consisting of a condenser G shunted by a resistance JR, 
is connected in series with another circuit, B, consisting of an inductive coil 
(JL — 0-05 H., JR — 5 Cl.) shunted by a 100 Cl. resistance, and the combination 
is supplied at 230 V., 50 c.p.s. Find the values of Ft and G in order that the 
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voltages across A. and J3 shall have a phase difference of 90° and that the 
voltage across JB shall lb© four times that across A. 

13- For a certain. A..C. experiment it is necessary to have a circuit through 
which the current is maintained constant while the power factor is varied. 
For this purpose a coil, having L — 7 mEE. and R negligible, is connected in 
parallel with a 0 — 20 Cl. variable resistance R x , and a second variable resist¬ 
ance, M-z, is connected in series with the combination. Give a vector diagram 
and determine the range required for _R 2 to maintain a constant line current 
of 40 A. when JRj is varied from O to 20 Cl., the voltage across the whole circuit 
being maintained constant at 100 V., 50 e.p.s. What will be the maximum 
and minimum power factor under these conditions? ( L.U.) 

14. A coil {L = 2raBE., R ~ SCI.) is connected in series with a circuit 
consisting of a resistance of 12 Cl. in parallel with a valuable condenser. The 
combination is supplied at a constant voltage of 40 V. and a frequency for 
which co — 5000. 

Draw the vector current-locus and explain its theory. From the locus 
diagram read the currents when the capacitance of the condenser has values 
of 5 and 25 juF. {L.U.) 

VIII.-SINGLE-PHASE TRANSFORMERS (CHAPTER VIII) 

1. A transformer has its primary winding connected to mains whose 
voltage varies according to the sine law at a frequency of 50. The secondary 
coil has 50 turns and gives 100 V. when on open circuit. The section of the 
transformer core is 20 sq. in. Determine the maximum value of the flux 
density in the core. Prove the formula used. (L. U .) 

2. Draw a vector diagram for a transformer, showing the phase relations 
between the primary and secondary voltages and currents. A single-phase 
transformer with a ratio 6600/400 takes a no-load current of 0-7 A. at 0*24 
powex* factor. Xf the secondary supplies a current of 120 A. at 0-8 power 
factor (lagging) estimate the current taken by the primary. {I.E.E .). 

3. Explain what is meant by («) equivalent resistance, {b) leakage reactance 
of a transformer. Calculate these values from the f olio win ~ tr-st fl = 
obtained on the primary side of a step-down transformer, the <-»>-:■ Ic -y b 
short-circuited. Applied P.XX 40 V., current 60 A., power input SOU W. {(J.Cf.) 

4. A 50-cycl© single -phase transformer has a ratio of transformation of 
5 to 1 and a full-load secondary current of 200 A. The resistance and 
reactance of the primary are 0*S Cl. and 2-5 Cl. respectively, and the corre¬ 
sponding values for the secondary are 0-04 jQ. and 0-1 Q. If the low-voltage 
winding is short-circuited, what voltage must be applied to the other winding 
so that full-load current may be obtained in the former ? Neglect the 
no-load current. {L.U.) 

5. A 10 kVA., 2000/200 V. transformer was tested (i) with the secondary 
winding open circuited, (ii) with the secondary winding short circuited, and 
the results were as follow, all readings being taken on the primary (2000 V. 

' (i) Open circuit test -2000 V., 0-2 A., 280 W.; (ii) short circuit test —150 V., 

5-0 A., 225 W. 

Explain the meaning of these results and the information which can be 
deduced from them. 

How would the above readings be modified if the tests had been carried 
out by applying suitable voltages to the secondary winding, the primary 
winding being short circuited in the second test? {L.ZJ.) 

6. A 1000 kVA., single-phase, 50-cycle transformer has a full-load secondary 
current of 2500 A., and the ratio of transformation is 5/1. The resistances of 
the primary and secondary are 0-04 and 0-0015 Cl. respectively, and the 
corresponding reactances are 0-25 Cl. and 0-08 What voltage applied to 
the secondary terminals will cause full-load current to circulate in the short- 
circuited primary windings. {L.U.) 

7. Develop a simple expression for the pressure-drop xn a transformer. 

37—(T-5245) 
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If the copper loss in a transformer is 1 per cent of the full load, output at unitv 
power factor, and the inductive pressure is 3 per cent of the normal pressure 
find tire regulation at full-load when the power factor is 0-8. ( G.G .) 

8. Draw and explain the complete vector diagram for a transformer supply, 

incr e 1 a taring Toed, and give a graphical construction for obtaining the voltage 
:v-jt .sis. ■ ■ ■!. i d-load current and various lagging and leading power factors. 

\ ; r,::has a reactive drop of 4 per cent and a resistance drop of 
2 per cent. Find the lagging power factor at which the voltage change is a 
maximum and the value of this regulation. (C.Gr.) 

9. Show that air A.C. transformer has a maximum efficiency when the 
copper loss is equal to the iron loss. A 100 kVA. transformer lias a full-load 
copper loss of 2500 W. and an iron loss of 1600 W. If the transformer supplies 
a load of 0*8 power factor calculate (i) tlie efficiency at full load, (ii) the maxi¬ 
mum efficiency and the corresponding load. (B.CJ.) 

10. A 20 kVA. single-phase transformer, x*atio 1100/220 V., has an 'iron loss 
of 200 W. The resistance of the primary winding is 0-25 Cl. and that of the 
secondary is 0-012 O.: the corresponding leakage reactances are 1-1 Q. and 
0-055 Cl. rc-sncctivr-k-. Calculate the percentage resistance and reactance 
drops at fn'i ic.i.i o-S power factor*. At what percentage of full load will the 
efficiency be a maximum? (I.J3.JR.) 

11. Deduce the conditions under which (i) the efficiency of a transformer 
is a maximum, (ii) the power factor* at which tlie voltage drop is a maximum. 
A transfoinner has voltage drops of 1-5 per cent and 4 per cent of its rated 
voltage due to resistance and leakage reactance respectively. Calculate (a) 
the maximum percentage voltage drop on full load, (6) the efficiency on half 
load at unity power factor if the iron losses are equal to the copper losses at 
full load. (C.G.) 

12. Give the rules which govern the parallel operation of transformers. Two 
transformers A and B give the following results: with the L.-v. side short- 
circuited!. A takes a current of 10 A. when 200 V. is applied to the li.-v. side, 
the power input being 1000 W. Similarly, B takes 30 A. at 200 V., the power 
input being 1500 W. On open circuit both transformers gave a voltage of 
2 200 V. on the l.-v. side when 11,000 V. was applied to the li.-v. side. These 
transformers ax*e connected in parallel on both sides, the li.-v. side being 
supplied at 11,000 V. Calculate the current and power supplied by each 
transformer to a load, requiring 200 A. at 0-S power factor (lagging). Neglect 
the no-load currents of the transformers. (L/.CJ.) 

13. Two transformers, A and B, of equal rating share a load of 180 kW. 
at 0-9 power factor (lagging). At. full-load tlie voltage drop due to resistance 
in transformer A is 1 per cent of tlie normal terminal voltage, and that, due 
to reactance 6 per cent. The corresponding figures for transformer B are 
2 per cent and 5 per cent respectively. Find the load in kW. on each 
transformer. (B.U.) 

14. Two transformers, A and B , have a ratio of transformation of 3300 
to 220. When run on short circuit, A took 600 W. at 1O0 V. on the primary 
to make 230 A. flow in the secondary ; B took 1 100 W. at 80 V. to make the 
same current. (230 A.) flow in its secondary. The two transformers are run 
in parallel on the same primary and secondary bus-bars, with a total load of 
100 lcW. at 0-8 power factor. Find approximately how the load will be 
divided between the transformers. (RAJ.) 

15. Three transformers of equal ratings share a load of 200 kVA. at 0*8 

power factor. Calculate the loadings if the voltage drops due to resistance 
and leakage reactance at full load are : 2 per cent ( IZI ) and 4 per cent (XI) for 

transformer’ A, 2 per cent (III) and 6 per* cent (XI) for transformer B, 2*5 
per cent (RI) and 8 per cent (XI) for transformer G. 

IX.-POLYPHASE CIRCUITS (CHAPTER IX) 

I. A balanced A-connected load, connected to a 400 V., three-phase system, 
takes 10 kVA. at 0*8 power factor. Calculate the resistance of each branch 
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of a balanced Y-coimecfced tioa-inducfeive load which, when connected to the 
same supply, will take tho same power. 

%. Three resistances ea<‘li of 500 Q. are connected in star to a 400 V.. 
50 -cycle, three-phase supply. Xf three condensers, when connected in A to 
the same supply, take the same line currents, calculate the capacitance of 
each condenser and the line currents. (L.U.) 

3. A three-phase induction motor is supplied from mains at 440 volts. 
It is coupled, to a pump taking 50 B.It. P. The efficiency of the motor is 
9->. per cent and its power factor is 90 per cent. What is the current in each 
phase? (CM.) 

4 . Explain, with the aid of vector and connection diam'ams. how you would 
measure the power input to a three-phase motor. Ti:-of two watt¬ 
meters properly connected fox' this test are respectively 2-5 kVV. and 0*25 kW., 
the latter reading being obtained after reversing the connections of the 
current coil. Eind. t he power and power factor. (CM. ) 

5. Two three-phase alternators are running in parallel and supplying power 
to a transmission line symmetrically loaded. Two wattmeters properly 
connected give readings of 300 aixd 900 kW. respectively, and both wattmeter 
deflections follow the variations of the load. The readings of ammeters 
connected, in the line and iix tlio circuits of the two alternators are in the 
ratio 5 : 3 : 4. Determine how much load each alternator is taking*, and the 
readings that would be indicated by each of four wattmeters” properly 
connected in pairs in the circuit of each alternator. ( L.U.) 

6. Plot a graph showing the variation in power factor with the ratio of 
the wattmeters readings in three-phase power measurements by two watt¬ 
meters when the load is balanced. 

The power input to a 2000 V., 50-cyele three-phase motor running on 
full load at an efficiency of 1)0 per cent is measured by two wattmeters wliich 
indicate 300 kW. and 100 kW. respectively. Calculate (a) the input, ( b) the 
power factor, (c) tho line current, (cl) the horse-power output. (1.23.23.) 

7. A 20-h.p., 500 V., three-phase induction motor is working at full load 
from supply mains at normal voltage and. frequency. Under these conditions 
the power* factor of the motor is 0*87 and the efficiency is 89 per cent. Two 
wattmeter's are connected itr tho circuit as follows. Both current coils are 
connected in series with each other itr sup)ply- main 21. One end of each pressure 
coil is connected to supply main R, the other ends being connected to supply 
mains 23 and 3T respectively. .Ifind the readings of each instrument. It can 
be assumed that the motor currents are balanced. (L.U.) 

S. Two three-phase generators operating in parallel supply a non inductive 
load of 500 kW. at 3,300 volts. If the output from one machine is 200 kAV. 
at 0*75 power factor, lagging, what is the output from the other machine. 
(L.U.) 

9. A 440 V., 50-eyele induction motor takes a line current of 45 A. at a 
power factor of 0*8 (lagging). Three A-connected condenser's are installed 
to improve tho power factor to 0*95 (lagging). Calculate the kVA. -of the con¬ 
denser bank, and tho capacitance of each condenser. State the conditions 
which determine the most economical power factor at which to operate a 
motor. ( I.JEj.E .) 

X.-.TRANSMISSION LINES AND CABLES (CHAPTER X) 

1. A system supplies a load which varies in a period of 24 hours as follows : 

6 a.m. to 12 noon, 1000 kW.; 12 noon to 1 p.m. 100 kW; 1 p.m. to 6 p.m. 

1000 kW.; 6 p.m. to 6 a.m., 300 kW. - 

The energy is transmitted over a line in which the losses at full load (i.e. 
1000 kW.) are 5 kVV., and is transformed by a transformer having a no-load 
loss of 6 kW. and a copper loss (at an output of 1000 kW.) of S kW. Calculate 
the total energy losses in transmission and conversion during the period of 
24 hours. (2.22.23.) 

2. An alternator supplies current to two single-phase motors located some 
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distance apart, each motor taking 7-5 kW. at a power factor of OS. The 
resistance of the line wires between the alternator and one motor is 0-2 Q. 
and that of the line wires between the motors is also 0-2 Q. Determine the 
voltage at the alternator in order that the voltage at the farther motor may 
be 100 V. 

3. A single-phase load of 200 kVA. is delivered, at 2500 V. over a trails- 
mission line having JEt = 1-4 Q., AT = 0-8 Cl. Calculate the current, voltage, 
and power-factor at the sending end when the power factor of the load is (a) 
unity, (6) 0-8, lagging, (c) 0-8 leading. { I.E.JE7 .) 

4. Explain, with the aid of a vector diagram, the effect of power factor 
upon the voltage drop in a transmission line. A line, having R = 0-05 [}., 
A = 0-07 Cl., delivers 10 kW. at 230 V., 0-8 power factor (lagging). Calculate 
the voltage regulation and the efficiency of the transmission. (I. U.) 

5. Determine the necessary cross-section of each wire of a three-phase 
transmission line, 2 miles in length, designed to deliver 500 kW. at 6000 V., 
unity power factor and 95 per cent efficiency. The specific resistance of the 
material used is 0-7 microhm per inch cube. (L. 17.) 

6. A three-phase supply at 400 V., 50 frequency, and 0-9 power factor 
is required for a factory 1-3 miles from a generating station. The total power 
at the factory is 500 kW. If the voltage lost in transmission is 10 per cent of 
the received "voltage, calculate the necessary cross-section, of each conductor. 
Assume the resistance of a cable 1 mile long and 1 sq. in. in cross-section is 
0*43 0. The effects of inductance and capacitance may be neglected. (L.U.) 

7. Show that when the fall of voltage due to resistance and reactance is 
small compared with the line voltage, the fall of voltage along a three-phase 
transmission line per ampere per mile is given by the expression \7 3(IZ cos cp 
-f- A sin cp), where R is the resistance per mile of conductor, A the reactance 
per mile of conductor, and cos cp the power factor of the load. 

Find the fall of voltage along a three-phase transmission line, the line 
pressure at the load being 30,000 V. and the length of the line being 30 miles, 
when 5000 kVA. are delivered at a power factor of 0-8, the current lagging. 
The resistance and reactance per mile are 0*72 £1. and 0*6 Cl. respectively. 
(L.U.) 

8. Prove that in a symmetrically arranged thx*ee-phase transmission line 
the inductive drop and resistance drop between any two wires is the same as 
that which would occur if half the total power were transmitted at the same 
voltage and frequency along two of the wires. 

An overhead three-phase line consists of three wires, each 0-8 in. in diameter, 
spaced 4 ft. apart. The current flowing per wire is 300 A. at 50 cycles. 
Calculate the resistance and inductive drop per mile of line ; the specific 
resistance of copper is 0-67 microhm per inch cube. (L.U.) 

9. What load at 0*8 power factor, laggiug, cau be delivered by a three- 
phase line 5 miles long with a pressure drop of 10 per cent. The station 
voltage is 11,000 V., and the resistance and reactance per mile of line are 
0*09 Q. and 0*08 £X respectively. (G.G.) 

10. 15,000 kVA. is received at 33 kV., 0-85 power factor* (lagging) over an 
8-mile three-phase overhead line. Each line has R — 0-29 £2. per mile and 
AT = 0-65 Cl. per mile. Calculate (a) the voltage at the sending end, ( b ) the 
power lost in the line, (c) the percentage regulation. (I.JSJ.JE.) 

Calculate also ( d ) the efficiency of transmission, (e) the power factor at the 
sending end of the line, (f) the power input to the sending end of the line- 

11. A three-phase, 50-cycle, genex-ating station supplies an ixxductive load 
of 5000 kW. at a power factor of 0-7 by means of axx ovex'head transmission 
line 5 miles long, with conductors symmetrically arranged. The resistance 
per* mile of each wii'e is 0*61 Q., and the self-inductance per mil© of the loop 
formed by any two conductors taken together is 0*0035 DEC. The pressure at 
the receiving end is maintained constant at 10,000 V. If a condenser is 
connected across the load to increase the power factor at the receiving end 
from 0*7 to 0*9, calculate (ct) the value of capacitance required per phase, 



EXAMPLES 


565 


(b) the station voltage when the condenser is in use, (c) the station voltage 
when the condenser is disconnected.. ( C.G .) 

12. A transmission lino worked at 11 kV. between phases has a resistance 
per phase of 8 12. and a reactance per phase to neutral of 11 Cl. It supplies 
a load having a power factor of 0-8 (lagging). The frequency is 50 c.p.s. A 
25 /uF. condenser is connected at the receiving end of the line between each 
phase and the neutral. At what ltW. load will the regulation be zero ? (L.U .) 

13. Draw and explain the vector diagram for a transmission line assuming 
that half the line capacitance is concentrated at each end of the line. 

A 50-frequency, three-phase line, 100 km. long, delivers a load of 40,000 
kVA. at 110 kV. and a lagging power factor of 0-7. j The line constants (l ine to 
neutral values) are : resistance, 11 Cl. ; inductive reactance, 38 Cl. ; capacitive 
susceptance, 3 X 10~ 4 mho. Find the sending-end voltage, current, power 
factor and power input. (C .&.) 

14. A three-phase, 50-cycle transmission line is 50 miles long and delivers 
2500 kW. at 30 kV., 0-8 power factor (lagging). Calculate the voltage at the 
generator end of the line if each conductor has R — 0-4 12. and AT = 0-5 12. 
per mile. If an extra load consisting of condensers having O = 1-5/t F. to neutral 
is connected at the middle of the line, calculate the voltage at the generator 
end. (L. U.) 

15. A three-phase load of 9000 kYA. at 0*9 power factor (lagging) is received 
at 60 kV. and 50 e.p.s. from an overhead transmission feeder 50 miles long, 
for which R — 0-67 C1. 9 X = 0-67 Cl. per conductor per mile, and the capaci¬ 
tance to neutral is 0-014 juF. per mile. Calculate the voltage and the power 
factor at the sending end of the line. ( L.U.) 

16. A three-phase load of 500 kW., at 11 kV., 0*8 power factor (lagging), is 
supplied by two overhead lines A and JB operating in parallel. The resistance 
and reactance per conductor are : 4 Cl. and 6 Cl. iv~ ini;- I(,r - i-ne A, and 4 Cl. 
and 2 Cl. respectively for line JB. Calculate n«-eur.i ■. <?!y i '-so current and the 
power supplied t.o the load by each overhead line. (A. U.) 

17. A substation receives 10,000 kW. from a central distributing station 
by means of duplicate overhead three-phase lines operating in parallel. The 
lines follow different routes. For line A, li == 15 Cl., X — 16 Cl. per con¬ 
ductor; and for line JB, R = 13lQ., X = 1511. per conductor. The voltage 
at the distributing station is 66 kV. and the power factor at the substation 
is 0-8 (lag). Calculate the current in each transmission line. (L.U.) 

18. Two parallel three-phase feeders, A and JB, supply 500 kW. at unity 
power factor, and 160 kW. at 0-8 power factor (lagging) respectively, a voltage 
being injected into each, line of feeder JB. The constants per line are: 
A, JR = 1-1 Cl., X — 2 0.; JB, JR = 0-9 12., X = 1*8 Cl. Find the injected 
voltage in terms of the receiving-end line voltage, and its phase difference 
with respect to the current in JB. (L.U.) 

19. A three-phase load at 0-8 power factor (lagging) is supplied at 10 kV. 

through a transmission line A fed hy two other transmission lines JB and C 
which are connected in parallel. Calculate the voltage at the generator end 
of JB and O whea the current in B is 100 A. Calculate also rola i :oi;-T.ip 

to the voltage at the load. The resistances per conductor are: A, 1 12.; 
JB, 2 Cl.; O, 2 Cl. ; and th© reactances per conductor are : A, 2 Cl.; JB, 4 12.; 
G, 6 12. (L.U.) 

20. A three-phase transmission line 20 miles long delivers 1000 kW. at 
30 kV., 0*S power factor (lagging). Calculate th© voltage at the generator end 
if the resistance and reactance per mile of conductor are 1-25 Cl. and 0-6 jQ- 
respectively. 

If a 30/10 kV. transformer is connected at th© end of this line, calculate 
th© voltage at th© generator end of the line if th© load of 1000 kW. at 0-8 
power factor is delivered at th© secondary side of the transformer at 10 kV. 
Referred to the neutral on the secondary side the equivalent resistance and 
reactance of the transformer are 0-8 O. and 2*5 12. respectively. (L.U.) 

21. A three-phase transmission line is 40 miles long. Each conductor has 
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a resistance of 0-4 Cl. per mile and a reactance of 0-6 Cl. per mile. It is fed 
at one end through, a step-up transformer for which the ratio of transformation 
is 1 : 3, the equivalent resistance per phase referred to the secondary is 2 Cl. t 
and the equivalent reaQtance per phase referred to the secondary is 8 41. 

The voltage and current at the mid-point of the line are 33 kV. (between 
lines) and 100 A., ivsooot: voly. the power factor being 0-8 (lagging). Calculate 
(a) the voltage a; .ho !■ ■v- -\«.h ©jr* terminals of the transformer, (6) the 
equivalent resist© ?.••■:.* an i t\ a.::ai :■■<* “to neutral” of the load at the end of 
the line. (A. U .) 

22. Compare the weights of copper required in a cable transmission system 
utilizing (a) constant direct cuirent, (6) single-phase, (c) three-phase "three- 
wires. Assume the same transmitted power and maximum voltage between 
conductors, and the same percentage loss in each case. Assume also unity 
power factor and balanced load. (I.1D.E.) 

23. The measured capacitance between any two cores of a three-phase cable 
is 5ii F. Calculate how many kVA. are xxeeded to keep the (ruble charged 
when connected to 10,000 V., 50 cycle, three-phase bus-bars. ( G.G .) 

24. In a symmetrical three-core, three-phase cable with earthed sheath, 

the capacitances per mile are 0*1 /.^F. between sheath and bunched con¬ 
ductors ; 0*12 ^F. between one conductor and the other two joined to the 

sheath. If the length of the cable is 10 miles, the line voltage 33,000, and the 
frequency 50, calculate the charging current in each core. (l.JtJ.E 7.) 

25. An overhead three-phase transmission line is 105 miles long and has a 
characteristic impedance of 450/ —15° Cl. at 50 c.p.s. and a propagation con¬ 
stant of 1*9 x 10 —3 /75° per mile. What must be the voltage at the generating 
end if the voltage at the receiving end is 132 kV. with a load of 20,000 kW. 
at unity power factor? (JC.Z 7.) 

26. Explain how the primary constants of a long transmission line may be 
found £x*om measurements of the impedance of the line. Calculate the resist¬ 
ance, inductance and capacitance per mile of a 50-cycle overhead line 175 
miles long, the measured impedances of which are 1500 /-75° Cl. on open 
circuit, and 150 /45° on short circuit. (JC.Zf.) 

XI.—ALTEENATORS (CHAPTER. XI) 

1. Prove that the frequency. /, of the E.M.F. generated by an alternator 
having j> pole-pairs and running at n r.p.s. is given by f — p?i. The field 
system of a 50-cyel© alternator has a sinusoidal flux per polo of 10 7 
lines. Calculate the E.M.F. generated in one turn which spans § of a pole 
pitch. ( L.TJ .) 

2. A single-phase alternator has 20 poles, 6 stator slots per pole, and the 
stator winding consists of full-pitch coils. With all slots wound, 10 conductors 
in each slot, the alternator- is run at 300 r.p.m. with its fields excited to give 
a flux of JLO 7 lines per pole. Calculate the generated voltage in the stator 
winding. 

If this voltage is applied to the primary windimr of n transformer which has 
1000 turns, calculate the maximum value of : !:»* ilux i>i the transformer core. 
Prove any formula used. (A.C7.) 

3. Explain the effect on the I3-.M.S. value of the E.M.F. of an alternator of 
distributing the armature coils and of skewing the armature slots. Define 
distribution factox* (or breadth coefficient) and calculate its value fox* a three- 
phase, single-layer winding with 3 slots per pole per phase. Assume a sinu¬ 
soidal flux distribution. {G.G.) 

4. Calculate the “ winding distribution factor ” (or te breadth coefficient **) 

fox* the winding of a single.-phase alternator having four full-pitch coils per 
pair of poles located in slots 15° apart, the flux distribution in the air gap 
being sinusoidal. - 

5. Deduce an expression for the distribution factor for the nth harmoxxic 
of the induced E.M.F., in a winding occupying g' slots per pole per ph^se, 
there being g slots per pole with full-pitch coils. Evaluate the expression for 
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the fundamental and third harmonic is an eight-pole alternator having 72 
slots, the phase spread being 3 slots per pole. (I.E.E.) 

6. The stator of a two-pole 3000 r.p.m., three-phase turbo-alternator is 
wound with a double-layer winding in 54 slots, there being four con¬ 
ductors per slot. The pitch of the coils is two slots less than the pole-pitch. 
The flux per pole is 25 megalines and is distributed sinusoidally over the 
pole-pitch. Calculate the no-load terminal voltage if the windings are star 
connected. ( E.U .) 

7. A three-phase, 50-cycle, Y-connected alternator has open-circuit char¬ 
acteristic as follows- 

Open-circuit terminal volts . 4250 6 370 S 500 10 300 12 200 13 300 

Ampere-turns per pair of poles 12 000 16 000 20 000 23 00O 36 000 

The stator winding has a leakage reactance of 4 Q. per phase and has negligible 
resistance. Calculate the generated stator voltage, at an output of 2000 kVA., 
11,000 V”., 0-8 power-factor (lag). If at this output the stator reaction field 
ampere-turns are 10,000 per pair of poles, calculate the number of ampere-turns 
required on each pair of main poles and the voltage regulation of the alternator. 

8. Tests on a 15,000 kVA., 11,000-V., three-phase, 50-cycle, Y-conneeted 
turbo-alternator gave the following results— 

Field amp.-turns per pole, thousands . 10 18 24 30 40 45 50 

Open-circuit, line E.M.F. (kV.) . . .' 4-9 8-4 10-1 11-5 12-8 13-3 13-65 

Line volrair** (UY.) with full-load current, zero 

power factor ...... 0 10-2 

Find. the armature-reaction amp.-turns, the leakage reactance, and the regu¬ 
lation for full load at 0-8 power factor (lagging). Neglect resistance. (I.E. E.) 

xiii.— iisrr> crcxiON motors (chapter xii) 

1. Prove the relation between tbe slip and the rotor output of a three- 
phase induction motor working at constant voltage and frequency. 

A three-phase induction motor has a «yr.chronon«9 speed of 500 r.p.m. and 
runs at 48(5 r.p.m. when giving a torque o ' J >> b.-A - Find the rotor efficiency 
and the rotor copper loss. (E.Z7.) 

2. Show that full-load power is required to obtain full-load torque in a 
polyphase induction motor. Neglect stator losses. 

A. 500 V., 50 frequency, six-pole, three-phase motor develops 20 h.p. in¬ 
clusive of mechanical losses when running at 975 r.p.m., the power factor 
being 0-87. Calculate (a) tbe slip, (6) rotor copper losses, fe) totai input if the 
stator losses are 1500 W., (d) line current, (e) number of cycles per minute of the 
rotor E.M.F. ( G.G .) 

3. A 50 h.p., 500 V., three-phase induction motor has an efficiency of So 
per cent and a power factor of 0-8 at full load. AVhat is the voltage across each 
phase of the motor and the current in each phase when the motor is on full load 
and is (a) star-connected, (b) delta-connected? (E.U.) 

4. A three-phase induction motor with squirrel-cage rotor is rated as 

follows : 25 h.p., 400 V., 960 r.p.m., 50 e.p.s. The power factor at full load, 

is 0-9 and the efficiency is 90 per cent. YVhen switched on to the line,^the 
motor takes 5 times full-load current and gives twice full-load torque.^ Find 
the line current and the motor torque, if an auto-transformer with a 50 per 
cent tapping, is used for starting purposes. Neglect the magnetizing current 
of the transformer. Draw a simplified diagram of connections for the starting 
apparatus. (T. £7.) 

5. A 7^ h.p., 400 "V., three-phase induction motor with squirrel-cage rotor, 

has its stator windings arranged for star-delta starting. The equivalent ini- 
podoxxc*^ r>eT of tlxo motor wffcli x^otor locked is 12*5 £xnd ’felie rotor A 

loss at f'.d! load i- 225 W. Determine the approximate line current at starting 
and the starting torque (as a percentage o« i no :.u.! -Lulu torque) when the 
motor is started by a star-delta starter. 

Assume tbe power factor at full load to be 0*87 and the efficiency at lull 
load to be 0-88. (JD.£7.) 




568 


ALTERNATING CURRENTS 


6. A three-phase, 100 h.p., 550 V., 50-cyele induction motor lias both stator 
and rotor windings Y-connected, the ratio (rotor turns/stator turns) being 0-7. 
The rotor resistance per phase is 0-2 Cl. and the leakage inductance 0-003 BL 
Determine (a) the rotor starting current on normal voltage with the slip rings 
short-circuited, ( b ) the rotor power factor at starting, (c) the full-load rotor 
current (slip = 3 per cent), ( d ) the rotor power factor at full load, (e) the ex¬ 
ternal resistance per phase to obtain a starting current of approximately 
60 A. in the stator. The effect of stator impedance may be neglected. What 
generally would be the effect on the results if the stator impedance were taken 
into account ? (iu XJ .) 

7. Show that the performance of a polyphase induction motor operating 
with constant applied voltage and frequency can he approximately represented 

by the equivalent circuit shown in the accompany¬ 
ing diagram. Point out the assumptions made and 
develop a vector diagram for the circuit which 
enables the line and load currents to be deter¬ 
mined directly. With the values given—which 
relate to one winding of a star-connected three- 
phase motor—determine (a) the maximum power 
input, (6) the maximum power expended in the resistance R, (c) the vain© of R 
which gives the maximum power factor. ( Tv. U.) 

8. Draw to scale the circle diagram, of a 25 h.p., 400 V., 50-cycle, six-pole, 
three-phase induction motor from the following test figures— JSlo-load test, 
400 V., 12 A., power factor 0-15 ; Short-circziit test, 200 V., 85 A., power factor 
0-3; Ratio of rotor to stator losses on short circuit, 0-9. Determine from the 
diagram the full-load current and power factor, and the percentage pull-out 
torque. (l.E.E.) 

9. The following data refer to a 75 h.p., 500 V., 16-pole, 50-cycle, three- 

phase, slip-ring induction motor— - R-->rtn~irg light, 500 V., 35 A., 2235 W.; 
Standstill, rotor locked and .<r-orf circuited, 137 V., 87*5 A., 5720 W.; 

Standstill, slip-rings open circuited, 500 V. (stator), 196 V. (rotor) ; Stator re¬ 
sistance (measured between line terminals), 0*16 Cl.; Connections of stator and 
rotor 'windings, ~Y. Draw the circle diagram and deduce therefrom (i) the full¬ 
load current and power factor, (ii) the external resistance per phase to give 
1-5 times full-load torque at starting. (L.U.) 

10. The following particulars apply to a three-phase, 200 h.p., 5000 V., 
25-cycle, eight-pole induction motor with star-connected stator and rotor.— 
Turns per phase : 576 (stator), 56 (rotor) ; resistance per phase, 3-69 Q (stator), 
0-032 0- (rotor); reactance per phase, 16-1 Cl. (stator), 0-074 0. rotor; mag¬ 
netizing current, 5-5 A. ; iron loss, 2-1 kW.; friction and windage loss, 1-3 kW. 
Draw the circle diagram and determine two values of rotor starting resistance 
which will give twice full-load torque at starting. Determine also the starting 
currents. ( L.XJ .) 

XIII,—THREE-PHASE TRANSFORMERS (CHAPTER XIII) 

3- A 500 kV.A.. f^reo-pheoo. 50-cycle transformer has a voltage ratio (line 
voltages) of ->3,»»U0 ! I,*mn mid is A/V connected. The resistances per phase 
are: h.v. winding, 350.; l.v. winding, 0-S76 O. The iron loss is 3050 W. 
Calculate the efficiency at full load and half load at. ( a ) unity power factor, 
( b ) 0-8 power factor. (I.JSJ.M.) 

2. Determine the currents in the various branches of a three-phase, F-con- 
nected auto-transformer loaded with 400 kW. at 0-8 power factor (lagging), 
and having a ratio 440/550 V. Neglect voltage drops, magnetizing current 
and all losses. (I.13.E.) 

3. A 50-eycle, three-phase, 500 lcVA., 6600/440 V., A/V transformer is to 
work with 33 maa . = .12,500 lines per cm. 2 The net area of iron in each core is 
400 cm. 2 Determine the number of turns in each phase of both windings and 
the cross-sectional areas of the conductors. A suitable current density is 
250 A. per cm. 2 If the iron loss at normal voltage and frequency is 9 kW., 
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and the resistances per phase are 4 Cl. (primary) and 0-0052 Cl. (secondary*), 
calculate the load at which maximum efficiency is obtained. ( JL.TJ.) 

4. A three-phase transformer rated at 300 kVA., 11,000/415 V., 50 eveles 
is to be designed. The primary windings are to be A connected and the 
secondary windings Y connected. The approximate value of the voltage per 
turn is to b© 10-5. Calculate (i) the umber of primary and secondary turns, 
and the cross-sectional area of their conductors, if the current density is to 
be 2 A. per mm. 2 ; (ii) the cross-sectional area of each core if the flux densitv 
is not to exceed 10 kilo lines per sq. cm. Draw up a specification for the 
secondary winding. (L.U.) 

5. A three-phase transformer* delivei’s 100 kVA. on its h.v. side to a 
capacitive load. The ratio of transformation is 440/3300. The equivalent 
resistance and reactance per* phase, referred to the secondary, are 3 £1. and 9 O. 
respectively. Calculate the primary voltage if the secondary voltage is 3300. 

If the exciting current (assumed constant) is 10 A. at 0-1 power factor, 
calculate the total input current and its power factor. (10. £7.) 

6. A three-phase, 50-cyel© transformer has a ratio of transformation of 

30/10 kV. The secondary voltage is 10 kV., and it supplies a load consisting 
of two circuits A and JB in parallel. The phases of circuit A are star-connected 
and each takes a current of 100 A. at 0*8 power factor (lag). Circuit IE? con¬ 
sists of a star-connected condenser bank, each phase having a capacitance of 
100 /liW. Calculate the voltage regulation of the transformer and. the power 
factor on its primary side. Transformer particulars (referred to neutral) are— 
Primary, P, = 2 £1., AT == 6 Cl. ; Secondary , R = 0*2 Cl., AT = 0-6 £1. (L.U.) 

7. Two single-phase transformers are used to convert a balanced three- 
phase into a balanced two-phase pressure. The pressure on the three-phase 
side is 6600 "V. and that on the two-phase side is 2200 V. Find the number of 
turns in each transformer when the induced pressure per turn is 10 V. ( L.U .) 

8. Explain, with connection and vector diagrams, the transformer connec¬ 

tions to obtain a two-phase supply from a three-phase system. Two 100 V. 
single-phase furnaces take loads of 600 kW. and 900 kW. respective] y r.t n 
power factor of 0-71, and are supplied from 6-6 kV., three-; ■!.©.i :■1 ;i»ti*j ■: 
Scott-connected transformers. Calculate the currents : in : i u*<‘bar¬ 

lines, neglecting transformer losses. ( O.G .) 

9. Two electric furnaces are supplied with single-phase current at 80 V. 
from a three-phase 11,000 V. system by means of two single-phase Scott- 
connected transformers with similar secondary windings. When the load 
on one transformer is 500 kW. and the load on the other is SOO k\V., what 
current will flow in each of the three-phase lines (i) at unity power factor, 
(ii) at 0*5 power factor ? EMeglect the phase displacement and losses in the 
transformei'S. (O.G.) 

10. State the conditions to be fulfilled for the satisfactory parallel operation 

of two three-phase transformers. Two YJY three-phase transformers A and 13, 
of equal rating, share a balanced load of 400 kVA. at a power factor of 0-8 
(lag). Calculate the load on each transformer. The voltage drops per phase 
corresponding to the full-load currents, and expressed as percentages of the 
normal secondary voltages, are : 1 per cent ( RI) and 5 per cent (AT) for trans¬ 

former A, and 2 per cent (RL) and 6 per cent (AT) for transformer JB. (L.U.) 

11. Calculate the currents supplied by each of two three-phase trans¬ 
formers, wox’king in parallel and delivering a total load current of 200 A. 
The transformers have equal x*atios of transformation, and their equivalent 
i m pedances, referred to the secondary windings, are 2 -f- j5 ohms per phase 
for transformer A and 2 -f- j3 ohms per phase for transformer J3. Calculate 
also the angle of phase displacement between the load current and the currents 
in the two transformers. (JO. TJ.) 

12. Determine the relative voltages of the secondary windings of the 
three-phase/twelve-phase transformer connections shown in Fig. 1S9. 

13. Two similar three-phase transformers, one core-type and the other 
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shell-type, both X-eonneeted on the primary and secondary sides, are con¬ 
nected to the same II kV. supply mains. The voltage between the primary 
star points (which are not connected together or to any other point in the 
system) is found to be 3000 V. Explain clearly the reason for this voltage, 
and describe methods by which it could be reduced. (JO. T7.) 

XIV.—NON-SINUSOIDAL WAVE FOEM8 (CHAPTER XIV) 

1. An E.M.F. is represented by v — IOOO sinn>5 -b 250sin3co5 + 200sin5a>i5. 
Calculate the reading that will be given by an electrostatic voltmeter connected 
to the circuit. 

2* An E.M.E. e — 100 sin cot + 8 sin 3 cot is applied to a circuit which has 
a resistance of 1 IX, air inductance of 0*02 H, and a capacitance of 60 ^F. 
A hot-wire ammeter is connected in series with the circuit, and a hot-wire 
voltmeter is connected to the terminals. Calculate the ammeter and voltmeter 
reading and the power supplied to the circuit. Given co == 300. (7J. U .) 

3. An alternating current represented by i = 10 sin cot is superimposed upon 
a direct current of 80 A. What is the jEXM.S. value of the resultant current ? 

4. An E.M.E. represented by the equation e — 150 sin 314 1 ~b 50 sin 942/5 is 

applied to a condenser having a capacitance of 20 juTP. What is the R.M.S. 
value of the charging current ? ( G.G .) 

5. An alternating voltage e ~ 100 sin 1007r£ — 30 sin 3007 t£ -f- 10 sin 5007x5 
is applied to a coil having R — 10 IX and L — 0-0318 H. Determine an ex¬ 
pression for the wave-form of the current flowing and calculate the total 
power consumed in the circuit. (_ZJ.t7.) 

6. A coil, having R = 2 IX and. L — 0*01 H., carries a current which obeys 
the law— i — 50 -b 20 sin 3005—where i is in amp. and t in sec. A moving- 
iron ammeter, a moving-coil voltmeter and a dynamometer wattmeter are 
used to indicate the current, voltage and powei* respectively. Determine the 
readings of the instruments and the law governing the p.d. ."Neglect all losses 
in the instruments. ( L.U .) 

7. Two circuits, having impedances at 50 c.p.s. of (10 jG) IX and (10 — j6) 
IX respectively, are connected in parallel across the terminals of an A.C. 
system, the wave-form of which is represented by e = 100 silicon + 35 sin 
3 cot -f- 10 sin 5 cot, the fundamental frequency being 50 c.p.s. Determine the 
ratio of the readings of two ammeters, of negligible resistance, connected one 
in each circuit. ( I.JBj.JS .) 

S. The capacitance of a 20-//E. condenser is checked by direct connection 
to an alternating voltage, which is supposed to be sinusoidal, an electrostatic 
voltmeter and a dynamometer ammeter being used fox* the measurement. 
If the voltage actually follows the law e — 100 sin 250/5 ~b 20 sin (500/5 — cp) 
-b 10 sin (750/5 —a), calculate the value of the capacitance as obtained from 
the direct ratio of the instrument readings. (JO. U .) 

9. A coil having L = 0*1 H. and R — 1O0 IX is connected in series with a 
condenser across a supply, the voltage of which is given by e == 200 sin* 3145 
-b 5 sin 34545. W r hat capacitance will be required to produce resonance with 
the 11th harmonic ? Eind ( a ) the equation of the current, and (6) the H.M.S. 
value of the current, if this capacitance is in circuit; (J0.C7.) 

10. A voltmeter, designed for the measurement of third harmonic com¬ 
ponents in a 50-cycle System, consists of a moving-iron milliammeter con¬ 
nected in series with an inductance and a condenser (O — 0-25/rF.), the whole 
circuit having R — 250 IX and being tuned to 150 c.p.s. Calculate (<x) the 
total inductance in the circnit, ( b ) the error in the reading if the frequency 
falls to 49-5 cycles per sec., (c) the error if the frequency is correct, but the 
voltage wave contains a fifth harmonic having an amplitude equal to 40 per 
cent of the third. (I.1S.E.) 

II. A star-connected, three-phase alternator*, the phase E.M.Fs. of which 
are symmetrical but non-sinusoidal, supplies a balanced star-Connected load.. 
Show that if the E.A1.F. wave-form contains 3rd,’,9tb, 15th,"etc., harmonics, 
a difference of potential will exist between^the neutral points of generator 
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and load, and that if these neutral points ax*e connected by a fourth line wire 
the current in this wire is made up of components having frequencies 3, 9, 15, 
etc., times the fundamental frequency. 

Calculate the ft.M.S. value of this current if the alternator E.M.IF. follows 
the law e = 850 sin 314£ + 120 sin 942£ + 50 sin 2S2G£. The impedance per 
phase of the alternator is (0-02 -f- JO-12) Cl. at 50 c.p.s. and the resistance per 
phase of the load is 10 £1. 

XV.—MAGNETIC CIRCUITS (CHAPTER XV) 

1. The following data refer to a 50-eycle transformer. Calculate and plot 
the JB—H loop. Applied primary volts, 110 (R.M.S.) ; number of primary turns, 
90; length of mean magnetic path, 125 cm.; cross-section of magnetic path, 
45-9 cm. 2 The applied voltage is sinusoidal and voltage drops may be neg¬ 
lected. The wave-form of the no-load current is as follows, the angles being 
measured from the start of the positive half-wave of the applied voltage-— 

Angle (°) .. . . 0 20 40 60 80 100 120 140 160 

Current (A.) . . . - 4-97 -3 - 1# -f- 0-25 1 1-69 2-39 3-18 4-1S 

2. The connection between the magnetizing current and flux for a particular 
alternating-current elc-cl rornnrmol is shown by the following table, which 
gives values fox' one-half of the magnetization loop, the complete loop showing 
the usual symmetry with respect to the axes— 

Flux (kilolines) 0 30 75 120 150 179 176 165 138 102 60 0 

Magnetizing 

current_(A.) 5-5 6*25 S 10-5 14*25 20-5 13*5 6*8 0 -3 -4-5 -5*5 

Plot the loop on squared paper, and by its aid deduce and plot the wave¬ 
form of the magnetizing current when the flux follows a sine law, the amplitude 
of the flux being equal to the maximum value of the flux in the above 
magnetization loop. (Jb. U.) 

3. Deduce an expression for the watts per cm. 3 wasted in eddy currents in 
a thin core plate of a transformer, in terms of the frequency, the specific 
resistance of the material, the maximum flux density and the thickness of 
the plate. 

In a 440 V., 50-frequency transformer, tlx© total iron loss is 2500 W. When 
the applied voltage is 220 V. at 25 c.p.s., the eoi'responding loss is S50 W. 
Calculate the eddy-current loss at normal voltage and frequency. ( C.G.) 

4. Determine the magnitude of the hysteresis and of the eddy current 
losses at 25, 50 and 60 cycles pex* second for a transformer which gave the 
following open-circuit data. 

Applied volts ..... 100 75 50 25 

Cycles per second .... 50 37-5 25 12-5 

Watts Input ..... 85 58-6 35-6 16 

Grive a full explanation of the principles undex-lying the method adopted. 
(T.C7-.) 

5. An iron-core choking coil has a magnetic length of 120 cm. and a cross- 

sectional area of 25 cm. 2 There are 100 turns of wire of negligible resistance. 
The maximum flux density is 11,000 lines per cm. 2 for which 5 amp.-turns 
pex- cm. are required. Calculate for a frequency of 50 c.p.s. (a) the VA. sup¬ 
plied, (6) the inductance of the coil. Pinct also these quantities when an air 
gap of 2 mm. is introduced in the iron core. (C.G.) - , 

6. A smcrlo-nhase core-type transformer has the following dimensions : 
cross- hoc: ion of each core 515 sq. cm., distance between axes of cores 53 cm., 
cross-section of each yoke 650 sq. cm., distance between axes of yokes 96 cm. 
Calculate the flux produced, by 1330 ampere-turns haying given the following 
relationship between JB and H for the magnetic circuit— 

B . . 6000 9000 10500 13750 

H . . 1-3 2-6 5-9 ' 18*6 (L.U.) 

7. Calculate the no-load current for a single-phase transformer having 

given the following data : Primary voltage 2200, supply frequency 50, 

no-load loss 500 \V”, number of turns in primary winding 1200, magnetic 
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cross-section, of core 35 sq. in., magnetic length of core SO in., permeability 
(at flux density corresponding to normal primary voltage) 1200. 

8. A transformer for 10 kV A., 2200 V. (primary), 50 cycles, takes 100 W. 
at rated voltage and frequency when its secondary is open. If the mag. 
netizinv current is 90 per cent of the exciting current, what is the no-load 
power factor of the transformer ? What is the exciting current in amperes 
and as a percentage of the rated full-load current ? ( L.ZJ .) 

9 A single-phase core-type transformer has a core cross-section (net iron) 
of 60 cm. 2 and a yoke cross-section (net iron) of 65 cm. 2 The primary winding 
has 1350 turns and the secondary winding has 148 turns. Calculate the no- 
load current and the voltage at the secondary terminals when a voltage of 
‘>000 V at 50 frequency is applied to the primary. The mean magnetic length 
of each core is 30 cm., and that of each yoke is 23-5 cm. The overall length of 


each yoke is 27 cm. 

Magnetic data of the sheet-steel 
Flux density (lines per cm. 2 ) . 

Ampere turns per cm. 

Core loss at 50 cycles (W. per lb.) 


laminations are- 

% . . 8000 10,000 
1-6 2-55 

0-53 0-S 


12,000 

5-9 

1-1 


13,000 

9-35 

1-3 


Assume the weight of one cm. 3 of the steel laminations to he 1/58 lb. (L.U.) 

10. The net cross-section of iron in each core and yoke of a single-phase 
core-type transformer is 50 cm. 2 and 55 cm. 2 1 'espectively. The magnetic 
length of each core is 35 cm. and that of each yoke is 30 cm. Calculate the 
voltage per turn at 50 e.p.s. to give an iron loss of 70 W. The density of the 
laminations is 0 0165 lb. per cm. 3 , and the iron loss (.P*) at 50 e.p.s. is— 


B (lines per cm. 2 ) 
Pi (W per lb.) . 


6000 8000 10,000 12,000 

0-3 0-48 0-72 1-01 


11. A choking coil consists of a ring-shaped core of 1-5 sq. in. section and 

8 in. mean diameter. The ring is wound with 1500 turns having a resistance 
of 400 £1. Calculate the current in the winding when it is connected to a 
220 V., 50-cycle supply of sinusoidal wave-form. The permeability of the 
iron may be taken as constant at 10,000, the iron losses at 0-5 W. per lb., 
and the density of iron 7-8 gm. per cm. 3 . {I.JE.CJ.) „ „ 

12. An air-gap choking coil has a baek-E.M.F. of 200 V. when taking 
10 A. from a 50-cycle supply. Calculate the effective length of the air-gap. 
Assume that (a) the number of turns is 400, ( b ) the maximum flux density in 
the air-gap is 8000 lines per cm. 3 , (c) the magnetic reluctance of the iron core 
is 6 per cent of that of the air-gap, ( d ) the magnetic leakage and losses are 
negligible. (jT.ii7._E7.) 

13. The nearly closed iron core of a choking coil has a net iron cross-section 
of 20 cm. 3 and the mean length of the iron path is 50 cm. This cor© is to be 
worked at a flux density of 10,000 lines per cm. 2 and at this deiisity it requires 
3-5 amp.-turns per cm. of magnetic length, and the iron loss is 0-025 W. per 
cm. 3 at 50 cycles. If the coil is to absorb 50 V. at a current of 10 A. on a 
50-cycle circuit, calculate (a) the number of turns, (6) the length of the air 
gap, and (c) the phase difference between the terminal voltage and current. 
The resistance of the coil may be neglected. ( L.U .) 

14. A choking coil, normally used in series with a mercury-vapour lamp 
on a 50-eycle supply, has a net core cross-section of 15 cm. 2 , an air-gap of 
2 mm., a nd a magnetic length of 25 cm. The coil is wound with 500 turns, 
and the resistance of the winding is 1-6 £1. The normal current is 2-28 A. at 
50 e.p.s., and the core loss is 17 W. Calculate the voltage at the terminals of 


the coil. Magnetic data of the laminations are- 


Flux density (lines per cm. 2 ) 4000 6000 8000 10,000 

Ampere turns per cm. . 0-6 1-05 ‘ 1-6 2*55 


XVI.—MEASURING INSTRUMENTS AND MEASUREMENTS 
(CHAPTERS XII, XIII, XV) 

1. A 150 V. moving-iron voltmeter takes a current of 0-06 A. and has an 
inductance of 1-105 IT. The total resistance is 2490 LI., of which 695 Cl. is 
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in the magnetizing coil. Calculate the frequency error when used on a 50- 
cycle circuit, assuming the d.c. calibration to be correct. Show how the 
frequency error may be compensated by means of a condenser shunting 
the series resistance, and calculate the capacitance required in this case 
(jT.JEUS?.) 

2. The relationship between the inductance, current, and position of the 
moving system of a 2 A. moving iron ammeter is— 

Scale reading (amp.) . 0-8 1*0 1*2 1*4 1*6 1-8 2-0 

Deflection (Degrees) . 16 26 36*5 49-5 61*5 74-5 S6-5 

Inductance (AH.) . 573-2 574-2 575-2 576-6 577-S 578-S 579-5 

Oeduc-e an expression for the deflecting torque in terms of the rate of 
change of inductance with position of moving system, and calculate the 
deflecting torque at scale readings of 1 A., and 2 A. (X. 17.) 

3. A moving-iron voltmeter-range 0—125 V.—has its scale between 0—25 V. 

divided according to a square law (i.e. the deflection is proportional to the 
square of the voltage at the terminals of the instrument) and the remainder 
of the seal© (between 25—125 V.) is divided according to a straight-line law 
(i.e. equal increments of deflection correspond to equal increments of voltage 
at the terminals of the instrument). The scale divisions immediately adjacent 
to, and on each side of, the 25-V. mark are of equal lengths. The full-scale 
deflection is 120°, the torque for full-scale deflection is 0-2 gm.-em., and the 
.resistance of the instrument is 1500 £X Calculate the rate of change of the 
inductance of the instrument with deflection fox' the square-law portion of 
the scale. (X.Z7.) 

4. What difficulties am encountered in designing a shunt for a moving- 
iron ammeter? It is proposed to use a non-inductive shunt to increase the 
range of a 10 A. moving-iron ammeter to 100 A. . The resistance of the instru¬ 
ment, including the leads to the shunt, is 0-06 £1., and the inductance is 
15 jliHL. at full scale. If the combination is correct on a d.c. circuit, find the 
error at full scale on a 50-cycle a.c. circuit. (X.I7.) 

5. The coil dimensions of a dynamometer voltmeter giving 90° deflection 
for 50 V. are so arranged that the inductance of the instrument increases 
uniformly as the pointer is deflected from zero to the top of the scale. The 
initial inductance is 0-25 H., and the torque for full-scale deflection is 0-4 
gm.-cm., the current being 0-05 A. Determine the difference between a.c. 
(50-cycle) and d.c. readings at (a) 50 V., (6) 25 V. ( I.E.E .) 

6. A rectifier has the following characteristics— r 

Volts at terminals . -|- 1*2 -|- l- 0 + 0-8 4- 0-6 4- 0-4 0 ~ 0-6 - 1-2 

Current in mA. . 4- 20 4- 12 4- 6-(5 4- 2 4- 0-8 0 — 1-2 — 2-4 

The rectifier is connected in series with a permanent-magnet moving-coil 
instrument having a total resistance of 120 £1., and the circuit is connected 
to a sinusoidal supply of 2-5 V. (R.M.S.). Calculate the ammeter reading and 
draw the wave-form of the cinrent passing through the instrument. (X. U.) 

7. A single-element rectifying device is connected in series with a moving- 

coil ammeter and a thermal ammeter*, and it is found that the circuit has a 
resistance of 100 Q. to a current in oxxe direction, and azr infinitely great- 
resistance to a current in the opposite direction. If a sinusoidal E.M.F. of 
10 V. (R.M.S.) is applied to this circuit, what will be the reading of each 
instrument, and what will be the power* taken from the supply and the power 
factor of the system ? ( I.JE.E.) 

8. An electrostatic voltmeter has the fixed inductors in the form of cylin¬ 
drical segments. The inner radius of the outer segments is 2*575 cm. and 
the outer radius of the inner segments is 2-425 cm. Between these inductors 
a needle, 0-5 mm. thick and cylindrical in form, can rotate.If the angular 
breadth of the needle segments is 115°, the mean radius is 2-5 cm. and the 
active length is 8 cm., calculate the torque in gm.-cm. when 200 V. is applied 
between the needle and.the fixed inductors. (X.£7.) 

9. An electrostatic voltmeter consists of two attracted plates, one movable. 
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each, surrounded by a guard ring so as to make the “edge-effect ” negligible. 
It is observed that the application of lOkV. between i ho plains results in a 
pull of 500 dynes on the movable plate. IDetormina the alteration of the 
capacitance of the system resulting from a change in position of the movable 
plate of 1 mm. Diameter of movable plate, 10 cm. (J.JS.JSJ.) 

10. A wattmeter is connected up as in the accompanying diagram to measure 
the power supplied to an alternating-current circuit. 

The following readings -were taken : A. — 2-4, V 

— 200, W — 22. The resistance of the pressure circuit 
of the wattmeter is 8000 Cl., that of the current coil 
0*46 Q., and that of the voltmeter 2000 Cl. What are 
the true watts supplied to the load, and what is its 
power factor ? Neglect the inductances of the 
instruments. (JL. U .) 

11. The following data refer to an electro -dynamic wattmeter having a 
current range of 3 A. and a pressure range of 2500 V. 

Resistance of pressure-coil circuit, 25,000 Cl. ; inductance of pressure coil 
circuit, 0*532 fjJrC. ; resistance of fixed coils, 5*5 O. 

Determine the error when this instrument is used on a 100 cycle circuit at 
power factors of (a) 0*9, and (6) 0*15 (lagging), the current being 3 A. 

12. An electro-dynamic wattmeter has a shunt coil with a resistance of 
750 Cl. and a series resistance of 2250 Q. A condenser of 1 juTT. capacitance is 
arranged so that it can be shunted across the series resistance. If two 
readings of the wattmeter are taken, W x without the condenser shunt and 
W 2 with the condenser shunt connected, determine a formula by which the 
power factor of the circuit in which the power is being measured can be 
found in terms of these readings. Frequency 50 c.p.s, (/>. f 7.) 

13. A wattmeter having a moving coil with JR. — 100 Cl., L, = 20 rn'H., is 
used for measuring both power and reactive VA. in a single-phase 300-cycle 
circuit. Fox* power measurements a 3000 Cl. resistance is connected in series 
with the moving coil, and for reactive VA. measurements a good condenser 
is substituted for this resistance. Calculate (1) the capacitance of this con¬ 
denser, assuming the calibration of the instrument to remain unchanged, 
(2) the error in the “reactive” reading when the power factor of the load is 
0*95 (lagging). (I.E.E.) 

14. Explain clearly how phase compensation in the voltage-coil circuit of 
an induction-pattern wattmeter* may be obtained by shunting the pressure 
coil of the instrument with a non-inductive resistance. What are the prin¬ 
cipal objections to this method of phase compensation ? 

Work out the value of shunt resistance required for an instrument whose 
voltage coil (JL = 4*78 EC., JR — 29S O.) is joined in series with an external 
inductance of 3 EC. and an external resistance of 190 Cl. The supply voltage 
is 200 V. at 50 c.p.s. What current will flow hr the voltage coil? (Ij.TJ.) 

15. The current and flux ax*e in phase in the series system of an induction 
pattern watt-hour meter, but there is an angular departxxre of 3° from quad¬ 
rature between the voltage and flux of the pressure system. The speed of 
the rotor on full load at unity power factor is 40 r.p.xxx. Assuming the meter 
to register correctly under this condition, calculate its percentage error on 
quarter load at 0*5 power factor*. (E.ZJ.) 

16. A 50 A., 230 V. meter is put under test, and it is found that the disc 
makes 61 revolutions in 37 sec. when full load is being carried. If the normal 
disc speed is 520 revolutions pei* kWh., what is the meter error, axxd how 
could the error be corrected ? (I.IU.JBJ.) 

17. In a deflectiorial frequency meter working on the principle of electrical 
resonance, there are two parallel circuits each consisting of an inductance 
and a capacitance in series. One circuit has 0=1 //.F. and is tuned to a 
fi*equeixey of 60 c.p.s. The other has G = 1-5 jli F. and is tuned to a frequency 
below 50 c.p.s. The resistance of each circuit is 100 Cl. What must be the 
inductance of the second circuit, and to what frequency must it b© tuned. 
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in order that tlie current in both circuits shall be the same, at a freauencv of 
50 e.p.s. ? (L.U.) 

IS- The current taken by a small iron-cored choking coil is measured by 
means of an a.c. potentiometer. A 1 O. shunt is inserted in series with the 
winding and the voltage across the latter is measured directly on the potentio¬ 
meter. The readings are-Voltage across shunt, + 0*8 V. in-phase, — 0-75 V. 

quadrature; voltage across winding, -f- 1-3 V. in-phase, -f- Q-3 V. cm f*d return. 
Assuming sinusoidal voltage and current, dcTcrmino ^1) the core ■ 2 i 

rr.o crr.eth.ir'.cr current. (I.ffl.XB.) 

!V'::-. n using an electrostatic wattmeter to measure the dielectric loss 
in a leaky condenser at high voltage, the following readings were obtained : 
Voltage applied to the condenser, 30,000 V. ; voltage between the moving 
vanes of the wattmeter and the earthed end of the high voltage supply,. 250 V ; 
voltage across the 130 Cl. resistance connected between the quadrants. 26-8 V.; 
deflection of the wattmeter (scale divisions), — 37 ; constant of the wattmeter 
3-52. 

A step-up transformer was used to supply the 30,000 V. and the vanes of 
the wattmeter were connected to a tapping brought out from the secondary 
winding of this transformer near the earthed end. 

Calculate the power factor and the dielectric loss of the condenser at 
30,000 V. 

Prove any formula?, used, and indicate the circumstances under which the 
wattmeter deflection is likely to be negative. (L.U.) 

20. An alternating-current bridge is arranged as follows : The arms AB 
and J1C consist of non-inductive resistances of 100 Cl., the arms BE and 
CO of non-induefive variable resistances, the arm TIG of a condenser of 
capacitan.ce 1 fill., the arm D.4 of an inductive resistance. The alternating- 
current source is connected to A. and G and the telephones to E and ID. A 
balance is obtained when the? resistance of the arm CD is 50 Cl., and the arm 
BE 2500 Cl. 

Calculate the resistance and inductance of the arm IDA. 

If there are harmonics in the wave-form of the source of alternating current, 
what will be the effect ? (L.U.) 

21. The four arms of a bridge network ax*e made up as follows: AB, a re¬ 
sistance of 50 Cl. in parallel with an inductance of 0-1 H. ; JBC, a resistance of 
1 00 Cl. ; CD, an unknown 1 'esistanee in parallel with a condenser of unknown 
capacitance; IDA. , a resistance of a 1000 Cl. A 50-cycle supply voltage is 
maintained between A and G, arrd a vibration galvanometer is connected to 
B and 2D. Find the values of the unknown resistance and capacitance for 
which the vibration galvanometer will be undefleeted. (L.U.) 

22. A'small single-phase motor, in series with a 10 JQ. resistance, is con¬ 
nected to a 220 V. supply. The voltages across the motor and resistance are 
200 V. and 40 V. respectively. Determine the power consumption and the 
power factor of the motor. (I.E.JE.) 

23. Describe briefly methods which may be used to determine the phase 
rotation of a three-wire, three-phase system. In a phase-i’otation test on a 
200 V., three-phase system, a 20 Cl. non-inductive resistance in series with a 
choking coil (AT = 15-6 Cl., It = 2-2 Cl.) was connected to the It and V lines. 
A very high resistance voltmeter was connected between the B line and the 
junction of the resistance and choking coil. Find the two possible readings 
of the voltmeter, stating the phase rotation in each case. (L.U.) 

24. In a test to determine the phase sequence ai a 415 V., 50-cycle, three- 
phase supply, a 430 Cl. resistance was connected in series with a 5-gF. con¬ 
denser between two lines A and B. A voltmeter connected between the 
junction of the resistance and the condenser, and the third line, C, indicated 
182 V. Draw the vector diagram and determine the phase sequence. If 
the phase sequence is reversed, what will be *the reading on the voltmeter? 
(L.U.) 

25. Grive an account of the precautions to be observed in the design and 
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construction of precision current transformers for use with a standard watt¬ 
meter. 

Deduce an expression for the correction factor of a wattmeter (which has 
a negligible inherent error) when used with a current transformer having 
ratio and phase-angle errors of p per cent and q° respective!y, and a potential 
transformer which has a ratio error of so per cent and a phase-angle error of 

y°. (C.G.) 

26. Two single-phase watt-hour meters are connected through current and 
voltage transformers to a three-phase, three-wire system. The ratios of the 
transformers may be considered to be correct, but the phase displacement of 
the voltage transformers is 15 minutes (leading) and that of the current 
transformers is 3 minutes (leading). The power factor of the system is 0-75 
(lagging). Determine the relative speeds of the meter discs. ( I.JS.E .) 

27. A voltage transformer, ratio 3300/110, has the following measured 

characteristics-primary resistance, 4000 Cl.; secondary resistance, 3 Cl.; ex¬ 

citing current, 0-0038 A. at 0-3 power factor. The phase displacement between 
the primary and secondary (reversed) voltages is 10 minutes (leading) when 
the burden is 15 VA. at unity power factor. Determine (a) the true turn 
ratio, (b) the primary reactance (assuming this to be equal to the equivalent 
reactance). (I.23.EJ.) 

28. A 5 VA., 400/100 V., 50-cycle potential transformer was tested, at 
50 c.p.s. with its normal burden, according to the method shown in Fig. 279 
(p. 439), balance being obtained with—== 7086 Q., 12 2 = 8000 R 
= 5000 Cl., C 0-00021 /^F., switch S in position 2. Calculate (1) the ratio 
error, (2) the phn^-oncfe error. 

29. A .-v■i-me'- has a bar primary and 400 secondary turns. 

The secondary burden is a circuit making, with th© secondary winding, a 
total I’esistance of 1-25 and a reactance of 0-75 Cl. The core requires LOO 
amp.-turns for magnetization and 60 amp.-turns for losses. Find (1) the 
primary current, (2) the ratio error, and (3) the phase-angle error when the 
secondary current is 5A. How could the ratio error he corrected for this 
current ? {I.E.I2.) 

30. Th© mumetal core of a current transformer has a cross-sectional area 
of 15 cm. 2 and a magnetic length of 28 cm. The 5-A. secondary winding Lias 
120 turns and a resistance of 0-15 Cl. Calculate the ratio and phase-angle 
errors of this transformer when. it is connected to a 50-cycle supply system, 
and the secondary is loaded with a burden of 15 VA. at a power factor of 0-6 
(lagging), the secondary current being 5 A. 

Data of the magnetic properties of the core for a frequency of 50 c.p.s. 
are as follows—— - " 

Induced E.M.F. (mV.) per turn per era. 2 of core cross 

section ........ 0-6 1-0 1*5 2-0 

Magnetizing reactive xnVA. per cm. 3 of core . . 0-0045 0-0105 0-0205 0-0335 

Iron loss (mW.) per cm. 3 of core .... 0-0023 0*0006 0-010 0-029 


31. The accompanying diagi'am 



(L.U.) 

shows the connections of a method of 
determining the ratio and phase angle 
errors of a current transformer. T x is 
a standard transformer and jP 2 is the 
transformer under test, both of which 
have the same nominal ratio. CF a is 
another standard transformer of 1 : 1 
nominal ratio ; JML , a standard variable 
mutual inductance; R. x , R 2 , non-in¬ 
ductive resistances. 

Balance is obtained at a supply 
frequency of 50 c.p.s. with the follow¬ 
ing results: JR 1 — 10 O., R z — 0-08 Cl., 
M=> 556 /CEL. 
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The errors of T L and. T a are- Ratio error ; T x , 0-2 per cent; T s , 0-5 per cent ; 

phase-angle error : Ti, 20' leading; T 3 , 50'leading. 

Calculate th© ratio and phase-angle errors of T 2 . dive briefly the theory of 
the method. (L.TJ.) 


XVII.—CALCULATION OF THREE-PHASE CIRCUITS (CHAPTERS 

XIX, XX) 

1. On a symmetrical three-phase system with a phase-sequence A, R, G, 
a capacitance reactance of 8 £2. is connected between lines B and G. A* re¬ 
sistance of R ohms and an inductive reactance of X ohms are connected in 
series between phases B and A. Find the respective values of R and X which 
will cause the current in phase B to become zero. ( G.U .) 

2. If, to the system of Ex. 1, a resistance R x in series with a capacitive 
reactance X c is connected across lines G and A, determine the values of R x 
and _XT C which will cause the currents in these lines to be- twice the former 
value with zero current in line B. 

If the line voltage is 200 V., calculate the power and volt-amperes in the 
whole system. 

3. A three-phase supply, giving sinusoidal voltages of 400 V. at 50 e.p.s., 
is connected to three terminals marked R, Y, B. 

Between R and Y is connected a resistance of 100 12., between Y and B an 
inductance of 318 mH. and negligible resistance, and between B and R a 
condenser of 31-8/eF. 

Determine (1) the current flowing in each line and the total power supplied; 
(2) the resistance of each phase of a balanced star-connected, non-reactive, 
load, which will take the same total power when connected across the" same 
supply. (L.ZJ.) 

4. A three-phase, 11 kV. alternator supplies a load of 15,000 kVA. at 0*8 
power factor and also feeds a 132 kV. transmission line through a step-up 
transformer. The no-load current of this transformer is 60 A. at 11 kV., 0*25 
power factor. If the transmission line is unloaded, determine the kIV. and 
kVA. output from the alternator and the power factor at which it is operating. 
The open-circuit impedance of the line is 1250/1 — 10° Q. per phase, and resist¬ 
ance and reactance voltage drops in the transformer may be ignored. 

5. An unbalanced A-connected load is supplied from a 400 V. symmetrical, 

sine-wave three-phase system having a phase sequence RYB. The impedances 
(in ohms) of the load are : = 10 -f- j5 ; ^yb = *5 + j 15; ^ BR = 5 + yS. 

Calculate (1) the line currents, (2) the power* supplied to the load. (3) the 
resistance of each phase of a balanced F-connected load, which will take the 
same power, but at unity power factor. Determine also (4) the impedances 
of a F-connected load which is equivalent to the A-eonnectecl, (5) the voltage 
between the neutral point of this load and the neutral point of three Y- con¬ 
nected resistances of equal values connected to the system. 

6. An unbalanced star*-connected load is supplied from a three-phase, 
three-wire system at a line voltage of 100 V. The current taken by one 
branch (.4 ) is 20 A. at a power factor of 0*8 lagging, and that taken by a second 
branch ( B) is 10 A. at a power factor* of 0*75 (lagging). Determine the current 
in, and the power factor of, the thii'd branch, G. Also determine the total 
power supplied to the load and the readings of two wattmeters connected, 
according to the two-wattmeter method, with the current coils in the brandies 
A, B. 

7. Three impedances having values of 3 -j~ j6, 4 -f- J3, and 5 -f- ohms 
respectively are connected in star across three-phase supply mains. Calculate, 
proving any formulae used, the values of the three impedances which, when 
connected in delta, across the same supply mains, will behave in exactly the 
same way as the above star-connected system. (B.ZJ.) 

8. A symmetrical three-phase, 440 V. system supplies a F-connected 
load, of which the branch resistances are -.A. — 10 £2., B = 13 £2., G = 15 £2. 

38—(T.55J45) 
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Calculate the voltage to earth of the load star-point, assuming the neutral 
of the supply to b© earthed. Phase sequence A, B, C. (I.E.JEJ.) 

9. A three-phase star-connected load, is connected between three line 
terminals R, Y, B, the impedances (in ohms) of the load being : 1 -f- j2 between 
li and the star point, 2 -f- j3 between Y and the star point, and 3 -]- j 4 he. 
tween B and the star point. The phase sequence is R YB. If the line voltage 
is 400 V., calculate the voltage between R and th© star point. ( L.U .) 

10. A three-phase, four-wire, 400/230 V. system supplies (I) a balanced 
load which is connected between the lines R, Y, B, and the neutral, each 
phase taking a current .of 20 A. at 0-8 power factor, (2) a single-phase load 
taking 15 A. at a power factor of 0-9, connected between line It and the 
neutral. Determine the current in each of the lines R, Y 9 B, and the current 
in the neutral. 

11. In a four-wire, three-phase distribution system, with 240 V. between 
lines and neutral, there is a balanced motor load of 500 kW. at 0-8 power 
factor. Lamp loads connected between the lines and the neutral absorb 
SO kW., 150 kW., and 200 kW. respectively. Calculate th© current in each 
line and the neutral. (l.E.E.) 

12. A combined power and lighting load is supplied by a three-phase. 
£our-wix*e distribution system. The three-phase motor load absorbs 1000 k\V 
at a power factor of 0*8, while the lamps between the outers and the neutral 
take 200, 300, and 400 kW. respectively. Calculate th© current in each of 
the four wires when the supply pressure between outers is 400 volts 
(O.O.) 

13. What are the advantages of the three-phase, four-wire system of distribu¬ 
tion? Compare the weight of copper required for the distributor cables in 
such a system with that required in a three-wire, d.c. system. State exactly 
the bases of comparison. 

A 440/254 V., three-phase, four-core cable supplies an unbalanced load 
represented by the following impedances, in ohms, connected between the 
R, Y, and B line wires respectively and the neutral: 16 ~ f- jl2, 14: —j21 , and 
25 -f- jO. The phase sequence is R , Y , B. Calculate the current in each con¬ 
ductor of the cable and the readings on each of three wattmeters connected 
in each line to neutral. {O.O.) 

14. The following apparatus is connected to a three-phase, four-wire system : 
A resistance of 10 Cl. between line A and neutral; a 400 /uY. condenser be¬ 
tween line B and neutral; a resistance of 2 O. in series with an inductance of 
0-01 H. between line O and neutral. The frequency of the supply is 50 cycles 
per second, and the voltage between each lino and neutral is 230 V. Find the 
current in the neutral and its phase angle with the current in line A. Phase 
sequence A, B, C. (B.U.) 

15. Load resistances R a , R b , R c are connected in delta. If R x , R z , R s are 

th© equivalent star values, calculate these values when R a = 5 £Jt., R h = 10 Q,., 
and R c — 15 £X, proving any formula used. If this star-connected system is 
suppbed from a four-wire, three-phase system with 230 V. between each line 
iV'.f: i.-vi: 1. calculate the current in the neutral and th© power supplied to 

th© load. (L.U.) 

16. Three substations A, B , G, forming part of a three-phase, 11 kV. dis¬ 
tributing system, are connected to form a ring-main by three feeders having 
impedances in ohms per phase as follows : AB, 2 -f- j4 ; BG, 3 j5; GA , 
2 4- j3. Power is supplied at A , and loads are taken at B and G; the load at 
B being 50 A. at 0*8 power factor (lagging), and that at G being 40 A. at 0*9 
power factor (lagging). If the voltage at A is maintained at 11 kV-, calculate 
the voltage at B and the current in feeder BG. The power factors of the loads 
may be assumed to be relative to the voltage at A. (L.U.) 

17. A ring-main supplies three substations G, JO from a distributing 
centre A, the system being three-phase with 6600 V. between lines at the 
distributing centre* The loads at the substations are : 40 A. at B, 20 A. at C, 
30 A. at TJ>, all at unity power factor. The four sections of the ring-main have 
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resistances and. reactances as follows: AR, R — 1-2 O., X = 0-S Cl - JSC U 
= 0-9 O-, X = 0-6 O. ; CD, 12 = 0-6 Q., X = 0-4 Q. ; 75.4, JR = l-’s Cl.! X 

— 1-0 Q. Find. (1) the voltage at each substation, and (2) th© current in each 
section of the ring-main. 

If an induction regulator is installed, in the section .4 JR at the distributing 
centre. A, and gives a boost of 50 V. in the three lines, in phase with the 
line-to-neutral voltage in each case, what will be the new distribution of 
currents in th© sections of the ring-main and the voltages at the substations ? 

XVIII.-SYMMETRICAL COMPONENTS (CHAPTER, XXI) 

1» The readings of th© three line ammeters on a three-phase, three-wire 
system are 10-5, 13, and S A. Determine the symmetrical components. 

2. The three current vectors of a three-phase, four-wire system have the 
following values: J A — 7 -f- jO, J B = — 12 — j!3, I 0 = — 2 -f- j3. Find the 
symmetrical components. The phase sequence is A, JB r C. {JS.ZJ.) 

3. Derive an expression for the symmetrical components of an unbalanced 
three-phase system of vectors. Explain, with the aid. of circuit diagrams, how 
the voltage and current components may be measured, and show how the 
circuits must be modified when zero-sequence components are present in the 
currents of a four-wire system. If in a three-wire, three-phase system the line 
voltmeters indicate 100, 60, and 90 V., what are the symmetrical components 
of the voltage. . (XL £7.) 

4. A. star-connected, thr.-o-p 1 aso generator having an E.M.F. per phase of 

7000 V. is supplying I > 11 .- -1 mr- : .*:i\ a, star/star step-up transformer, all the 

star points being earthed. An earth fault occurs on the red phase on the 
high-voltage side of the transformer. Determine the current in each phase 
of the generator. The reactance of the alternator to positive, negative, and 
zero sequence currents is 4 0., 3 0., and 1 O. respectively, and the reactance 
of the transformer to positive sequence currents is 3 O. (referred to the low- 
voltage side). 

State briefly what would have been the general effect on th© fanlt currents 
in the generator if (a) the star point on the low-voltage side of the transformer 
had not been earthed, ( b) the low-voltage winding of the transformer had been 
connected in delta, the other two star points remaining earthed in each case. 
(L.U.) 

XIX.-TRANSIENTS (CHAPTER XXIII) 

1. A condenser of 10 ju. F. capacitance charged to 20,000 V. is suddenly dis¬ 
charged through an inductance of 0-001 II. Find the maximum current and 
the frequency of the resultant oscillation. (JS.U.) 

2. A condenser, C — 0-1 ju. F., is charged to a voltage V and then connected 
in series with a circuit having L — 0-2 H., R — 40 £X Calculate the frequency 
of the oscillating current. 
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3. (a) 18*6 A., ( b) 0-648, (c), V A = 100-5 V., V B = 129-5 V. 

4 . = 500 W., H — 10 O. 

5. (i) 2-35 A., (ii) 2-06 A., (iii) 1-67 A. 6 . 637 O. 

7. 0-215 A. 8 . 955 V. 

9. <7 = 91-3 ,uF. (1) 3-53 A., (2) 812 W., (3) 0-999 (leading), (4) 176-5 V., 

123 V., 123 V. 

10. (1) 2-08 A., ( 2 ) 0-728 (leading), (3) 335 V. 

12. 4 05 1-42 A. 

12 . <7 = 3-33 /ZF., A = 3-04 HE., 2? = 637 O. 

13. (i) 47-4, 52-7 c.p.s.; (ii) 44-4, 56-5 c.p.s. 

14. Currents—0-1045 A., 0-2 A., 0-1013 A. 

15. R ~ 52 O in sexa'es with. E — 0-037S Ft. 

16. Per cent increase in equivalent resistance — 0-83 ; per 1 cent decrease in 

equivalent inductance — 0-91. 

HmsrT. The solntion is obtained from the equations connecting (i) 
the primary and secondary currents, (ii) the E.M.Fs. in the primary 
circuit. Thus- 

(i) J 2 .Z 2 = -jcoM l x , 

(ii) E —yooJlcT I 2 = I X Z X , 

where the subscripts 1 , 2 , refer to the primary (coil) and secondary (eddy- 
current path) circuits respectively, and Af is the mutual inductance 
between them. 

17. Zreff. = 8-24mH, i? e ff. = 11-75 Cl. IS. ^ e ff. = 1422 0. 

19. / = 79,600 c.p.s., I_ x = 5 xnA., Z _ 3 = 0-125 xnA. 

VI. PARALLEL CIRCUITS 

1. 3S A. 

2. I A = 9-43 A.. q> A = 41-2° (leading), I s = 12-8 A., 9 ? B — 50*2° (lagging), 

I = 15-75 A., 9 ? = 13-3° (lagging). 

3. (i) 7-04 A., cos cp = 0-14, (ii) 2 = 10-65 A., Z 2 = 20*7 A., I = 31-2 A.; 

cos 9 ? — 0 - 2 . 

4. (1) F = RJVi 1 + a> 2 C 2 R 2 ), E = /?/(l + co 2 a 2 I2 2 ) -jcoClAK 1 + co 2 <7 a 7P). 

( 2 ) Cos = 1/V'(1 + co 2 C 2 R 2 ). R = 57-5 O., O = 41-6/.«F. 

5. S = (l-|- co 2 C 2 R 2 )/a> 2 G 2 R; K. = U/(l + oj 2 G 2 R 2 ). S = 2050 O., Iv =& 

1-22 ,uF., J s = 0-0975 A., Z K = 0-122 A., 2 = 0-156 A. 

6 . (u) 8-66 -j4 372 , ( 6 ) 15-45 -|- 

7. («) 4-52 A., ( 6 ) 26-6° (lag). 

8 . kVA A . = 4, kVA B . = 8 , kVA. = 12; kW A . = 3*46, kW u . = 4-0, kW. ** 

7-46; I = 44-64 -J2-68. 

9. (a) I x = 0-6 A., A = 3-33 A. (b) I = 2-87 A. (c) Z> = 246-4 W. 

10. (1) 14-3 A., 7-23 A. (2) 141-5°. (3) 9-75 A. (4) 2050 W. (5) 0-925 (lag). 

11 . 44-5 A. 

12. («) 13-565 A., 2-7 A. (b) 7-53 A., - 7-53 A. (c) - 1-965 A., 2-235 A. 

13. 42-5 /u/uT. 

14. Capacitance = 3-14/«F. Impedances: (a) 5000 O., (5) 1940 0. 

15. 1765 elements. 

16. (a) 3T X = 0 0976 - jO!22, G x = 0-0976, B x = 0*122; F a = 0 0488- 

j0-061 , <Z 2 = 0-048S, R 2 = 0-061; F = 0 1464 - j O 183, G = 0-1464, 
R — 0-183. ( 6 ) 2 == 49-5 A., cos 9 ? = 0*592 (lag). <7—615 uP. 

17. 286 ^F. 

IS. (a) 24-15 kVA., ( 6 ) 51 kVA., (c) 66-5 kVA. 

19. 149 ^F. 20. 0-141 A. 

VII. SERIES-PARALLEL CIRCUITS 

1. 0-0 528 A. 

2. ( 1 ) C = 15-9/r.F. (2) R = 100 O., E = 0-318 H. 

3. 153 ,uF. 

4. 0-0165 /cF. Alteration of current, 5-6 per cent. 
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5 . 1*91 A. 

6 . J A = 14-08 -j 16-05, 7 b = 912 + jO-66. cp = 53°. 

7. 1480 V. 9. ^ = 2 .97 + jl-75 

8 . 11 A. 10. I = 0*133 A. = 93° (lag). 

11 . i?j = 1540 LL Lin© current = MSA.; Voltage at condenser = 250 V. 

12 . R — S LL, G — 82*5 juF. 13. Range of PL = 1 to 2*5 Cl. 

14. 1*87 A. /19-5°, 3*2 A. /20*5^\ 


VIII. SINGLE -PHASE TRANSFORMERS 
J5 m — 7000 lines per cm . 2 2. 7-S A. 

Equivalent resistance (referred to primary} = 0*222 Q. Equivalent 
reactance (referred to primary) 0*63 £1. 

212 V. 

(Ji 1 + _ = 9 i (X x -j- = 28-6 Cl., (Z x -f* Z ,/) = 30 Cl., Iron loss 

= 280 W - ., copper loss at full load = 225 W., efficiency at full load, 
unity power factor = 95*3 per cent. 

Open-circuit test -200 V., 2 A., 2S0 W. ; Short circuit test —-15 V., 50 A., 

225 W. 7. 2*6 per cent. 

6 . 45*75 V. 8 . cos 93 == 0*448. 4*47 percent. 

9. (i) 95*1 per cent, (ii) 95*3 per cent at 80 per cent of full load. 

10. IR — 0*91 per cent, UK. = 4*09 per cent. At 0*8 power factor— UR, cos tp 
= 0*73 per cent, IK sin cp = 2*45 per cent. 105 per cent. 

11. (i) Copper loss at full load — iron loss, (ii) (a) 4-27 per cent. (b ) 96*3 

per cent. 

12. d A = 47*3 A., = 151 A. P A = 100*3 kW., jP b = 252 kW. 

13. JP A = 79*8 kW, r B = 100-2 kW. 

14. “ = 31 kW. -* 

= 0*95). 

15. kVA. A = 89*6, kVA. B = 63*5, kVA. c = 46*9. 

IX. POLYPHASE CIRCUITS 

1. 20 Li. 3. 59 A. 

2. 2*12 /liF. 4. JP = 2*25 kW., cos <p = 0*427 

5. 272 kW., 92S kW., 506 kW., - 234 kW., 516 kW., 412 kW. 

6 . (a) 400 lcW. (b) 0*756. (c) 152*5 A. (cl) 483. 

7 . 5640 W., 11,125 W. 8 . 300 kW. Cos cp = 0*866 (leading). 

9. 11*45 kVA. 62*7 pF. 

X. TRANSMISSION LINES AND CABLES 
1 . 258-033 kWh. 2. 145-8 V. 

3. I — 80 A. (a) 2612 V., 0*9997 (lagging). ( b ) 2628 V., (0*8 lagging). 

.(c) 2590 V., 0-827 (leading). 

4. 1*93 per cent. 9S*5 per cent'. 6 . 1*95 sq. in. 

5. 0-023 sq, in. ' 7. 4700 V. 

S. RI = 20*3 V., K1 = 15*3 V. 9. 14*400 kW. 

10. (a) 35-1 kV., (5) 478-5 kW., (c) 6-5 per cent. 

11. (a,) 28-7 ^P., (5) 12,220 V., (c) 12,950 V. 

12. 643. 

13. 122*05 kV., 196*2 A., 0-70S (lagging), 29,365 kW. 

14. 33-22 kV., 33-03 kV. 

15. 64-84 kV., 0-934 (lagging) "by nominal ^ method; 64*7 kV., 0*934 (lagging) 

by nominal T method. 

16. = 12*9 A., JP A = 140 kW.; I B = 20-85 A, P B = 360 kW. 

17. 7 a = 53*6 A., Z E = 59*2 A. 

IS. R = (1*096 -f- y'4-735)/P. 9 ? = 73*1° (leading P B ). 

19. il -2 kV., 3 * 5 ° (leading). 20 . 31*14 kV., 31-9 kV. 

21 . (a) 12-15 kV. '(b) R~= 216-5 Lb, X = 305-5 £2. 

22. (a;): ( 6 ): (c) : : 1 : 2 : 1-5. 24. 6-37 A. 

23. 472 kVA. 25. 142*2 kV. 
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26. R = 0-606 O", L = l-93mH., <7 = 0-0363 /*F. 

Hint. Use equations (77), (78) for ex. 25, and eq. (78) for ex. 26. 

XI. ALTERNATORS (CHAPTER XI) 

1. 19-25 V. 3. 0-96. 

2. 11,100 V., 5 X 10 6 lines. 4. 0-9576. 

5. K.- bn = sin (A ng'rrlg)lg sin (■& n -n-jg ); X 6x = 0-96 ,- JK bz ~ 0-666. 

6. 3320 V. 

7. 11,550 V.; 24,200; 15-45 per cent. 

8. 13,500; 1-68 0.; 20-4 per cent. 

XII. IXUUCTIOH MOTORS 
1. 97-2 per cent, 970 W- 

(a) 2-5 per cent. (6) 383 W. (c) 16-8 kW. (d) 23-3 A. (e) 75. 

(a) 288 V., 63 A. (6) 500 V., 36-5 A. 

79 A., 0-25 fnil-load torque. 

18-5 A., 34-3 per cent of full-load torque. 

(a) 229 A. (6) 0-217. (c) 116-5 A. ( d) 0-991. (e) 3-37 Q. 

Vector diagram is similar to that shown in Fig. 63. (a) 516 kW«, (5) 

445 kW., (c) 5-6 0. 

35-5 A., 0-88, 242 per cent. 

(i) 86-5 A., 0-822. (ii) 3 O. 

0-574 O., 0-0606 O. 

XIII. THREE-PHASE TRANSFORMERS 
(a) 98*4 per cent, 98-3 per cent; (6) 98-1 per cent, 98 per cent. 

525 A., 121 A. 

JV X — 595, JSJ 2 = 24; a x — 0-1025 cm 2 , cz 2 = 2-62 cm 2 ; 0-786 of full load, 
(i) JSf x = 1033, N z — 23, (based upon volts per turn = 10-65 and JSJ 2 = 
24.5 V.); a x = 4-7 mm. 2 , a 2 — 208 mm. 2 (ii) 480 cm. 2 
427 V. 121 A. at 0-0175 power factor (leading). 

3*24 per cent. 0-566. 

Transformer A (Fig. 190): W x = 660, V 2 = 220; JB : JV X — 572, > = 220. 

191 A., 191 A., 147-5 A. 

Two solutions are possible : (a) S00 kW. load on transformer A (Fig. 190). 
(1) 77 A., 77 A., 52-5 A.; (2) 154 A.. 154 A., 105 A.; ( b ) 800 kW. load 
on transformer JR (Fig. 190), (i) 62 A., 62 A., 83-5 A.; (2) 124 A., 
124 A., 167 A. 

A, 222 kW. ; JB, 178 kW. 

A, 80-6 A. lagging 7-1°; JB , 120*4 A. leading 4-74°. 

(. A )— {a x , 6 X ) 3-34 V : (c x ) 3-86 F; (JB)— (a x , 6 X ) 3-34 F, (c x , d x ) 1-93 F; 
(C) (a x , 5 X ) 3-73 F; (JC>)—(a x , 6 X ) 2-73 F; wizex'e F is the voltage between 
adjacent terminals of the load. 

XIV. XOH-SIISTUSOIEAL WAVE-FORMS 

1. 742 V. 3. 80*31 A. 

2. 71 V., 5-ISA., 26-8 W. 4. 0-942 A. 

5. i == 7*07 sin (100 tt« - £tt) - 0-95 11 sin (3O0 tt£ - 1 *25) + 0-196 sin (500 t rt ~ 

1-37). P = 254-7 W. 

6. A7 = 112-1 V, 7 = 52 A., P = 5-4 kW. c = 10O + 72 sin (300* 4- 0-982). 

7. 6-35:6*72. 8. 21*72 ^F. 

9. 0-837 /HT. (a) i = 0-01675 sin (314 1 + 1-542) ■+• 0-05 sin 3454£. 

10. ( cl) 4-5 H., ( b ) 2-8 per cent low, (c) 2-2 per cent high. 

11. 9-17 A. 

XV. MAGNETIC CIRCUITS 

1 . 

JB 0 3000 6000 8000 10,000 12,000 10,000 8000 6000 3000 0 

JBL 1-26 1-67 2*16 2-56 3-15 4-47 1-35 0*45 -0-225 -0-81 -1-26 
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Flux (kilolines) 0 45 90 120 150 179 150 120 90 45 0 

Amperes 5*5 6*7 8*7 10*5 14*25 20*5 2*2 —1*8 -3*6 —4-7 —5*5 

3. 1600 W. 

4. Frequency (c.p.s.) 25 50 60 

Hysteresis loss (W\) 28*6 57 68*5 

Eddy-cnrrent loss (W.) 7 28 40*3 

5. (a) 366*6, (b) 1*83 mH. With air gap— (a) = 1375, ( 6 ) = 0-49 mH. 

6 . ci> m — 5*7 X lO 6 lines. 7. 0*37 A. 

8 . cos 9 ? 0 — 0*435. I Q — 0*105 A. ox* 2-3 per cent. 

9 . 0*4375 A., 241 V. 12. 0*63 exn. 

10. 1*07. 13. (a) 113 turns, ( 6 ) 0-178 cm., (c) 87°. 

11 . 0*0335 A. 14. 86 V. 

XVI. INSTRUMENTS 

1. 0*257 per cent. 0-132 piF 1 . 4. 3*5 per cent. 

2. 0-02S gna.-cm., 0*53 gm.-cm. 5. (a) 0-2 V., (b) 0*177 V. 

3 . 15-75 mH. per radian. 6 . 7*74 mA. 

7. 0*45 A. on moving-coil ammeter, 0*5 A. on thermal ammeter. Power = 

25 W. 

8 . 0-0144 gm.-cm. 

9. 0*032 ju ju F. 

10. 17-05 W.; cos cp = 0-0376. 

11. (a) 6*4 X 10 —6 per cent. (6) 8*85 X 10~ 6 per cent. 

12. tan cp = 2*2- 1-955 WJW*. 

13. (1) 0*1765 /.«F., (2) 10 per cent low. 

14. 2860 Cl. 

15. 9*8 pex* cent slow. 

16. 0*783 per cent slow. 

17. 9*55 PI., 41 c.p.s. 

18. (1) 0-734 W., (2) 0*947 A. 

19. F = 205*6 W. ; cos cp = 0-0332. 

Note. The deflection will "be negative if the term in the -—+ r'mrcpcntircr the 

power loss in the series resistance is greater than the power 9. ‘i * »■■■ . 1 - 

20 . L = 0*255 H., It = 50 Cl. 

21 . It = 2100 Cl., G = 2-38 jttF. 

22. 340 W., cos 97 =* 0-425. 

23. 82*5 V., counter-clockwise phase-rotation; 259 V., clockwise phase- 

rotation. 

24. Clockwise. 560 V. 

25. (1 — cjc/ 100) (1 —g>/100) (cos (cp — q -{- y)(cos cp). 

26. 1 : 0*314. 

27. (u) 29-595, ( 6 ) 2620 Cl. 

28. (1) 0-425 per cent, (2) 0*695 min. (leading). 

29. (1) 2105A., (2) 5-25 per cent., (3) 1*49°. 

30. 0-107 per cent, 0-38 min. 

31. 0*276 per cent. 


XVII. CALCULATION OF THREE-PHASE CIRCUITS 


1. JEt = 6-93 Cl., X = 4 Cl. 

2. R x = 6*93 Cl., X c — 4c Cl., P — 8*66 kW„ kVA. = 10. 

3. (1) I R = 7-73 A., F- = 7-73 A., F* = 4 A., for phase rotation 

I R = 2*072 A., I- = 2-072 A., I s = 4 A., for phase rotation 
4 F = 1600 W. (2) 100 O. 

. 17,000 kW.; 17,250 kVA.; 0-987 (leading). _ 

5. (1) I„ = 55-2 A., = 51*4A.,h = 57-2 A.; (2) 27-14 kW.; (3)5-89 O.; 

(4) = 192S -\-jl 7, ^_ 0 = 5 07 + J2-76, = 2*44 ' ' ~ 


(5) 92 V. 

6. P 0 = 16-5 A., cos cp Q = 0-993, F = 1762 W., 


782 W., F B = 980 W. 
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ALTERNATING CURRENTS 


Electric field, stored energy, 49 

- lighting, use of condensers in, 80 

Electrodynamic ammeter, 358, 361 

-- power factor- meter, 388 

calibration, 390 
voltmeter, 362 
wattmeter, 374 

Electrostatic method of power mea¬ 
surement, 419 

-multiplier, 371 

-voltmeter, 368 

E.M.F. and current in series circuits— 
Capacitive, and inductive, 63 

- with, resistance, 62 

Inductive with resistance, 43 
Non-inductive, 41 
Purely capacitive, 60 

-inductive, 42 

-- , 9 non-sinusoidal, 292 

- equation, 145, 238 

-(induced) wave form, 327 

Equivalent circuit, induction motor, 
259 

-- 5 transformer, 15S, 167 

-- transmission line, 224 

- exciting current, 328 

- reactance, 153 

- resistance, 153 

-series-parallel circuit, 526 

-- star and delta capacitances, 223 

- - circuits, 189, 449 

Exciting current, 147 

Fictitious load, testing with, 421, 
430 

Flux distribution in core plates, 336 

- wave form, 328 

Form factor, 12 

- of sine curve, 13 

Fourier series, 310 

Four-wire system, 186, 198, 444, 472 
Frequency, definition of, 1 
- meters, 399 

Furnace (smelting) characteristics, 80 

Gaivanometek, thermo-couple, 352 
Gall-Tinsley potentiometer, 425 
Graphic calculation of current in 
neutral wire, 445 

- -- 0 f equivalent impedance, 

451 

of load currents, 446, 471 
of neutral point potential, 

459, 463 

Hairiviointc analysis, 310 

-- s Runge and Thompson 

method, 315 

Harmonics, determination of, 298 
-, effect of, 292, et seq. 


Hot wire instruments, 349 
Hysteresis, 326 

-, separation from eddy currents 

342 

Impedance test, 155 

-- a capacitive circuit, 63 

-- 3 inductive-capacitive cir¬ 
cuit, 64 

- triangle, inductive circuits, 46 

- -, transformer, 155 

Impedances in parallel, 89 

- in series, 74 

-, measurement of, 4-15 

Inductance, 35 

-, calculation of, 37 

-~, coefficient of mutual, 38 

- s -of self, 36 

-, effect of wave distortion, 293 

-, measurement of, 415 

-, of concentric cables, 220 

- of transmission line, 2 17 

-, practical unit of, 37 

-, relation between self and 

mutual, 40 

Induction ammeter, 363 

- frequency meter, 403 

- motor, 248 

—___ -, action as generator, 262 

- voltmeter, 365 

——— wattmeter, 378 

. watt-hour meter, 382 

Inductive circuit, current in, 44, 293 

- - a tTransient conditions, 544 

Instrument transformers, 404 
Instruments, classification, 347 

-compensation for frequency 

error, 356 

- electro-dynamic, 357 

——- electrostatic, 368 

- electro -thermic, 350 

-, induction, 363 

-, moving iron, 353 

- rectifier, 372 

-, watt-hour meter, 382 

-, wattmeter, 374 

Interconnected. star connection, 191, 
270 

Inversion, 90 

- of admittance diagram, 105 

Iron loss, 340 

- - 9 separation of, 342 

Joint admittance, 90 

-impedance, parallel, 89 

- - f series, 75 

Kapp diagram, 157 
Hirchhoff’s laws, 475 



INDEX 


Lag, 8, 18 
Lead, S, 16 

Leakage, magnetic, 149 

- reactance, in transformers, 150 

--of alternator, 245 

Lamination of cores, 331 

Load diagram, application of, 155 

-- 9 construction of, from test 

data, 129, 537 

-—— -, equivalent general circuit, 

532 

-- y parallel circuit, 119 

-- , y series circuit, 121 

- -,- parallel circuit, 131 

Long transmission line, constants of, 
230 

Ma,gnetic circuit, calculations of, 343 
Magnetization of iron, 324 
Magnetizing currents, wave form, 326 
Mesh, connection, 179, 204 
Moving-iron ammeter, 353 

- frequency meter, 401 

- power-factor meter, 395 

- synchroscope, 398 

- voltmeter, 365 

Multiplier, electrostatic, 371 
Mutual induction, 37 

- -calculation of, 39 

Mutually inductive circuits, 40, 48 

Negative phase-sequence compo¬ 
nents, 49 S 

- - - relay, 524 

Neutral point, 177 

- - ? floating, 462 

- - y potential of, 455 

-- - of, variation of, 458 

No load and short circuit diagram, 
133, 532 

Nominal tt circuit, 224, 231 

-- T circuit, 224, 231 

Non-inductive circuit, current in, 41, 
292 

Oipeit delta (V) connection, 192, 276 
Operator j, 25 

- J, 27 

-- X, 497 

Oscillograms of alternator-E.M.Es., 
235, 298 

- of transformer-E.M.Fs., 147,284, 

285 

Parallel circuits— 

Calculation of, 89 

Graphic determination of joint 
impedance, 105 
Locus diagrams for, 119 
Power factor control of, 99 
Resonance in, 93 
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Pai'allel operation, conditions for, 165, 
273 

- - 0 f transformers, 165, 273 

- -- of V and A transformers, 

277 

Period, definition of, 1 
Phase, 5, 174 

- angle of transformer, 409, 439 

- difference, 7 

- rotation, determination of, 431 

- -, effect of, 441 

-sequence, determination of, 431 

■- - indicator, 431 

lamps, 436 
splitting, 117 
Polar, 139 

-, nnnliertiou. to non-sinusoidal 

mam: i; i<.15 

Polarity of transformers, 166 
Polyphase alternator, 173 

- systems, 173 

- wattmeter, 381 

- watt-hour meter, 3S5 

- - 3 advantages of, 173 

- -, comparative weight of, 

conductors, 227 

-, E.M.Fs., 175 

- - s interconnection of, 176 

- -, power in, 180 

Positive phase-sequence components, 
49S 

Potential, electrostatic, 49 

- transformer, 405 

- - s correction factor, 412 

- -, theory of, 410 

Potentiometer, 426 

Predetermination of performance of 
general circuit, 539 

- - of transmission line, 129 

Power, apparent, 71 

- component, 72 

- factor', calculation of, 72 

- --- correction, 102 

- --, definition of, 71 

meter, 3S8 

- -, non-sinusoidal E.M.Es. 

and currents, 309 
graphical representation, 67 
in polyphase system, 180 
in three-phase system, 193 

- -, measurement of, 194 

- - 5 two wattmeter 

method, 195 
in six-phase system, 212 
, mean, 70 

measurement by three volt¬ 
meters, 418 
- - ammeters, 419 
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ALTERNATING CURRENTS 


Power measurement by electrometer, 
419 

- - in high, voltage circuits, 

424 

- - in three-phase circuit, 423 

-of, 72 

-, n on-sinusoidal E.M.Fs. and 

currents, 303, 309 
- reactive, 71 

Ratio of transformer, 146 

- -, measurement of, 43S, 439 

Resistance starting, 258 
Resonance, 84, 93, 296 

-- frequency, 86 , 93 

-- in practice, 88 

-, series circuit, 84 

Root-mean-square value, 10 

- -, importance of, 12 

- - of complex wave, 299 

- - of non-siiTusoidal curve, 

16 

- - of s in© curve, 10 

--, vector representation of, 

21 

Rotating magnetic fields, 181 
Rotor E.M.F., 253 
- windings, 250 

Rules for connecting up windings, 
241, 266 

Scott connection, 280 
Semi-polar, 139 
Series circuits— 

calculation of, 74, 107, 129 
current limiting properties, 78 
maximum power in, 78 
resonance in, 84 

- frequency of, 86 

Series-condenser system of electric 
lighting, 80 

Series-parallel circuit, calculation of, 
111 

- - s equivalent, circuit, 526 

- -, load diagram, 131 

Shielding (electrostatic), 370 

- (magnetic), 354 

Short-circuit characteristic, 245 
—— test, 155 

Sine curve, arithmetic value of, 9 

- - ? polar representation of, 15 

- -properties of, 9 

- - ? R.M.S. value of, 10 

Six-phase system, 203 

- - 3 measurement of power in, 

212 

-, supply from three-phase 

system, 205 
Skin effect, 48 


Slip, 253 

Slip-ring rotor, 250 

Specific inductive capacity, 58 

Speed control, 255 

Squirrel-cage motor, start in a: of ^7 

- rotor, 250 

Star-connected load, 186 

-- } calculation of, 453, 480 

——~ -, conversion to delta con¬ 

nection, 189, 449 

-connection, alternator, 242 

-, polyphase system, 177 

- - j six-phase system, 203 

—, three-phase system, 184 
delta starting, 258 
Starting, methods of, 257 
Stator windings, 240, 249 
Susoeptnnee, 92 

Symbolic expressions fur E.M.Fs. 442 
Symmetrical components, application 
of, 522 

- - s calculation of, 498 

_ • , for star and delta circuits 

505 

-- 5 for symmetrical system 

504 

-- s four wire, 516 

- s graphical construction for, 

502 

-- 5 measurement of, 520 

- - f uaraerical values of, 500 

- ———, thro© wire, 495 

-systems, 175 

Synchronous impedance, 247 
Synchroscope, moving iron, 398 


Tempebature rise, 162 
Terininal markings, 166, 273 
Tertiai'y windings, 283 
Third harmonic, 285, 290 
Three ammeter method of power 
measurement, 419 
Threo-pha.se system, 184 

- - , f calculation of currents in, 

441, 475, 508 

-- E.M.Fs., 184 

- ——, t incorrect connections, 190 

-- t measurement of power in, 

194 

- , t mesh (delta) connection, 

186 

- noil-sinusoidal E.M.Fs., 

305 


——> reactive power, 201 

-, star connection, 184 

- -with neutral wire, 

186 


278 


supply to six-phase load, 205 
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Throe-phase supply to twelve-phase 
load, 279 

-- to two-phase load, 280 

-- transformers, 263 

Torque, electrodynamic instrument, 
360 

—, electrostatic instrument, 371 
—, induction instrument, 367 
running, 255 
starting, 254 

Transformer calculation of loadings, 
170,275 

-, connections, 267, 406 

-, cooling, 163, 264 

-, core, three-phase, 265 

- correction factors, 412 

-, elementary theory of, 144 

-, equivalent circuit, 158, 167 

- instrument, 404 

-, losses and efficiency, 159 

-, parallel operation, 165, 273, 276 

-/polarity, 166, 274 

-, single-phase, 143 

-, standard terminal markings, 

-, starting, 258 [166, 273 

- three-phase, 263 

-, voltage regulation, 156 

Transient conditions, 542 
Transmission line, capacitance of, 221 

--constants of, 217 

- -, inductance of, 217 

- - 1 performance of, 129 

Three-phase cables, 222 

- transmission lines, 219, 221 

Three-voltmeter method of power 
measurement, 418 

Three-wattmeter method of measur¬ 
ing power, 195, 45S 
Tuned circuit, 84 

Twelve-phase supply from three- 
phase system, 279 
Two-phase system, 174, 214 

- - compared with three- 

phase system, 216 

- -, supply from three-phase 

system, 280 

Two-wattmeter method of measuring 
power, 195, 213 

V c otstintecxion, 192 

Vector diagram for JR—JD series circuit, 
46, 78, 81 

- - s crank;, 18 

for JR—O series circuit, 63, 
78, 81 

for general series circuit, 
75, 82 

for parallel circuit, 


Vector diagram, nomenclature, 17 

- - ? polar, 17 

-— quantities, addition of, 19 

-. -complex: algebraic repre¬ 
sentation, 23 

- - } conventional representa¬ 
tion, 27 

- - f or transformer, 152 

- - ? represent at icvr of, 17, 23 

- - j : <.il Of, 20 

Voltage drop, in alternator, 241 
in transformer, 158 
in transmission line, 225. 

226 

V ol t met ers- 

compeusation for frequency error, 
356 

electrostatic, 368 
hot wire, 350 
induction, 357 
moving iron, 353 
rectifier, 372 

Voltage regulation, 125, 156, 246 

- regulator, automatic, positive - 

sequence control, 523 

Watt-hour meter, 382 

- - accuracy, 385 

- -, adjustment of, 384 

- - 5 testing, 42 S 

Wattless component, 79 
Wattmeter, correction for losses in, 
376 

-, electro-dynamic, 374 

-, inductance of, 377 

-, induction, theory of, 380 

- method of determining phase 

sequence, 433 
-, polyphase, 381 

Wave-form distortion effect on meas¬ 
urements of Zf and C7, 307 

- of alternator 234, 239 

- of exciting current, 147 

of three-phase transformers 
M.Fs., 2S4, 285 

Weight of line conductors, 227 
Wheatstone Bridge JSTetwork, 113 
Winding distribution factor, 235 
- - , 9 in. -three-phase trans¬ 
formers, 283 

Windings, alternator, 241 

-, induction motor, 249 

--—tertiary, 283 

-, transformer, 263 

Y coisnsrECTiON. See star connection. 
Zero phase-sequence components. 


99, 104 



ENGINEERING 
DEGREE SERIES 

A. special series for students preparing % for Ktiginet ring Degrees, or for the 
Examinations of the various prof>-^si>maf bodies 

CONTOUR GEOMETRY. By Alex. II - Jamkson, M.Sc., M.Inst.C.E. In 
demy 8vo, cloth, 166 pp.» with 94 diagrams avid 6 folding; plates. 7s. 6d. 
net. 

ADVANCED SURVEYING. By Alex. H. Jameson. In demy Svo, cloth gilt, 
360 pp. 15s. net. 

PRACTICAL MATHEMATICS. By Louis Toft, M.Sc., and A. D. D. McKay, 
M.A. In demy Svo, cloth gilt, 612 pp. X5s. net. 

HYDRAULICS. By E. H. Leavitt, B.Sc., Ph.D., M.Inst.Aero.IS., A.M.l.M'.E. 
In demy Svo, cloth gilt, 600 pp., with 26S illustrations. 15s. net. 

ELECTRICAL TECHNOLOGY. By H. Cotton, D.Sc., A.M.l.E.E. 

In demy Svo, cloth gilt, 541 pp., with 435 illustrations. 15s. net. 

THEORY OF STRUCTURES. By H. W. Cuultas, M.Sc. (B’hmn), B.Sc. 
(Leeds), M.I.Struct.E., A.M.I.Mech.E. In demy Svo, cloth gilt, 401 pp. 
18s. net. 

THEORY OF MACHINES. By Louis Toft, M.Sc. (Tech.), and A. T. J . Kersey, 
A.R.C.Sc., M.I.Mech.E., M.I.A.E. In demy Svo, cloth gilt, 493 pp. 
15s. net. 

EXAMPLES IN THEORY OF MACHINES PROBLEMS. By VV. It. Chaw, .. 

D.Sc., Ph.D. In crown Svo, cloth, 164 pp. Illustrated. 6s. not. 

PERFORMANCE AND DESIGN OF ALTERNATING CURRENT MACHINES. 

By M. G. Say, Ph.D., M.Sc., A.C.G.I., etc., and K. N. Pink, A.M.I.E.E. 
In demy 8vo, cloth gilt, 552 pp., illustrated. 21s. not. 

PERFORMANCE AND DESIGN OF DIRECT CURRENT MACHINES. By 

A. E. Clayton, D.Sc., M.I.E.E. In demy Svo, cloth gilt. 445 pp. 21s. net. 

APPLIED THERMODYNAMICS. By Prof. W. Robinson, 3U.IL, M . Inst.C.E. 
Revised by John M. Dickson, B.Sc. In demy Svo, cloth gilt., 585 pp. 
20 s. net. 

THERMODYNAMICS APPLIED TO HEAT ENGINES. By IL H. Lkwitt, 
JB.Sc., Ph.D., A.M.I.Mech.E. In demy Svo, cloth gilt, 494 pp. 25s. net. 

EXAMPLES IN THERMODYNAMICS PROBLEMS. By W. It. Crawford, 

D. Sc., Ph.D. In crown Svo, cloth, 165 pp. 7s. 6d. not. 

STRENGTH OF MATERIALS. By F. V. Warnook, M.Sc., Ph.D., F.R.C.Se.I., 
M.I.Mech.E. In demy Svo, cloth gilt, 401 pp. 12s. 6d. not. 

ELECTRICAL MEASUREMENTS AND MEASURING INSTRUMENTS. By 

E. W. Golding. In demy Svo, cloth gilt, S2S pp. 21s. net . 

ENGINEERING ECONOMICS. By T. H. Bttrn ham, B.Sc. Hons. (Loud.), 

B. Com. (Loud.), A.M.I.Mech.E., and G. O. Hoskins. In two volumes. 
Each in demy Svo, cloth gilt. 12s. 6d. net. 

GENERATION, TRANSMISSION AND UTILIZATION OF ELECTRICAL 
POWER. By A. T. Starr, M.A., Ph.D., B.Sc., A.M.I.E.E. In demy Svo, 
cloth gilt, 486 pp- 20s. net. 

ENGINEERING DESIGN. By J. E. Taylor, AL.So.Teoh., A.M.I.Mech.E., 
and J. S. Wrigley, M.Sc., A.M.I.Mech.E. In demv 4to, side opening, 
124 pp. 12s. 6d. net. 

PITMAN’S, Parker St., Kingsway, London, W.C.2 




